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EDITORS' FOREWORD 


Tomnts the end of IV64 it became known that Vikt Weisskapf hod 
decided to go back so MIT after haring served as Director Gem rat 
of CJCR.X for fire years. Hopes were expressed that i'iki might still 
change his mind, hat if became dear that tins time his decision n'tr.r 
definite, 

\ tony of - US who tim e been l ist ting CERN, and working there, for 
shorter or longer periods* felt an urge to express our gratitude to I Tki 
for everything he has done during these fire years to make CERN 
such a pleasant and stimulating place. Suggestions of carious sorts 
were brought up. hat it seemed to us that this purpose canid he best 
served by collecting together remarks and studies o f a special character 
amf dedicating (his evilea ion to Viki Wvisskopf l 'iki has won a special 
reputation for this insistence on looking at any given problem in physics 
from a variety of augies r and for his attempts to reduce to bare mimmum 
formal derivations, His “intuitive" way of looking at things has been 
a source of aesthetic pleasure to everyone who has had the good 
fortune of working with him, .If u matter of fact it is this "philos¬ 
ophy" oj his that has given rise to some of the most exciting seminars 
at CERN and has guided the thinking of many of its scientists. The 
"preludes" collected in this volume are intended to illustrate some 
such approaches to a variety of physical problems. 

The list of Tikis c los e friends is too long to have hern covered in a 
volume like die present one. We hare, therefore, limited our invitations 
only to those theoretical physicists who visited CER iV ami spent some 
time there. U V tried to make sure that the list was as complete as 
possible, hut there might hare been some omissfpm. and we express 
our apologies to them. 

Finally* I IkFs work at CERN would hat e been impossible without 
the understanding, encouragement and help of Ellen M "eisskopf we 
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wish to take this opportunity to thank /iiT, too. for the warm atmos¬ 
phere all of us hm t always found at their home, and for complement- 
tng so harmoniously with Vikfs contributions to CERiW 

Ay de-Shallt 
H. Feshbach 
L, Van Hare 


INTRODUCTION 


Jti I960 C J. Bakktr was killed in at? airplane accident and a new 
director general of CERN had to be appointed. But aha in other 
respects CERN was then in a state of transition. The v\instruction of 
the synchrocyclotron tind of the big accelerator had been Successfully 
completed; physicists were gradually taking over from engineers and 
beginning to obtain interesting experimental results. It was impor¬ 
tant that the original fervour and spirit of cooperation that had fed to 
the creation of u European centre of high energy physics shauid he 
maintained* now that the first building period was over. Important 
not only to those working at CERN but in a broader sense to alf 
physicists. It has always been the claim of Scientists, that they have little 
difficulty fo arrive at international under standing, m long os they are 
no t hampered by the dullness of commercial acumen or the insipidity of 
diplomatic adroitness. Through CERN they had to grace their point, for 
this was an organize fion created by physicists for the pursuit of physics. 
tint fr/ gmcrnmemx tor economic purposes or for some cogue reasons 
of prestige. 

When l‘il. i H dusk up f accepted the appointment this wax o great 
relief even to those who were only indirectly invoked y hut who knew 
the man and his background. 

A few words about this background. Although the years from 1924 
to 1935 with (heir grievous economic depression and the threat and 
jimrtly the arrival of nazism were in many Ways alarming, they nil 
be remembered by theoretical physicists as a happy era . There was the 
fading oj u great spiritual breakthrough, followed by a surprisingly 
rich han esf. there n as a feeling of belonging to a small and select 
inner circle headed by a few really outstanding men, 

iVeisskapf who had worked at Gottingen. Zurich and Copenhaguc 
*before moi mg to the United States^ uut one of the prominent younger 
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members of this group. He worked with Winner and with Pauli and 
their power of mathematical penetration left their mark upon him. 
He kan* Ehrenfest well and felt akin to him because of his preference 
for simple, clear and beautiful formulations. And above all he under¬ 
went the Influence of Bohr's depth and wisdom. 

But white others may wistfully remember those days, it is Weiss- 
kopfs unique achievement that he has carried over the deemed idealism 
and the enthusiasm of his early days into a new world of organized 
research and large scale experimentation. 

Through the work he did at CERN r through the impact of his ma¬ 
ture personality, he has had a profound influence on modern physics 
in Europe T 

The present essays, in which we try to capture something of his 
spirit , is offered to him as a small token of gratitude. 


H. Hr G- Casimir 
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DIE UNIT A REN D A RSTELLU NG E N DER 
HOMOGENEN LORENTZGRUPPE 


MARKUS FFERZ 

f, T. H . Zftrich 
[Ht'ceirtrf January l? k 1965} 


Wcrknnn wiiv Kluj'eb, VfCT Wo£ 
nummfl dcnUn, Das riLchl 4iC 
Vorwelt sehoii firiachtf 

Der Gegen&lsnd der fbtgendcn Bctrschtunien sehort heute zum 
klassischeni Ik s tand der matbemati&ched Physik. Nicmamdso]! durum 
erwiirten, dnB ich cttvaa Neten kaiui, was nfcht ancfcre Em wc^mFichcn 
schen ycsagt bitten [I], Der Sinn dieser Mittcilung tat damn ein 
p&dagojdsdier. 

Ich modiie eitie ansehmdiche Methods vorfithren,, die zu den 
irreduziblcn unitiren Darnellungen der homogencn Loremzgrupfw 
fiihrt. 

AM Objekl, das wir Lorciitztnins/ormationea unterwerfen, wlihlen 
wir die Pddst&rketi E. B imd den Ausbrdtungsvcktcr p einer ebenen, 
elekiromagneiischen Welle in einem festen Punk! des Raumes und 
der Zeix. 

Die MuBetniieilen kdnnen stels m yewahlt werdeti, daB 

|BI - \B\ = ]p| (1) 

Diese Norrmerune Ml Iorcnizimvariant wic die vicrdiiTicrmonalc 
Gldchurig 

= PiPi 

zeigi. Hier cnisprichi F rt = — den Fdd star ken E. B ynd p % hi der 
zu p gthGrigc lichiartige VierervekLor: 

Ptpt 1 = 0. 

Die drei Vektoren E, B mid p bildcn cin orfhogoqiles Tripe! im 
Rjium der drei dimension ale H Vektorcti. Jede Loren ^transformation 
I£Be ein gegebenes Tripe I entweder UDVtrfudert, oder sic fuhri s; in 
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ein anderes ubcr. L'nd jcdcs Tripirl kanrt in jcdes atsdere ubergtftibn 
warden, dft man dutch Dopplerdfekt p bdiebi^ indent kann. 

Wir bcsdirctbDii die Tripul durth p umJ dm Lulcr'schc Wink el 
3. <p r Dahei soli ^ die Drchung urn die Ridituug von p beschreiben. 
die von £ nacb B rtihrl. p spick also die Relic der Figureii&chst im 
symmetrise hen K raise L Somsi isl 

F - (2) 

denn cine Drchung urn p i&L cine iolche der (£. , Hi-Ebene in ^idi. 

Bci LoreniseitranKfontiaTi^fieii werden p und F je miter --ich and 
] i near- homogen transformkn a 
1 ets Ranine der Tripcl ist 

dfl = ^iW Oi 

P 

ein invariantc* Volumcnckmcnl, 

Wir betruchten in diesem Kan me skalare T in bezug aufdft qiutdrai- 
i n E eg rie rba rc Fu it ki i onen *P { p, 3 n J : 

r* 

| l#i*da - j. (4i 

Dai Integral J isl invariant, da l.orentitraasformationen ledtglich 
cine Subs tit lit ion der Integral in nsvariablcn erzeugen. Wir hnben 
somii cine umtfirc DarsEdlung der hontugenen Lorentzgnipjx im 
Hilbert ran m der <t> vor ilrli, 

Sct/.t man nun 

log p = r, <t> « \Jp • F 

dann tann man, wcil <t> quadrat in leg rierbur ist. F wic folgt cut' 
wickdn: 

f= 1 r’w*r i i (5> 

v2n-'-» j=o i= - j m-m -{ 

Die PtJ 'J i sind liicr die Eigen fun kt in nen ties symmetrischen Kiei^ls 
mil Jem Jmpulsmamcnt /. / ist das I m puls moment utn die Figuren- 
aehsc. m Jdsjcnigc UtQ die I-Aehse. 


J DarxFtlhingen tfar L&renizffruppti 3 

Das invariance Intcgnit wird jcEiti 

j - f VxiZKta 1 . ( 6 ) 

* ~ *> J * « 

Hisr 1st aber sdion 

■W - I I ICUmM 1 (7) 

JfcHI InTsi 

invariant. Denn zu feslem fi und / entsprechen die Cf m {fi) Funktionen 
‘S', die liomogcn sird in p vom Grad i/i - 1, und huniogcn sind in e* 
vom Grad !. Da nun p und F linear-homogen transformjert werden, 
bleibcn die Homogenitatsgrade \;i - I und / invariant Zu festem p 
und / biLden die .-j t also einen invarianten ftaum und es ist Jeieht 
zu sclien, duD dieser auch irrcdujiihel iit. Wir liabcn ulso durch p 
und / charafcterisierte, uniiire und irreduzible Dar&ldhtnj'en gewon- 
nen. 

’'Venn man die Raumspicgelung al* weilttti Element der Cjruppc 
hinzuninunt. so hat man nehen / nuch -} zu bcirachLen. denil die 
Spiegel ting fiih rt } jiadt 

Die Darstdl ungen ( = 0 erhak man schon, went! man p ullein be- 
irachtet. ist alsdann eint Funktion auf detn Lidukegd. 

.Mail kunn urvserc Tnpd als „anschauLichd’ Darnel lung von 
Spiuoren e, an sellers. Es csi.stiert namlich die lulgcnde, eindeutige 
Zuardaung: 

3,5* F< - f+rfl 1 . (8J 

Eirenl Tripe I si ad aber immer zwei Spinoren, a a und — o 3 zugeordaet. 

Mil liflfe der Sptnoren erkennt man soglddi, duJS es Lurcniz- 
Iransformmionen gibi, ttelche tin gegebenes Tripel nicht iindem. 
Sei nUmlieh der zugchbrige Spinor 

tii — 0, <jj = 0 

so audcri die uni modular*: Trans form ill ion 

fl t + Ca 3 = tf* f . a 2 = Oi (9) 

den Spinor nicht. Dabei ist C cine bdiebige kompluxe Konstante, Itu 
ullgcniemen ialii freilicb nine Loren t zt ran ^formation kein etnziges 
fripd invariant- Worm sit jeditch etnes invariani ifilh, dann auch alle 
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dicjcnigea andercn, fur wclche $ 6h gleictae Richly ng besiizi. 

1st ia dcr TraDJsforniiilioiv (9) C = 2 ig 2 rcc-ll, so kann in Lin die 
Tran*formntionsniairix wie folgt aufspsiltea • 

(COS a, sin a \ /coso, sin 2 \ = /I ai (JQ . 

sins, cos 1 } \sin a, (I +sin 3 s}/cos a/ \o 1 / 

Es sei dcfn Leser Liberlassen, den Sinn dieser Dars tel Jung m ergr linden. 
REFER t-'NZtN 

1 1 V Biifsmarm. Ann. Muilram. -IK ; 

H 3 _r 15 .il Ouindru, Proc- S*>c .\t&9 1 1947 1 372-40!; 

N- A- ISnunMrk, LifiCiifC LJurtfeSluii^tii der Lorcntzgruppe \ Perl In. 1^- 1 


AN ELEMENTARY DISCUSSION Of POSSIBLE 
NON-INVARIANCE UNDER T. CP AND CPT IN 
HYPERON DECAYS * 


T. D_ LEE 

fifJHirfmrtit u/ Phyih't. C&fumhin Vtiirerwy, New York* N.Y. 
[Receiml April -0 t I9G5) 


I. 1NTRODU CTFON 

The question whether I he weak interaction* arc invariant under ( he 
time reversal operation T. or CP the product of the charge conjugation 
t and the space inversion P. ha* been raised [] ] in the early days when, 
the possibility of non-conservation of parity was being studied. After 
the discoveries 12, 31 that parity is not conserved, several experiment* 
were performed to test the rime reversal invariance in weak inter¬ 
actions. It was found that within the experimental accuracy [4], of 
about a few % in relative amplitudes, time reversal invariance holds 
in the ft- decay, and to a much lesser accuracy, the same holds [5] for 
the l u decay. If CPT invariance (ft] is a turned, to the same degree of 
experimental accuracy CP is also conserved in these decays. 

Recently. Christenson er aL observed [?) ilia* the long-lived com¬ 
ponent of the neutral K u meson can decay into in*+ n~U thus suggest- 
ing that CP in variance is violated in ihc decay. The observed 
lion-invariant amplitude is quite small, being only ~ 2 * 10' J relative 
to [he corresponding CP conserving amplitude, Jf CPT invariance is 
assumed, then the same experiment implies that time reversal invari¬ 
ance is also violated. 

The experiments which established parity non-conservation usually 
consist of directly observing a right-left asymmetric effect from an, 
otherwise, initially right-left symmetric state. The conclusions that 
space inversion symmetry is violated in these experiments can be 
readied without any theoretical assumpiions. The same is also true for 
(he violation of charge Conjugation symmetry. It h important to note 

* This research w,i£ emp ported in pun hy ihc V 5, Atomic Energy CrnmnissLun. 
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that in all these weak interaction experiments, which pertain to testing 
the lime reversal invariance or non-invariance, not a single one consists 
□f comparing a reaction with its time reversal process. The relations 
between these experimental observations and lime reversal symmetry 
are obtained through indirect theoretical reasoning, and some of these 
conclusions are valid only under additional assumptions stlch as f PT 
invariance. Similar criticism applies also to many ol the existing tests 
of CP invariance. 

It seems, therefore, desirable to review the underlying theoretical 
arguments of some of these tests, and to separate out the various im¬ 
plications of different symmetry requi reman is. With this motive, we 
will analyze in this note the simple example of the decay of j spin » 
hyperon, ssiy, 

A* -* N+Jt 0> 

where N stands for cither porn and it represents the corre, ponding 
71 " or n". The consequences of possible non-invariance under T CP 
and CPT&tt derived tn Section IT. As is well known, the time reversal 
invariance in the hyperon decay means [8] that the relative phase 
between the final s 4 and p 4 amplitudes is determined b> the corre¬ 
sponding strong interaction phase shifts. In Seclimt III. the -ame result 
is obtained by an alternative proof which is based only on the reciproc¬ 
ity relation between different reaction rates, without the explicit use 
of the time reversal operator [V] A simple example is given in Section 
IV which illustrates the difference between the consequences of time 
reversal invariance in quantum mechanics and that in classical me¬ 
chanics, and which emphasizes again that the present tests oi time 
reversal invariance concern only the reciprocity relations between 
various differential cross-sections, rather titan the detailed time re¬ 
versal operation T. 

Throughout tluse discussion:, we assume thin the amplitude ol 
reaction (It tan be represented by the corresponding matrix element 
of a Harm ilia n operator [10) The validity of the local lurid 

theory, or CPT invariance, is not assumed. 

2. A* DECAY 

In the decay of ,l u , the final (SI + rc> system can be in either a s. or a 


Xt)fi-im i u.rkim'£ in hypetnn i .1 
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p, spin-orbital state. Let these two transition amplitudes be denoted 
by l,(/i and where / = J, or 4, is the toul iso-spin of the fin at 
state. The relative phase <p(!) is given by 


MO 

•ij" 


MO 

MO 




Similarly, in the decay of the anti-lambda. 


. i" ' W +■ JT. 


( 2 ) 

E3) 


the corresponding and p, transition amplitudes are 1 and J p f/1, 
and their relative phase $(h is given by 


_ -Siin e r#m 

MO XiO I 


HI 


The folio wing theorem si tilts the separate consequents of the in- 
variance requirements under T, CP arid CPT for the t" and ,1" decays* 
Throughout the prewit paper, we neglect the (fleets of eloclromagnetic 
interactions- and assume that the sErong interaction a* separately in- 
variant under 7\ C and P. 


Theorem 

I If 7’ invariance holds then, independent of CP invariance. 


and 


i m-tpin* ™ 
\un-9 P (0- 


lUO-Mil ° r 
MAO-MO- 


(5) 

m 


where <J*(/ i and 5 p (/1 are. respectively, the s, and p 4 phase shifts due 
to the strung interactions of the (N + >») system with a total iso-spin A 
2. If CF invariance holds then, independent of T invariance, 


d.U) - ~M?) (7) 

A#} - +M0 W 


(9) 


and, consequently. 


${!) = + i t. 
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For coilVcrtknCCj we chose,- ihc anti-particle stales A° and Tt to be 
identically related ti> their respective panicle .slater A u and N through 
the CP operation. 

3. if CF7“ invariance holds then, independent of either T invariance 
Or CP invariance, 

MXi)| - (io) 


and 


i^/)i - ftini 


(ii) 




i[<j.{n-w]+K 


or 




Some of these results, eg. Eqs. (5) Add (6|, arc well known and have 
already been proved in the literature [8], For pedagogical reasons. a 
formal proof of this theorem is given below, 

Proof. We consider the rest system of I". Let |(Nr>)'.> and |(N-T.I? jff > 
he, respectively, the stationary wave eigenstates of the strongly inter¬ 
acting (N + tt) system in Ihc and p t orbits and with a total iso-spin 
/ = 4 or 4. The corresponding incoming wave states and 

|{Nsr)^ are related to these: stationary states by 

|(M4:,> - a-^KN^R,) (13) 

where / = sor p. The transition amplitude A t i / i given by 

AAD - (14) 

- b*“ , fn <(NaR f I tf«, J -4 0 > (13) 

where i t*> k the physical A 0 state, The time revet sat operator T is 
represented [I IJ by the joint operation of u comp lea conjugation times 
a unitary operator U t . Since the strong interaction is invariant under 
T. all its stationary eigen-states |j. m} which have Kero total mome ntutd 
can he chosen to transform under T as 


T\j, m> = Vt\j, my - -m>, (16) 

where j is the total angular momentum quantum number and m 
its r-componeitt. Both |/t°> and |(Njr)j' r > satisfy Lq. (16). tf//,, lL ts 
invariant under (lie time reversal operation, then 

_t - VtVI* Ut - 


Tfi^T 


( 1 ?) 


A vtt-itit'ilritlflt‘ i- iff fnpcn.tii efecdp 
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and* as a consequence. <(Nn)|j| .t u > are real, Thus. Eq. (5) can 
be obtained by using Eq, (!5), 

For the decay of A* n we may denole (he corresponding incoming 
waveeipen-aate of the strongly interacting(N ■+ system by l(Rw}J j). 
Since the strong interaction is invariant under C Eq. (13) implies 
that the |(KruJj)stale is also related to the stationary state KbJjriJ'.) 
by 

kn«)[" ( >- c '‘"IN;!,). (is) 

Equation (6) can be derived by using ilie relation 

un - (is) 

To establish the consequences of CP invariance, we may choose 

]A°y - cp\a*\ (30i 

= +Cf|(N<p> (31) 

and 

-C/*|(N<.> (21) 

where a = stationary or incoming. Equations (7}-(9) are the direct 
consequences of the assumption that is invariant under CP, i.e, 

GW/^P^C' 1 ^* (13) 

I f is invariant under CPT, then 

C PrW WHt = (24) 

Equations (101, illi and U3) follow immediately by using Eqs 
(I4)-(16) and (ISi -(23)- A special consequence of Eqs (10) and (111 
is that CPT invariance implies [I] the equality of life time between 
A 0 and ,1°. 

Wc note that Fq- (5| and (fi) are consequences of Eqs (7)-U2> 
[i.e. T invariance is a consequence of CP invariance and CPT in vari¬ 
ance ], Eqs (7M9) are consequences of Eqs (5), 16) and (t0j-(l2j 
|i.c. T invariance mid CPT invariance imply CP invariance], und (hat 
Eqs (UFH.I1) are consequences of Eqs (5 |-(9) [i.e. T invariance mid 
CP invariance imply CPT invariances]. 

The absolute magnitudes and the relative phases of these transition 
amplitudes can be directly measured by studying the decay rales and 
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ihe -vpisi directions [5, I2J for reaction* (]) and O h As show n m s] l 1. 
if in reaction (I) ihc initial A° is nt reisi and is comptetdy polarized 
along the unit vector , then a I any given momentum direction l i he 
(Inal nudeon is also completely polarized, mid its spin direction ,S\ 
(measured in its own rest system i is given by 


S N = [t - J cos 0] ' 1 [(-a+cui Q)fi+(Hfi x $.,)+'/{£ x S t ) x£] (25) 

where k and S* are unit vectors, cos 0 - £ 


and 


S -2R C (0,)/[MJ i +l^ 

(26) 

/f = -21m(4^ p )/[M i | , + | J 4/] < 

(27) 

7= 

(28) 


The A and .i p arc* respectively, thiz corresponding and p : ampli¬ 
tudes which are linearly related U> the !,{/) and i n r/i by uslvl: s In¬ 
appropriate Clebsdi-Gordon coefficient* depending on whether the 
nucleon is p or n The measurements of the r.ito and ihu parameters 
a,, //, | for the decay* of l" and .1 '* give direct tests of 7, or CP. or 
CjFT. invariance in these reactions. 

A mo tic ihese tests, the ones for CP invariance consist of directly 
comparing two CP conjugate processes; their physical implications 
arc, therefore, self-evident. The tests for T invariance and CPI in- 
variance are less intuitively obvious. For this reason, an alternative 
proof of Eqs (5). ffiI and <l'>Hl2i. based on reciprocity relation*. 
wiJI be given in the next section. 


3. RECIPROCITY 

In order to make clear the consequence of time reversal symmetry, 
reaction ( 1 ) 

A® -* N+n 

.should be considered together with its reversed process 

K+h -+ A n < (29) 

Let <&%**&> and <5'JA/|£'. 5^> lw. respectively, the transition 
matrix, element* of reactions (I i mid (Ml where S,. S v , £ are ilic same 
unit vectors as those used in Lq. [251 and S' ( , S' s . k‘ arc tile corre* 
spending unit vectors For reaction (29). 


.N'ffjwnt'EirMifsr in hyper an decay* 


II 


U lime reversal symmetry holds, then reaction rates of U ) and (29 \ 
are rduLed by the reciprocity relation winch stages that for arbitrary 
directions k n and 5,, 

|<£, S n |A/|^>] = l<-S. t |,W|-£. -S N >|. (30) 

This reciprocity relation desk directly with observations. It is impor¬ 
tant to note that the usual T invariance implies nuE only the imnsjimn 
probabilities but also the transition amplitudes satisfying (he reci¬ 
procity relation |J3, 14], In this section, we will show that the pre¬ 
viously proved consequences of 7 invariance can be derived by using 
only the reciprocity relations between the relevant reaction rates. 

Fite reciprocity relation* Lq ( 30), holds fur the I N + 3] system in 
any isotopic spin state /. To first order in (but all orders in the 

strong interaction h the transition matrix elements for reactions (U 
and (29) are given, respectively, by 

i ,isi m |J?4 y *= n fci i} 1 1 ba *4ki-V ,y (^ 1) 

and 

<$:,i m it\ s;> = <^i sr H r> ( 32 ) 

where iS.,> and |S^> are I he sEiine physical |1 D ) stare used in Eq. (14), 
hut with ihe I" spin polarized along S , and .S'j respectively. The 
Iff. S s )5"’>, for [(£, $ % }'r» stare is the outgoing for incoming) eigen¬ 
state of the strong interaction For the [N H-rc] system and, in the coor¬ 
dinate representation, it lias an asymptotic form that consists of j 
plane wave with momentum k and spin S s plus the appropriate 
outgoing (or incoming ) waves, these eigen-states can he expanded 
in terms of the spherical waves used in the previous section, For 
example, in the non-rdattvislic limit, the explicit asymptotic forms of 
these expansions in the coordinate representation are given by 

<r|(k e ±i *- ,,, {/ N (kr) 1 sin + 

+fe ±w *<V ■ r|(ff ‘ fyUitkry 1 sin + - • ■ (33) 

tL% the relative dIstance f = (r| -* rj w where the + digits in the ex¬ 
ponent* arc for the outgoing state and the - signs arc for ihe in¬ 
coming state. The components of 1 he vector ^ arc the ostial Pauli 
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matrices, and U H k a Pauli spinor which latkfiftf 

= U n . {34} 

Equation (.'1 ) and the rotational symmetry property of H rfmi allow 
us to write 

iL ■ i)]t/ 4 ( 35 ) 

where t denotes the Hermilian conjugation and the spinor L , sallies 

(*'$JU A = t/„, (36) 

The (Jj/ J and a f \f) are related to the 4 ,(/) and /)„(/ \ of the previous 
wet ion by 

Mftp •§&*** (3T) 

where t - s or p. By Using the assumed Hcnnilk’ity property of H „,.... 
the explicit form of |(JE, S N )“"*) an£ i Eq. (32), we find that the cor¬ 
responding matrix dement for reaction (29) is given by 

<5y|Mi&\ 5}j> = ir;t«;(/je? w "+dj(/)e lj » j v ■ £ j )Fn m 

where f \ and U', are the spinors whose -pin directions are Si, and -S', 
respectively. Substituting Eqs (35) and (3H> into Eq. (311), we find that 
if the reciprocity' relation is satisfied then 

<(/) _ flftl) 

« P W 

which gives Eq. (5). 

Eq nations (35) and (38 1 also determine directly the transition am¬ 
plitude of the resonant scattering 

N + ti -/1 ( - N + s. (40) 

At the resonant energy, the amplitude id' (40i is proportional to 

- £?Ji[a.e^ + fl p e^ - ' **>]*« (41) 

where and k' are, respectively, the spin and momentum directions 
of the initial nucleon and$ v . £ are that of the final nucleon. I n Eq. (41 j. 
wc suppress the explicit /-dependence in a t and £T p , The reciprocity 
relation between the transition probabilities for the resonant scattering 
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is given by 

\iL S n \M\&\ 3jt>l - \(-K\ -S' H [A/I-JE, -S N >f, i43) 

which can also be used to derive Eq- (39). or Eq. (5). For example, 
let as consider I he si in pic case of a backward resonant scattering, i.e. 

£ = -£'. ( 43 ) 

Equation (41) becomes simply 

<H,S s \M\-k%>~ L r i[C+Dt<r '£)]t/i, (44) 

where 

c - (45) 

and 

D « (46) 

The transition probability for ihc resonant scattering from. say. 

= £ to = £■ is proportional to i C4 1 >). and the corresponding 
probability for the reversed process from = — £ to = — £ is 
proportional to \C— £>). Thus, if the reciprocity relation, Eq, 1,42), 
holds, D must he zero, which gives another derivation of Eq. (>), 
In the same way. by comparing the reaction rates between (3) and 

N+?t - A\ (47) 

we can derive Eq, (6) without explicitly using the anti-unitary opera¬ 
tor T: similarly. Eqs (10> (12) can be derived by comparing the reac¬ 
tion rates between (I i and (47). 

In this simple ease of A a and vP decays, we have shown that all the 
consequences of T i nvariance and CPT invariance can be derived by 
using only reciprocity relations between the various differential cross- 
sections. The same can also he established for other presently pro¬ 
posed tests of T invariance and CPT invariance in weak inter¬ 

actions [IS], 

4. DISCUSSIONS 

In the decay of .1* -* N + tr. if the initial 4° is completely polarized 
along S t , then at any given momentum direction k the final nucleon 
must also be completely polarized along which is given by Eq. (25). 
Lei us now consider the reversed reaction N+it -* 4°, where the 
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initial polarization direction S * and the incident momentum direction 
£' arc given by 

S* w -S* and k* = -L (48) 

Wc note i ZiLi i had [he system obeyed classical mechanics, then rime 
reversal invariance would imply that [he Una I ,1 IJ m the reversed re¬ 
action must be completely polarised along the reversed direction S', 
where 

% = — S rl . (49) 

For the quantum mechanical system* while the final V 1 does remain 
completely polarized, its direction S\ is, in general, different from 

To demon strati: this, we may consider the s pedal case 

AM) - -< 4 P (/> ( 50 ) 

and neglect *\it \ and d p (J), Eq. \ 5) i>. then, satisfied. The final nucleon 
in the decay S y — N + jt is now always polarized along — — £ 
while the final ,f ! in the reversed reaction N -ti —* . I 1 lb always pew- 
lari zed along S r 4 = -ft' which can be very different from -5.,. 

The time reversal operator Fin quantum mechanics relates the so¬ 
lution of rhe Schroedinner Equation at a lime / with that at — I. 
In the decay t D * N- ,n . the final stale 0(r = r. 1 is a coherent 
mixture of s, and p , waves which, of course, can also he expanded ^ 
another coherent mixture of |C£\5 N )l ,r > “States, Under T, the state 
Iff, $s )j"> becomes |( -f* % y f* l y. and Ty{t = ce) become a cor* 
responding ivhtrem mixture of |( -S H jy ,t ) states which l** ob¬ 
viously, very different from a single |( — £\ -S^Vf 131 ) slate. However, 
as slated in Eq, (4S1 M is precisely this single li — L state 

that is being used, as the initial state in the reversed reaction N + rr — 
,l ! \ On the other hand, the reciprocity relation. F.q. (30 1. does equate 
the transition probabilities between the .l ,,: decay and the revered 
reaction whose Initial stale is given by F.q„ (4B). 

The above simple example merely illustrates once again ihese 
elementary aspects of quantum mechanics, ft also illustrates that 
while the mathematical operation of the anti-unitary operator F 
deals with the symmetry between the solution ^ at a time f and that 
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ai —I, the direct expert meivLiil lesi of such symmetry properties usually 
does not go beyond the reciprocity relations between various reactfen 
rates. In connection with the recent observation [7] of Christenson 
et al. f while we can at least envisage theoretically the possibility that, 
rn some distant future, it may become possible to test directly the 
relevant reciprocity relations [16J. it seems virtually impassible to 
ever construe! the desired coherent time reversed state T${t = x ) 
for a direct testing of the symmetry (or, violation of symmetry i 
properties, of the time reversal operation, 

l wish to thank Professors G. Fduberg, R. Scrher and G. C. Wick for 
several enjoyable discussions. 


REFERENCES 

III H. Lee, R_ Och me and C N V,ing, Phys. Rev iflfc M'J57> 340. 

2 1 C. S. Wii, F. Ambler. R. W. Hayward, D. D. Hoppe* und R P. Hudson h Fhys 
Rev. 105 (1957) 1413. 

31 K. Garwdn* L, M Lederroun 4rtd M. Wcinrioh, Phys. Re*. 105 < 1^1} 1413. 

J. I Friedman arid V L. Tefefldi, Ph>>. Rs^ HHM19573 ML 
1? M. T. Burn*;. V. E. krnhn, 1. 11. Novey. C R. Ring^i ;md V L L TfitegdL Pliys. 

Rev. no mm m* 

3i J W t. renin Cind O. £. Ovwctk Prac. Ini- Cortf. on High Energy Fhyxics. 
iCERN* 39621, P 433. 

vv. Pauli, Niels HoLix and the Development of Physics* irerganuan Pres*.. 
London, IW); 

J Schwinger. Phys. R<V. 91 < 19531 7241, TT5: 94 (19533 13*6; 

C Ltidcr,. KbJ DrttL*fce VkltfUSksih. Sefftkah* MjL.-iys. M*dd 2H (19541 No 5 
71 J. H. rhrirtenbon, J W. Cronin,. V. L. fitch and R Turtay, Phys. Rev. Letter* 
13 (|W) I3B- 

El T D. Lw C, N, Yur.£, Elementary Part ides and. Weak Interactions. 

! U-rookhuved NJUii>nfll Laboratory, 19571, p .14. 

'il The usual T in variance preserves the magnitude yjtf = | 7>i | for 4*1 f 

Uh-d iJp iti itw Hilbert space, while in this note the reciprocity relation btlWrtfl 
various n&CCiOJl rules refers specifically only lo those and 4 which represen! 
asymptmicjlly iJic appropriate initial and Fin-id sysrema in which every panicle 
h a** a definite momentum ami a detirtiUi H|Hn fhLis by itadf, The T Invariance 
appears lo he i stronger nuidiemiLlical Condition. 

IQJ h\ da proposed hy Lee and Wot ten stein (Phyi. Rev. to be published!, the coupl¬ 
ing constant of the 7" non-in variant interaction, called .Jfy. k ^-LO 1 times that 
of ihe usual T irivarimil Interact Im, called /f 4|1 ihen ibe relevant operator 


T. D, Ue 


16 


wtrould be (he %LLTti of ff G plili (he second order lehn due so 
otherwise, II mt // c 

11) E. T. Winner. Gilts. N tic hr., Math. Nuturw. K.I. (1933) 546; Group Theory. 
(Academic Press, New York and London, 19*91, Chapter 26. 

12) T, D. Lm arid C N. Yang, Ftiys, Rev tchrt (1957) IW’ 

L}) I. A Wheeler. Phys. Res . 52 (I937> I IS?" 

14) Sen also J. M. Blult and V. K Weisskopf. Theoretical Nudw Physics, (John 
Wiley and Co„ 1932). p 528. 

15) The mass equal tty of p arid p. which is valid to till orders m V/*„ k if CPTin* 
variance Holds, can he derived by uilntf the reciprocity relation between, oy, 
:-■ ■ p *■ y -■ P and its CpT ctmju^aLe process v p ’}' hp- The -lime reci¬ 
procity rduiiDp lead# elso to the well known identifies between rhe electrrw 
nugneilc propcrtlei of p and p. 

I6j Such ecus may become feasible in the immedUik" future if the coupling con- 
sianl For th* /' non-invariant inleruETLidn II F lu.mS ehiS 1u be — JO 5 I unci the 
Fermi ft&upl i n G consflun t &' of the uapsal weak interact ton. tSce re l ere ncc [ 10 ] ], 
In Mjch d case. nil slfdjijs reaclkm* can violate the reciprocity relalioji by a 
fractional difference — (lO - *—I0~ B ) between the refcevaiu reaction rates. The 
cumcn! experimental accuracy of reciprocity relntion In it run r inlcruiCtiom u 
— 2‘\ 5i determined by i.. ttosen jml i. E. Brolley. Jr.. Ehy*. Rev. Letter* 2 
S1959) 4S for Ihe reaction! p -t 2_ d-^tf. This accuracy is compatible with 
F —■ io'Gh but it also rmplics \hkii F cannot he much bi^r than !fl B G. [O' f 
however, the discuss inn by J Frenlkj and M. Vdlfiiun,. PhyiiC* Leilers T5 
(1465) KH in which a different view 1 \ attempted. ] 


HORN APPROXIMATION AND DISH lifts ION 
RELATIONS FOR SINGULAR POTENTIALS 

A. MARTIN 
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t Rrf ifi *\’-€id April 20 m 


The first thing I learnt in physics was scattering theory and it is, maybe, 
rhe only thing I know at present. My first teachers were Viki Weiss- 
kopf and Leon Van Hove at Les H ouches in J9M- So 1 thought that 
it might he appropriate to honour Professor Weisskopf with the 
presentation of sortie recent developments in this field, 

Recently, much interest has been devoted u> singular repulsive 
potentials [I]. Singular because the interactions between elementary 
particles may he singular, repulsive because we cannot treat the at¬ 
tractive case. It is desirable to show that these interactions are m 
honest as possible in all what concerns physics, and one thing one 
would like, in particular, is that their Forward scattering amplitude 
should satisfy dispersion re fa lions. This is not completely obvious 
from the existing work in this field because partial wave amplitudes 
have essentia! singularities at infinity, 

We shall start, in section I. by showing that at least for positive 
energies (k 1 c 0) and negative energies [A* > 0) the partial wave 
amplitudes exist in the singular case and can be bounded by a known 
integral. 

In section 2 it will be show n that the forward scattering amplitude 
exists LLud can be bounded both for A J > Gaud k 1 < 0, 

Section 3 will show how otic can “continue" dispersion relations 
from the non-singular case to the singular case. 

l existence and upper bounds on partial waves 

En all that follows, we shall restrict ourselves to the ease of a purely 
repulsive potential V{r) t with finite range R, We shall kill the sin¬ 
gularity at the origin by pulling in □ damping factor: 

V£r) = e“*T(r). 
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Then the Sehrftdiiijger equation reads for flic Z 1 " partial wave 

wii = [~r^ + ^ r )”* 3 ] u * = Krfte r)n ri (2) 

(k 1 > 0 ), 

In the physical region we normalize u ( to he 

H*| ” Moj + tS^f^OI for T = R (3) 

where u ai mid f (IJ are the free solutions behaving like sin 
and cos (Ar- Ui?), So that 

lg <HI. fi) ” - 7 I HoiVJtO^jdr. (4) 

Ji J 0 

The crucial remark then is that for / > kR. V tit {E, r) has a constant 
positive sign and therefore has necessarily j cor slam si un in the 
interaction region. 

u„ 4 (JO and r M|! {fl) are known Ikssd function a and they arc both 
positive as long as R is to the left of the lurning point of the Bessel 

equation, which is the ease for t > kR. Thus, let show that it follows 

that a f( (r) is positive for 0 S r £ R. Indeed, if it were negative, 
tg o\i, j; i would he positive from equation (4) and one would get from 
Eq. (3) that u 4f (fl) is positive so n^O is positive and Lgd(/ + £j is 
negative. 

Hence we have 

0 <%(«) < «„(*)’ <S* 

Then since I r) is always larger than (HIA -1 l)/r 3 - fc J we notice 
that is more “curved” than a or (r); it follows that t* rJ {ri and 
will never intersect In 0 <= r <> R. Therefore 

0 ^ v €f (r) < u 0 l (R) ( 6 } 

and 

0 > tg5(I,ei > = - 1 j (uojtOjH.frJdr (7) 

kJa 

and 

0 > tg 6(1, fi) > - U (w 0( {r»'K(r}dr. 

fcJe 
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Let us show now that ig Ml e) has a limit for t - 0. Indeed using the 
stamfaid Wranskian technique (as can be found for instance in Hiatt 
and Weisakopf [2]) to compare the solutions tt. s , u t „ we can show that 

£ [tg « 1. 03 = - l J o W)l* | Hr, «)dr. (8) 


Since, according to (I), (d/dejr(r.«) is positive, this derivative is 
negative. Hence, kJ i> a monotonous decreasing function of t, 

bounded below. Hence, it has a limit tg 6{l) for e — 0, So For i > kR 
all partial wave amplitudes arc defined in the singular case mid we 
have an explicit bound on their magnitude. For / < kR Use situation 
i, noi so simple, but we shall not need to investigate this case. 

N'ow. we shall repeat essentially Ihc same argument lor Jt’ < o. 
Here we do not need to put any limit on l because i; [r is always 
positive. We now normalize the solution as 


for f|H, where 

k 


(9) 

m 


Solice that for k - ic. /(/. cj is purely real and so is either 

purely real or purely imaginary (according to the parity of I). Then 
) r> either purely real or purely imaginary and, again, cannot 
vanish in 0 < r % R. Playing with this in exactly the same way us 
in i he physical caw. one gets 


IW £ )I < .! | VtiM'KfrJdr 

I/(LjO| < 1 j ]if 0 J (rJjV(r)dr. 

fk|do 


(ID 


Similarly, one can show again that for each / [d/da)/(/, c) has u 
constant sign and therefore the limit for r. - 0 of all partial waves 
exists. 


2. IfOfNJt ON TJIt FORWARD AMPt ITL : L>E 

III (lie physical region k l > 0 we have from Eq. (7y an upper bound 
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□it the partial wave amplitude for 1 > kR. For i <. kR we shall content 
otiredvcs with the unitarily condition: 

le^itin <5,| < 1. {12) 

lienee, we write the upper bound on cos 0 - I >| xs: 

jocose- 1)1 < 7l(2J+l)+ it l^+lHug^lH'frJdM 1 -^ 

Let us make here the further assumption that K(r) is less singular 
than l/r J , This is already an interesting rase because the critical ease 
is l/r 1 . Then we can majoriie the second series by a sum overall partial 
waves 

J k o 

The bracket, according to the standard expansion of a plane wave in 
partial waves 12] Ls nothing but; 

.*+1 

4 | kV c ifrB, *e _,lr " i# d cos 0 = tV- (15) 

Ur, alternatively, one could say ihiii (I4i is just ihe Horn approxima¬ 
tion for ihe full amplitude. Hence w c gel finally 

\F,(k\ cos 0 = l)| < M±it + i V F(/)di\ (16) 

k Jo 

So we get on 1 he forward scattering amplitude a bound which is 
independent of t and grow?, like k for A; — n, 

Similarly, one cat! sum the partial wave series for ft 3 < 0. Here 
we do not have unilarity at our disposal, hut fortunately inequality 
(11) holds for all partial waves. So we get 

IF.j'fc 1 < 0. cos 0 = 1)| <--^-1 F(r)[X(2i+ ! )f» af rr)| J 3dr. 

I* V a 

Now, in analogy with (IS) the bracket is just 

1 | * |t*tr*e“ r "*V m ‘'“*ilow^ 
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which is less than l*] 1 ^ exp 2 |fr|r. 

So we get: 

|f t (t 3 < 0, cos B = I)| < exp (2|ic|«) | V(ry&r. (17) 

Again the hound is independent of i\ and finite for finite negative i 1 . 
Since on the other hand each partial wave amplitude has a limit for 
k 1 < Q, c -• 0. It follows that F^k 1 c I), cos 0 = I) has u limit for 
e -* 0. 


i. PROOF OF OISPFRSION RLLAltONS 


For f. ^ 0 we take for granted thai dispersion relations can be written 

[3]: 


Fjk 2 . l)-FXkl 1) = 


k l -kl r j Im f£k >2 ' l)dk' J 
7T j 0 


where wc choose £5 < 0 . 

Now 1) has a limit for c -* 0, and 


(IS) 


<1^,111+ f ’ 

Jt do 


{k'R+\f + 


k' 


I r : t'(r)dr 

J 0 




d k' 1 
(19) 


so l/^fr 1 , 3 )| is bounded uniformly in e in any finite region of the it 1 
plane which does not contain the cut k 2 = 0 — k 1 = oo, /’.(Jt 3 , 1) 
has a limit for k 2 < It, t -»I), Hence, according lo Vi tab's theorem [4j 
f c |A J , IS has a limit for all k‘ outside the cm and thj% limit Hk : , 11 
is analytic in the cut k : plane. On the other hand, this limit, according; 
to inequality (1*9), cannot grow faster than A| 111 as |£| goes to in¬ 
finity in complex directions. So there is no essential singularity at 
infinity in the physical sheet, and a dispersion relation holds for 
F{k\ 1). which is what we wanted to prove. 

Improvements of this proof would be: 

i) to accept higher singularities than I/r s . This can be done for any 
power singularity without difficulty. For instance we should majorize 


I (31+IK,|* for kR > I 

t* 

by k 3 r J — (sin lfcr) J instead of A 3 r ! if we want to include singularities 
in ](r s ~\ 
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ih to include at intermediate distances an attractive region and 
possibly an exponentially decreasing tail. This can be done, by cutting 
the potential into various pieces but ii requires a Sot ol' epsilon Lies. 
!i is clear that since in the non-singular ease this makes no problem, 
it will not alter the result in the singular ease, 
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The question of boundary conditions of Lm&teinN gravitational field 
equations bus played a peculiar role in discussions about ihe com cut 
and true foundation of general relativity theory. Hence, the fact that 
the ordinary solutions of these equations, representing the gravitational 
held surrounding a limited distribution of matter, satisfy a condition 
at infinity (g iM -+ comfant), which k not covariant against arbitrary 
coordinate transformations, was reyarded by Einstein as contradicting 
the spirit of his theory and was one of his main arguments behind his 
dosed universe solution from which the branch, of relativistic cosmology 
originated, On the other hand, the same fact lias led FoClt to deny the 
reality of general relativity* thereby assuming that a certain condition* 
limiting the choice of coordinates and fulfilled by the mentioned 
boundary condition, should he added as a necessary complement to 
Eitstcfo** equations. 

It ^ aLo a foci, however, ahai the equations expressing the physical 
laws in F-in&teirrt theory covarmnt against an arbiinuy traosfor- 
ination of the four coordinates used for mapping the space-time region 
under consideration. And this fact is by no means trivial as is the In¬ 
troduction of curvilinear coordiiiatih. in pre-relutivisiic physics. The 
difference ^ t'nar in relativity theory the g itl . the coefficients of the 
Minkowski an quadratic form m general coordinates, are themselves 
held quantities like the gravitational potential of the Poisson equation. 
Still, relativity is only half the foundation of the theory* the 

other half being the equivalence principle, which provides the physical 
mierpretfiiicEi of the mathematical formalism. 

According to this print:!pic the influence of gravitation on any phys¬ 
ical phenomenon may be derived from the knowledge of the corre¬ 
sponding gra vita Lion free case of special relativity theory, this being 
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obtained by means of a Locally, freely falling frame of reference in 
which the effects of gravitation are removed in the nearest neighbour¬ 
hood of the space-time point under consideration. While this neigh¬ 
bourhood is, strictly speaking, infinitesimal it may in practice be very 
large, namely as large as the gravitational field may be regarded as 
homogeneous and constant. An important consequence of the equi¬ 
valence principle is that measurements - in principle - have to be 
carried oui by tools at rest in the locally gravttaiionfimc frame, the 
generaE coordinate* having no physical meaning outiidc of iheir map¬ 
ping role, a claim comparable with that to be fulfilled by ihe arrange¬ 
ments used in the observation of quantum phenomena. 

As is well known* the Gaussian analytical geometry ge' curved sur- 
faces and its generalization by Rjcmann to an arbitrary number of 
dimensions has been moil helpful for ihe mathematical formula! ion 
of Einstein's ideas, l-'rom this viewpoint the removal of a gravitational 
field according to the equivalence principle appears as an analogy to 
the possibility of regarding an infinitesimal part of a curved surface 
a> plane, Le* des.cn bublc by means of Euclidean geometry, li would 
seem that the exaggeration of this useful analogy is at the root of the 
controversial opinions just mentioned. Thus, whale the introduction of 
curvilinear ceweti miles cm u plane does not change any of the quami- 
lies which are of geometrical interest, ihe introduction of an accelerat¬ 
ed frame of reference means the appearance of a gravitational field, 
which is locally indistinguishable from a * s rear gravitational held, 
bring, hence, jus! m physical as a magnetic field which may be re¬ 
moved by a Lonenlz transformation. Although fields of non-vanishing 
curvature tensor cannot be entirely removed by means of a coordinate 
transformation and are thus in principledistinguishablefrom remov¬ 
able fields, a distinction between "rear and "unreal"* field* by this 
criterion is certainly against the very essence of the equivalence 
principle. 

Let us after these introductory remarks consider the boundary' con¬ 
dition of an ordinary solution of Einstein's field equations such as that 
given by Schwarzschild and Droste for the lie Id outside of a spherically 
sy m metr sen l distri but ion of mat ter. Thi * solution. whic h d escn hes i he 
motion of a particle (in practice a planet i around u fixed central body, 
when other in fluencies may be neglected, is usually derived □ Eider ihe 
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assumption that iht system - us far as l he- gravid at tonal held due to 
itself may be neglected - is unrounded by an in Arise empty space of 
l.orentz metric. From a mathematical point of view this way of sim¬ 
plify iris; she problem is praeLical and seemingly harmless. Still, it is 
probably responsible for the confusion of the problem of boundary 
conditions with the problem about the structure of (he universe at 
targe^ to which, the belief of Einstein arid many of Ins followers in 
Mach’s idea (that a body in an otherwise cm ply universe would have 
no inertia) may have contributed. 

In order to show that there is no immediate relation between these 
two problems we shall consider the planetary system as a member of 
a large system, a galaxy* consisting of a great number of similar plane¬ 
tary systems, the central bodies of which are no longer fixed but free 
to move. Let ns as a simplified model of such a galaxy assume the large 
system to be spherical and of constant average density, being, so to 
say, a gas, the molecules of which arc planetary systems. The gravii u- 
E ion a I force at a distance r from the centre or the galaxy will then have 
the magnitude jfry^r, where jm is the average density and y (lie gravita¬ 
tional constant, then the lack of homogeneity of the galactic held 
relevant Tor ihe planetary system (being the fraction d/r of [lie field> 
Will be j nypds where f/is the radius of 1 he planetary system, independ¬ 
ent of Its position. On the other hand, the gravitational field due to 
the mass M of the planetary system al the distance d from its centre 
is equal to yM Hence, lls far as the inteinal motions of ihc plane- 
tan,- system arc concerned, the outward field wilt he practically homo¬ 
geneous if p ■ _W 4-i/-\ a condition implying simply that the density 
of the galaxy is scry small compared to the mean density of lhe 
planetary system. 

With R being the rad Jus and AM/ ihe mass of the galaxy, the con¬ 
dition in question may be written as N - l Ruf\\ Taking for .'V and R 
the approximate values for our galaxy {N - U1 M ( R - 10" light 
years) and for d ibe distance from the sun to Pluto, the outermost 
planet (d *+ 10" 1 light years)* we see that ihc left side of the inequality 
is only about Ehe fraction 1(1" 13 of ihe right side. More reaSislic as¬ 
sumptions about the structure of the galaxy would not, tt> is easily 
seen, change these orders of magnitude in any important way. Hence, 
the average galactic field is not only weak hut of negligible in homo- 
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geneity as far as the solar system is concerned, the whole system killing 
freely in a practically homogeneous gravitational field. Consequently 
iherc will he no gravitational field in a frame of reference fixed to the 
centre of gravity of the solar system* as fur as the gravitational field 
due to the masses of the system tisetlJ may be neglected. Hence* in this 
Frame, which is jlisL the Copcrmcun ortc* the ordinary boundary Con¬ 
dition (asymptotically const am is practically fulfilled* the meaning 

of the word ^asymptotically 1 ' being now “at large distances from the 
system, which are yet small compared to the average distance between 
stars m the galaxy". Fm From being contrary to the spirit of Eiiistein\ 
Theory, we see that the boundary condition in question has the same 
background ns the equivalence principle. 

We shall not here enter more closely on the bearing of these con¬ 
siderations on the cosmological problem. It should be mentioned, 
however, that n similar consideration may he carried out for the astern 
of galaxies, whether it he the whole universe corresponding to one of 
the expanding cosmological solutions or simply one among a multitude 
of similar, limited systems. Thus, using the estimates of its expansion 
velocity and average density it muv be shown, that For the relevant 
surroundings of a galaxy or galaxy duster ;j frame of reference may 
be introduced, in which again the ordinary boundary conditions arc 
valid M asymptotically 11 with sulEicient approximation. 

Finally it diould be slrcs-s-ed that inertial forces appear in the usual 
way in a frame of reference which is accelerated with respect to an ap¬ 
proximately gravitation free frame of reference of the kind considered 
in the above examples* there being - Contrary to Mach’s idea - no 
iininedtate relation between the inertia of bodies nr particles und the 
structure of the universe. It should also be remembered that energy 
and momentum of an approximately isolated system are defined wilh 
respect to a gravitation free ouLward frame. 
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Consider a one-dimcriskmal npn-rektivisLic iinniv-piirlielc system 
whose interactions are invariant under transitions and apace inver¬ 
sion. Tile [olal momentum of Lhc system K and the parity P arc 
therefore conserved and commute with ihc Hamiltonian //. 


W, A'J = 0 

(La) 

[//. P } = 0. 

Lib) 


However, momentum and partis do noi commute. A momentum 
eigenstate does not have a ddinife parity, and a purity eigen stale docs 
not have a definite momentum (except for the trivial ease of zero mi]- 
men turn?. Thus weean find solutions of the Sdiratsdingcr equation for 
this system which have either n definite mmni i nium m or a definite parity* 
bui not both. The solutions with a definite momentum lire those in which 
the center of mass motion is described by a iraviduuj plane wave; 
v lK X . The solutions with el definite parity are those in which the center 
of mas- motion is described by a timdmtf plane wave, cos AY or 
sin K'X. The parity and momentum eigenstates having the same energy 
eigenvalue are dearly related by a simple linear transformation. The 
eigenvalue spectrum of the Hamiltonian is characterized by a twofold 
degeneracy. For each momentum eigenvalue A' r > U. there are two 
degenerate eigenfunctions of // having the form e lir V* and e _lA V* 
where ^> a describes all the other degrees of the system except center of 
mass motion. We have chosen the mom an turn eigenstates. The cor¬ 
responding parity eigenstates are sin (K f X)^ and cos ik X)<p r . 

From this example We see that when a Hamiltonian commutes with 
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iwo operators which do nat commute with one another* the eigenvalue 
spectrum of the Hamil tonian eomiili of degenerate mulstpieto. Further¬ 
more, we can determine the characteristics of these mu (tip lets without 
knowing anything more about the details of the Jlctmi/funion and the 
dynamics <>/ the system. If the Hamiltonian is iimnint under syni* 
melry operations, such as space inversion or liana] miens, then an 
eigenfunction of the Hamiltonian is transformed into another ei^cn* 
function with the same eigenvalue by these transformations. If there 
urc two non-commuting symmetry opera tidtiss like space inversion and 
truncation, both operations cannot leave a state invariant (except for 
special cases like zero momentum), and therefore the successive opera¬ 
tion with these transformations create new states which constitute 
a multiple! of degenerate eigenfunctions of the Hamiltonian. The prop¬ 
erties nf the mult ip lets which can arise are determined by cite relations 
behveun the different non-com mu ting symmetry operations* and are 
independent of further properties of the Hamiltonian* 

Lei us now examine our particular example in more del ail and show 
formally how many properties of the dgenfUMlions of // follow from 
tile interplay of the translation and space inversion transformuLiarts. 
We first consider parity. The operator t* satisfies tho equation 

f 2 = L 0} 

Its eigenvalues are ill us - I, called even and odd. Parity conservation 
helps in solving the Schrocdinger equation, because we can look for 
dmullaiwous eigenfunctions of // and F. If we choose as a basis of 
functions for solving the Sdiruedingcr equation 3 *ct which arc already 
eigen functions of f, wc cut our work tn half, because the Hamiltonian 
cannot mix even and odd stales. We have separated our Hilbert space 
into two piece* which arc decoupled from one another* 

We can also classify operators as even or odd under parity, accord¬ 
ing to whether they commute or aiukommute with F, Any operator A 
can be written as the sum of an even part and an odd part A a 


A = 4i+^» 

(3a) 

A v = HA+PAP) 

Oh) 

A a = HA-PAP). 

(3c | 
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Tlic even and odd operators satisfy the relations 


PA t P = A t 

{4a> 

PA a P~ -A,. 

C4b) 


Even and odd operators satisfy simple selections rules. Even oper¬ 
ators have non-vanishing matrix dements only between slates of the 
same parity; odd operators [save non-vanishing matrix dements only 
between states of opposite parity. This is seen formally by considering 
the matrix elements between two stales of parity F' and F" 

<F\A e \F r y - {nFA,P\P J = FFXn ^\P'} = 0 ^ ^ - ~P" 

£Sa) 

{F\A e \P"y = - -FP'X? [AJFy = 0 

if f-r. (5b) 

There are simple rules for combining parities of different parts of a, 
system. The parity of a complex system is just the product of the pari¬ 
ties of its component parts. 

We now consider momentum. The operator A docs not satisfy any 
equation analogous to {2\ and has a continuous spectrum of eigen¬ 
values, Momentum conservation helps us in solving the Schroediuger 
equation, because we can look for simultaneous eigenfunctions of 
li and A. By choosing a basis of functions which are already eigen¬ 
functions of A', we have reduced our work considerably, because (he 
Hamilton lari cannot mix states having different eigenvalues of K. 
We have separated our Hilbert space into art infinite number of pieces 
which arc decoupled front one another. In dfcct, we have removed 
one degree of freedom from the problem to be solved. Each decoupled 
subspnee oi I he I lilbert spiu c has one degree of freedom h ■ ■■ than the 
original problem. For ll one-panicle problem, momentum conserva¬ 
tion solves the Sehrucdmgcr equation completely; giving plane wave 
solutions. 

Thus parity correspond* to a finite set of tnmsforrnations (just 
space inversionhas a Jifiitt' set of eigenvalues, and divides the 
Hilbert space up to a finite number of pieces. Momentum corresponds 
to a continuous group of transformations (translations), has aremrin- 
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nous spectrum of eigenvalues, and separates a degree of freedom 
from the problem. 

In the same way that operators can be divided into two types, cor- 
responding lo their behaviour under space inversion, they can he 
divided into a continuous infinity of types, corresponding to their 
behaviour under transitions. The expans tun of an arbitrary operator 
A into a Continuous set of operators A^ , analogous to lire partly 
expansion [3i is just a Fourier expansion: 

A - | d K'Ar (6a) 

«p* 

= (eb) 

The operators A h satisfy the relation analogous to the eigenvalue 
equation 

IK,A k 1 - ttAw (?) 

Tile operators have the properly of adding a momentum A' 1 to a 
state. Simple examples of such operators are e 111 ', p l z‘ lL ‘“ and 
(e 1 ** 1 ) ■ (c n * ■* l,, | where x., x s . p, and p . are co-ordinates and mo¬ 
menta of two particles in the many-particle system and </ ts arbitrary. 
These “momentum eigenopenrtors 1 ' satisfy momentum conservation 
selection rules, analogous to the parity selection rules satisfied by tile 
"parity cigcitope tutors” [5], The matrix elcmenii of the operators 
between two momentum eigenstates |A”'> and |A''"> vanish unless 
momentum is conserved. This can also be seen from the formal 
properties (5) of the operators! 

*•<*"’MvlO - <A"'|[A. -•l Jt .]|A” r > - (K"'-A' ,r )<A"”|.-I R . ; A Jr > 

= 0 unless K' = K"‘~K". (81 

There are also rules for combining momenta, of different parts of 
a system. The momentum of a complex system is just the sum of the 
momenta of the component parts, 

Tile fun begins when we consider parity and momentum together, 
because F and A do not commute. They anlicommute 


PH = -KP. 


m 


Parity imtl ttiottirmutn 3 ] 

I his immediately leads to the doublet structure of the cigcnfiinations 
of H. Lei be an eigenfunction of H and A' with eigenvalues £ 
and A 

m K . = L . (lou) 

W k .^K'K. (10b) 

Then we fan deline a corresponding stale 

*-*=^*. (ii) 

This slate (El) is degenerate with the state (10) and has the ophite 
momentum eigenvalue 

= Wr - Wf = m*t = £^ r (12a) 

**-*■ - IEJV* - -W* - - K'ty x < - -A”^, (Ub) 


Since F 1 - ], further operation wish jP brines us back where we came 
from, and we obtain no new states. We thus see that the dgenfiuic- 
Uons of // separate into degenerate multiple^ each characterized by 
a number K' g S3, and that she multiplies are doublets if A” p 0 and 
singlets if A' ^ 0. In the represen Eat ion we have chosen, the operator 
A is diagonal, while the operator F is "almost diagonalTe + P has 
non-vanishing matrix dements onty between stales within the same 
mulilpt&l. We could have chosen a representation in which P would be 
diagonal; then K would be ' fc a]mos( diagonal" 

Let us specify the eigenfunctions of // by the following quantum 
numbers: the magnitude of the momentum A", the sign of the mo¬ 
mentum, a f = ± I, ami a set of quantum numbers a' which specify 
the other degrees of freedom of the system. Tlu j quantum number A ' 
specifies the kind of multiple! containing the state. The quantum num¬ 
ber id specifies the particular stale within the multiple!. The matrix 
dements of the operators K and P are completely specified in this 
representation 

K\K\ a\ = ff 7T| K\ a\ x*} (13a) 

P\K\a\ x ) = \K\ (13b) 

The operator A r is diagonal wish the eigenvalue & f K\ The operator 
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P is ’'almost diagonal”, with matrix elements of magnitude unity 
between states of (he same multiplct. 

Instead or ehoosing the sign of the momentum to specify the state 
within the multifile!, we can choose the parity. For this case, 

= K'\K\ -/>',» > 114a) 

P| r.f.O = P'[K\P\*% (14b) 

Here P is diagonal and K is almost diagonal. 

Thc parity and momentum "eigenoperators" also form mtihiplcts, 
when we consider parity and momentum together. For cadi operator 
d*. satisfying equation (7), we can define a companion A K , 

A^ k .*=PA s P (15a) 

[A, j4_ r 3 = [ K - WrfJ - - K'A -*>. (13b) 

The operator muitiptets Mu , A- K -] have n structure resembling the 
Wave function multi pic ts. 

We shall now find a very important relation between malm elements 
of operator multiples between sets of stale belonging to multi pie Ls. 
Consider the matrix element 

<K\<>\^A e ^K , W , ,9 , % (16) 

If we consider till the matrix elements of the two components of the 
operator multiple) A K - between states of the multiplets (K\ a'] and 
(A", ■/' \ there arc a total of eight independent matrix elements. We 
shall see that these are all proportional to a single quantity depending 
upon the properties of ihe system, with proportionality factors dc~ 
pending only upon tile algebra of (lie operators P and A’, First we note 
that no more than two of the eight matrix element can differ from 
stern, because (he momentum conservation relation (K) requires ihnt 
AV = A J V'+A' J V'\ The two non-vanishing matrix elements are 
equal, since. 

ttlAgrrJLK’WW) - 

- <a\ </. ain^x -m a", y\ «"> 

- <A\ -a\ *'|-V-. A" -y\ *">. ( 17 ) 
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We can thus wrtto 

(JEVa'I^^-ilJCVy') = 

= K(r, ff \ jr, ff ij , i: j "(^7<*Yiiii 1 «-iiK'V p > as) 

where IfA', *r r , A<t p \ K e, \ at'") is a coefficient depending only upon 
thei parity and momentum quantum numbers [A", A"* A $ \ o f \ 

and independent of the other quantum numbers (a\ \ and the par¬ 

ticular nature of the operator A, The double-barred "reduced matrix 
element** (AY|M K IjA'sO depends only upon the multiple!** but 
is independent of the quant urn numbers which specify the particular 
members of the multiples. In thU ease all the coefficients J vanish 
cadept for the two corresponding to values of the argument which 
satisfy momentum conservation, and V = I for these cases. This result 
1.18 Hs a simplified version of Wigncr-Eckart theorem. 

In this simple example we have seen how certain symmetry proper¬ 
ties of a Hamiltonian lead to many useful results. This can he summar¬ 
ized in a form which has a more general validity; 

Whenever the Hamiltonian of a physical system is invariant under 
two or more transformations which do not commute w ith one another, 
one can define a group of non-commuting transformations (a set of 
non-com muting operators) under which the Hamiltonian is invariant. 
In this case: 

K The eigenvalue spectrum of the Hamiltonian consists of degenerate 
multi plcts. 

2. The structure of the possible multipleis fsinglet and doublets 
in the parity-tnomcnturn example. 2/4 l-plete For angular momentum j 
is determined completely by the relations of the transfbrniations among 
themselves and is independent of the detailed properties of the Hamil¬ 
tonian. 

X The Hamilton bn can be diagonalized in a representation in which 
all the operators of the group are either diagonal or''almost diagonal", 
they have nonzero matrix elements only between states which arc 
members of the same degenerate multiple! I he matrix dements of 
these operators are determined completely by I lie algebra of !he 
operators and are independent of die specific details of the Hamil¬ 
tonian* 
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4. "Operator mul Lipids". generally tailed "irreducible tensor opera¬ 
tors" can be defined by analogy with tFi-e wave function multiples 
These have the mm structure ns the wave function multi pie t*. 

5. The matrix elements of members of a given irreducible tensor 
operator between states of two muJtiplets are all proportional to one 
(in some special cases more than one) reduced matrix dement which 
is independent of the quantum numbers specifying the particular 
member of the multiple!. The coefficient is independent of the details 
of the wave fund ions and operators and depends only on ihr quantum 
numbers associated w ith the symmetry group. These arc called Wiener 
coefficient* or generalised Clebsch-Gordun coefficients. 

6. There are simple rules for combining mu Hip Ills which depend 
only upon the algebra of the group. 
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Diffraction phenomena have been observed in many scattering and 
reaction processes, both in the realm of nuclear physics and in that or 
elementary particle physics. An extensive analysts of such processes 
has been carried out. In some eases detailed theories have been used, 
and in others one was satisfied with more crude approximations, such 
as tile llluir-Drozdov strong absorption model. The purpose of the 
present remarks is to look ai diffraction-hire processes from yet another 
point of view, which, it is believed, may be helpful in clarifying some 
regularities observed in the polarization accompanying some scattering 
and reaction processes. 

For ilia sake of definiteness let us coniine ourselves to elastic-scatter¬ 
ing, and consider lirsf the scattering ofa zero-spin projectile on y zero- 
spiti target. For a given center-of-mass energy, the scattering amplitude 
is then a single complex function f(z) of the ceriler-of-mass scattering 
angle z - cos ft. and the differential cross-sett am is given by 


dtr 

AQ 




(i) 


The fund fen/(?) is physically meaningful only for real values of 2 
satisfying -1 <-< I. It is, however, convenient to continue it 
analytically into the complex '-plane and study its properties in the 
neighbour hood of the real axis. For diffract ion-like scattering, 
especially when the “diffraction minima” arc deep, one is led naturally 
to the study of the zeros of f(z) [I]. Indeed, if one uses a parabolic 
approximation dor dp dJj in the vicinity of a minimum of the dififer- 

* The research reported in this iluuimcnt leu been sponsored ip purl hy itie 
r imii4i l BurL-iiLi of SLuticla rds. 
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ential cross-section one obtains 

« const, Jr—a,| a {3) 

d Q 

where r Jtl = Re = t is the position or the mini mum considered and = { 
tor r*) is ft zero of Lite scattering amplitude. The imaginary value ol' rj 
can. be obtained from the approximate expression {-) for the differ¬ 
entia! cross-section by evaluating I he actual value of ile/dQ at 
and its curvature there. For sharp deep minima typical values of 
lm r- can be as small as 0.1 or even Q.G1. 

The number of zeros of/U) which are close to the real axis is related 
to the highest /-value of Lite partial wave contributing significantly 
to the scattering process. To see this, let us expand/(r) in a series of 
Legendre polynomials 

m= ' I(2/+I)(1™pj,)F,W- (3) 

2 k v 

Here k is the wave-number of the scattered particle and (he complex 
numbers tf, are related to the complex phase-shifts & t through 

n> = (4) 

t —jj f = 0 signifies no contribution from itiai particular /-channel tc 
the scattering. If now there exists an t. such that for every / > L 

(2f+l)|l-tr,K i 

but 

i (5) 

then there are at most L-zeros of/(f) close to the real axis. Indeed 
defined by 

Af*) = J-£ta+00-*>ii» (*) 

o 

has got exactly L zeros, being it polynomial of degree /. in r. Consider 

A + tW = iT(2'+iXi-T,W0 

2k o 


now 
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(7) 


■f - iU> Ims got a+n «ras z\ L ' L of these. as is seen from f7), 
^ill be dose to the acres of/t(z), especially if | I -rj t4 ,[ is smtill enough, 
I he position of the “estra” zero of/ fc+t {r) can be estimated by noting 
that 


y _ri-+11 _ _ ffl t 


ff t+l 


From (5) it follows that fer i ./flr t+ ,| > I, so that for small values oi 
U — fa* ][ the “extra" Jero (its Far from the real axis and would not 
reflect itself rn an extra minimum in drr/dO along (he real axis. 

There are therefore at most L zeros of f{z) which lie dose to the 
real axis, where L is determined by (5i The neighbourhood of the 
real axts which contains all the zeros oi'/ L (rj defined by (fj| can be 
determines using Roue he's theorem. In fuel* satisfies 


(27+ \)zP x { 2 ) = (>+l VWr)+/F,-iU) 


and her)ice 


IrlTfdf+DIP^K §I(f+i)|P f+J <z)|+£ 

0 0 0 



L 


-inm+zv+wffl 

0 (1 


= I {*+ i)|P I (i)|+MI^)l"IP i - 1 C*3i), (9) 

A 


Hence 


(W-l)If2J+l}|F J (=)U L|P L {rJ|. 

Q 


( 10 ) 


Since fajf <: t we now obtain, for |:| -1 > O t 


| Y (21+ l)fl - flr )P r (z)| g 2 y'(2f+i)jP ( (zH g — |p t (r)|. 
“ 0 U|-J 
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We now those |r| big enough so ihiil 


p— £ (2Z*+l)U - 'ftI 

l-l - 1 



(It) 


For such values of |-| we obtain: 

t-t 


|(2L +1)(t — 6 v (21+ w-n,\PA-t 


( 12 ) 


|[ follows then from Rouche's theorem, that till the zeros at are 
contained within, the Circle defined by lc| = (2/. + 1 j(l I —n r 1>. 

it is remarkable that the zeros can he localised within a 

circle of such relatively small radius (provided I - ifo\ I: see £q. 
(5)), As we see, the only important elements used tn the derivation of 
this result are the uniLariiy requirement |ijj| £ I. and the cut-orl m 
/-space given by 1.5 k We also see that if we were to carry out the same 
analysis for J ' L+ l (c), the radius of the circle which include, all the 
L +■1 zeros of_/J. + j(s) will be very large on account of the smallness 
of |1 — i| t+t |. This is in agree matt with our conclusion following Eq, 


18 ). 


Having thus studied some of the properties of the zeros of the 
scattering amplitude, let us now pass to the case of spm-A particles 
elastically scattered by n spin-0 target. In this case the scattering am¬ 
plitude is given by 


(. 13 ) 


AfU.j -/OO-l+Steiff ■ «. 


Here n, is the normal to the scattering plane, a is the spin matrix 
operating on the projectile', spinor, and I is the unit matrix; /(n and 
pfz) are two complex functions. The differential cross-section for an 
unpolarized beam is given by 


di? 


114) 


and the polarization i>r an irtatlally unpo] adzed beam undergoing a 
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scattering by an angle 0 - arccvs z is given by 


= 05) 

da-jdQ 

For most angles 0 it is true that |/{r)| so that the gross 

structure of the differential cnta-section is determined by [/(r)l 1 , 
min ini a of dcr/UO occurring, again, at real values of r closest to the 
(compies) zeros of/irj, 

Suppose z { is such a zero of f{z) T lying dose to the real axis and thus 
giving rise to a sharp, deep minimum sn da/dtf. ;isid let us investigate 
the behaviour of P(i ) near z Jr Ignoring the variation of g{i) in the 
immediate vicinity of z l(l Re z it and putting in this neighbourhood 


f?{*) - G k m m (z-r,)F, 

we have 

Kz-^)fr+ici a ’ 


(16) 


The whole variation of the polarization P with 0 around 0 t = 
arcooi r l0 h contained in z-z ir if F*G is pure real, then 


j, M .. 2(f*C)Rc fr-a,) 

^iW+lcq 1 

and we sec that the polarisation goes through imo at r = and that 
its slope at r = r, r3 increases as r, comes close to the real axis. Actually 



Fig. U 

if We put z - a Ti_v and Zj - r ^-H_y r , we can see that for a variation 
Ax ^ ±3 y t around a,, ihe polarization changes essentially from its 
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maximal value in one direction to its maximal value in lhe opposile 
direction. If F*Q were pure imaginary, the polarization would have 
not changed sign around r 1E > - Re j,; as a matter of fact P{z) would 
have had a maximum at r (D . 
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In the general caw;, when F*G is neither real nor pure imaginary, 
the polarization will change sign around z i(> , the point at which ft:) 
vanishes being closer to the closer F*G is to he [rip pure real. 
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ft has been noted already some time ago [2] that the polarization 
ill elastic scattering looks tike a logarithmic derivative of the angular 
distribution. In particular this implies that the polarization vanishes 
ill the minima of da dfl!, or. in our language, that F*G is essentially 
real Wc shall not go [acre into the properties of F*G, bur rather m&utm 1 
it lo he real for relatively low energies. This, then, enables us to analyse 
dilTcmtHiaJ cross-sec Lions and the polarization corresponding to Them 
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in terms of the positions of the zeros of the scattering amplitude f{z) 
in the vicinity of the real axis. 

To illustrate the relation btlwcun the number of minima in the dif¬ 
ferentia] cross-section and the largest significant /-value in the scatter¬ 
ing we reproduce (he dal ft pi of clastic sen Liering of ot-parfides of 
fi4.3 MeV on Fe fly , Estimating the highest significant /-value, 
through 

4 ™ = kr a A± 

where k is the wave-number of the relative motion, wc obtain for this 
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ease L mu , t 2U: fig. 2 shows clearly 9 minima between iQ J and 85', 
which is about as many ns could have been expected in this region if 
ihe maximum number of minima dose lo the real axis is not to exceed 
20 . 

Fig. 3 .shows the differential cross-section for the elastic scattering 
[4j of 14.1 MeV protons on Fe, while Fig. 4 shows the pcjiarization 
of 14.5 MeV protons [5] scattered from Fe'*, It is seen that, around 



Fijj- 4. PcLirizalion 6i I4.S MeV pratOm Scattered an P'e hp (Ref. 5). 


the minima of du/dG, the polarization changes very rapidly, going for 
example, from -70 % at L20 : to +70% at \H From the shape of 
dci'd Q around 130 \ it is possible to conclude that the corresponding 
usm of the scattering amplitude lies at most a distance of 0.07 from 
the tea! axis {in the complex j = wsO plane); this then suaeenu that 
the polarization will change from its mini mum value to its maximum 
value over a range of about 0,2 in cos 0 cornered around I he minimum 
of dfj.'d 17. An inspection of Fig. 4 shows this actually to be the case. 

Ins impossible to present within ibis short note a complete analysis 








Pa hirt-iilkw 


4.1 


of available datn. I would like only to *tres& that the rapid variation 
of P{0\ with 0 around she mini ma of dex/dW. previously interpreted [6] 
in terms of a diffraction mechanism, seems now to be more directly 
connected wish the mere presence of deep mini mu in dafdQ without 
particular reference to the mechanism which produces these minima.. 
The remarks presented above are far from being complete, nor is it 
dear that they can he developed beyond offering qualitative explana¬ 
tions of some features of the differential cross-section and their rela¬ 
tion to the associated polarization. It was nevertheless considered 
worthwhile to mention them since the zeros of analytic functions have 
been very extensively studied by the mathematicians* and it is not im¬ 
possible that some of their result* may turn out so be of relevance to 
the scat taring problem. 

3 am indebted to Mr. A. Gervien For many stimulating discuss ions- 
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Unless n Li lure deceives us shrewdly, the physics of strong interactions 
is entering a new phase. The structure of baryons and mesons becomes 
annlyzable in terms of concrete composite models which combine in¬ 
tuitive simplicity and successful power of prediction. Such a develop¬ 
ment* reminiscent of the discovery of powerful model theories fur 
nuclear reactions in 1956 arid nuclear structure in 1950, must mean 
much to Vrki Wcfeskupf, whose life most brilliantly and productively 
combines ll career of nuclear physics research w ith the scientific leader¬ 
ship of a top-rank laboratory for elementary particle physics. 

What does this development prelude to? We cannot say yet, hut we 
know enough to imagin e ,s few concrete possibilities. It js fascinating to 
si peculate on the result mg picture of hadron physics. Although present 
guesses are not likely to be (he right ones, they may lead to useful 
quest ions and view-points. 

HA R VO NS AND MESONS AS COMPOSITE PARTICLES 

The SU(5) and SU[6) symmetry theories have revealed many remark¬ 
able regularities among mesons and baryons. To visualise them in¬ 
tuitively one must imagine that the mc&oits are bound stuECi ill - It' 
or spin 1 particles t ,md i', l and the ajitiparticle t' of l” belonging to 
representation 3 of SUU), and dmilmiy that the baryons -ire bound 
states b — tiV of ihree spin 4 particles l, l‘ and f" a Iso belonging to 
representation 3 of SU(3), If one accepts that the basic particles t, 
t 1 , , < . have fractional electric charge, one can assume them to belong 
to one single SU(3) triplet iby triplet wc mean representation 3 of 
SU{3)): they arc then Lhe '"quarks 17 introduced by Gell-Mann and 
Zweig [J ]. If one believer that all particles, even the basic ones, have 
electric charge 0 or ±1. the basic particles form at legist two triplets; 
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ihe simplest model has then exactly two spin \ triplets, one <T“ J u ,T ,|J j 
with hiiryon number :V = I and one (0®, S - , O'") with -V = — 1; 
we call the T and 0 "iriontf 1 [2). 

Tile basic triplets, quarks or irions, are believed to be very heavy 
(several proton masses)* so that mesons and baryons arc tightly bound 
slates with a binding energy almost us large as the total mass of the 
constituent triplets. I his i* usually advanced Lid a posable explanation 
of the success of mass splitting formulae in first order of perturbation. 

1 1 may also explain in simple, intuitive terms a more familiar feature of 
hadron physics (hadron * strongly interaction particle) a namely the 
existence of very many resonant states wbrch + alLhough they cun decay 
through strong interactions* have a width small compared to the energy 
available for strong decay* 

Wc are so Used to this fact that we now regard it as perfectly normal. 
We also are no longer surprised that, even at relatively high energies, 
hadron collisions mostly produce a small number of resonances. Still, 
it should he said that these properties of hadrons are definitely un¬ 
expected in a theoretical framework where haryons and mesons are 
elementary particles. bootstrap theory, even if it becomes one day 
quantitatively successful, may find it difikuli to explain them con¬ 
vincingly because it postutares them from the very start. In contrast, 
they become very natural in the composite model of baryons and 
meson*. Resonances are then escited states of motion or the consti- 
lueivt triplets inside the baryiui or meson. Theses states would he stable 
Tor strong interactions were it not that virtual triplet-nntitriplet pairs 
can be created and cun energetically lead to decay when they are in 
ihe tightly bound configuiations forming ihe low mass mesons. Such 
configurations arc obviously exceptional, hence the relatively small 
width ( f l CIO McV ) of resonances [3]. Also the dominance or reso¬ 
nance product ion in strong interact ion collisions becomes plausible 
e^en at relatively high energies. 

The problem of nuclear forces •comes to stand in another light if 
the baryonx have a composite strue!ure. Thcs become analogous to 
interatomic forces’ a strong repulsion at short distance due to die 
exclusion principle for quarks or trions, and a van der Wuak type 
force over a longer range m ~ 1 characterized by the lightest meson [4]. 
If nature is made in thi> way, wc need no longer be so surprised that 
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[he nuclear forces appear to be loo coin plicated to result directly 
from a simple basic theory. They might be indirect manifestations of 
[he strong interaction between triplets, in the same way as inter* 
molecular forces are complicated consequences of the basically simple 
electromagnetic interaction between electrons and nuclei, 

LLELTKOMAGNETIC STRUCTl Ki OF MADRONS 

Another consequence of the composite structure of mesons and 
btiryons is that the electric charge and magnetic moment distributions 
of these particles can have no point singularity, or in other words that 
the electromagnetic form factors lend rapidly to zero for large mo¬ 
mentum transfer. What can he said about the electromagnetic struc¬ 
ture of the fundamental triplets? The remarkable feature that they 
need not be stable for strong interactions, so that their point structure 
can be smeared out by the fact that they are no more than strong 
Interaction resonances between composite particles. The Salter proper¬ 
ty is indeed the simplest to si^ume for trion*. all of w hich can 
decay wrongly in the known baryons and mesons [5], The situation is 
more complicated in the case of quarks where conservation of electric 
charge requires that at least one particle of fractional charge i or 5 . 
and its anti particle, be absolutely stable. These stable particles need 
not be quark slates, however. They can be bound states of n quarks 
and ir H antiquarks where n-w' is not congruent to zero modulus three. 

As to the form of the electromagnetic inter action, sine would 
nut orally expect it to be of the minimal type for the triplets. I.e,. to be 
given by the following interaction term in the Lagrangiaii 


= d 0 J* m ; 1„ 

(0 

IQ.?,?,'*'. 

(2) 


■r 


where e 0 is the proton charge, ■t M the electromagnetic lour-potential, 
(he Dirac held operator for basic triplet member a and Q a its 
charge in units of Alt e 0 £? a are qf course real ihcrmiticilv of (It 
requires this), and the electromagnetic interaction is invariant for 
C P. 7' and conserves Q (total charge) and /j (3d isospin component j. 
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WEAK. INTEJfeAtrriClNS OF HADRONS 

We discuss the weak interaction between hadron?: and leptons by 
adopting for il the familiar current x current form 


i\ = 7„ti+y*X 


P) 

(4) 

(5) 


j tl is the leptonic current, and G is the Fermi constant appearing in 
lepton ic weak in to rad ions 

L *ii - f JflJ*' 

V 2 

For the hadronic current i 1|P which Carries AQ - I. we try simple 
expressions in terms of the Dirac Field operators of the basic triplets. 

This is particularly easy in the case of quarks. Denote the quark 
Fields by *jf u \}r la the corresponding charges and isospins being 
i. — 1, — \ and L 4, 0 respectively. Fhc natural ansatz for the hadronic 
current is 

^ = Cp?i r>i + c l # i (<5) 

The first (am represent (d{ = 1, dY = 0) transit ions, the second one 
idl = J, JK = ! i. Universality in the sense of C'ubibbo means 


kor+kjl 2 = l. 


0) 


Her mindly of U) requires only G to be real, r 0 and c t can he arbitrary 
complex numbers. They can be made real, however, by applying ap¬ 
propriate gauge transformations 


exp {i9Q}, exp(i fiV 3 ) 


18) 


which leave strong and electromagnetic interactions invariant. As a 
consequence the hadrorMepton bile taction £ rtl obtained with {€) is 
invariant for CP arid 7’. Tilt same will hold for norideptonie weak 
interactions of hadrons if ihcy are generated by J+J M or special terms 
of this expression (mainly the SU(3) ociei parti. 

Let us try io generalize the above considerations to the Irion case. 
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The following procedure leads to simple results. Wc construct th# 
AY - 0 part of by taking it to belong to ihc (AQ ^ 1, AS = l) 
generator of the isos pin group (which is / t -hi/jjL Its expression is 
found to be 

V'24 0) “ Co(TT (l T"~©”r,©“) (9) 

where the symbol of it panicle represents its Dirac field operator. 
For the A V - I part J"K wc take the AQ - I, AS - ] generators of 
a larger internal symmetry group which can be introduced to describe 
the properties of the six trions [2]< Considering the two rank three Lie 
groups which have a basic representation of dimension ^x a SOU*I 
and Spf6L we find two such generators in each case, and Jj' 1 is taken 
as a superposition of ihc two corresponding terms 

V 2/ J ’ = c,(fV/r^-^r,^+ci(© + > N r*±®Tr # T°). (ioj 

The -f l- ) in the East term corresponds to Sp(6l (StX6H- in the case 
of 50(6) the Three independent terms in <y Kind (IOj correspond to the 
three generator* of the group having. AQ = I, For Spift) there arc 
additional AQ - I generators having A1 = 0 or I; they seem to he 
unsuited for weak interactions. Universality would now probably be 
expressed through 

lc 0 i J -Mc,1 1 + le;i J = I- HU 

The success of the Cabtbbo analysis Tor lep tonic decays of hadrons 
suggests that |rj| must be appreciably smaller than |e,!. 

By means of gauge transformations I S) one can make the coefficients 
£■„. £■, real. c\ can also be made real if there is, commuting with (&), n 
third gauge group for which strong and electromagnetic interactions 
arc invariant. The natural candidate is 

exp (ifl' r n (12) 

y being the SL’(3) hypcivhargc. For trions it is connected to Q and 

t } by 

Q = / J+ iy + i£> (13) 

D being [He so-called supercharge [2]. If (12) applies, i.e.. if strong 
and electromagnetic interactions conserve 1" and D separately, simul- 
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Isiruzous* reality of f 0 - *V r > ensures that weak interaction conserve 
CP and 71 

However, no long-lived supercharged (D + 0) particles have been 
found so far, and u appears therefore more likely that semi-strong 
interactions violate ¥ and /J conservation while maintaining conser¬ 
vation of the “‘effective hyper charge'" 

r = Y+iD {14} 

Li rider lhe*c conditions ;i !L supercharged particles including (he trions 
themselves can be strong interaction resonances among known long- 
lived buryons and mesons. The implication for weak interactions 
would be interesting. The constants r Q , c, being made real as before, 
cl retains a phase which cannot be reduced to zero* and interference 
between the two terms in (JO'S implies CPm d T Violation in \AY\ = ] 

I ran si icons, of course with conservation of CPJ\ This violation must 
be weak for decays of ordinary {D = Ql particles, because its magni¬ 
tude i> given bv 

Ici/cil R. 

with if the strength ratio of semi-strong to strong interactions* and 
we have seen that JcJ/rJ is expected to be small. 

In contrast with the case \AY\ = 1* CP and T are separately con¬ 
served for J S = 0 transitions in the scheme just described. 

Akt .SYMMETRIES FUND A MENTAL? 

In [he discussion given above for deciro magnetic and weak inter¬ 
actions the C b P and T symmetry properties of these interact coos were 
not assumed a priori but rather appeared as consequences of their 
explicit form in terms of the basic triplet lldds. Also for strong inter- 
actions the question arises whether they could be oven a basically 
simple algebraic form embodying not only their symmetries like iso- 
spin, SU(3), &U(£J (or higher symmetries for iriorsk but also the 
violations of all these symmetries except isospin, To assume a very- 
strong interaction term of very high symmetry and some symmetry 
violating terms of medium strength is highly unattractive when dealing 
with tile basic equal ions them selves, Ti derive unambiguously all the 
known SU(3') and SLT(6) regularities and violations from basic equa- 
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lions which do not con la in these symmetries a priori in some way, 
looks like a difficult task as Iona as one is forced lo deal with un- 
iracta hie strong coopting equations by applying radical approxirna- 
lions which arc tailored to ibe necessity of reproducing the very same 
properties one wauls 10 explain. The basic (rouble is of course that no 
1 ‘hydrogen atom" or no " % dilule gas" have yet been found in the realm 
of strong interned on s, Are there any places left where we could look 
with sonic hope of success for such basically simple configurations? 
From what we know, there is not much hope at low or moderate 
energies, nor is the situation likely io be better at very high energy 
as long as momentum transfers arc small or moderate, Bui hope 
remains for I be region where both energy and momentum transfers 
arc very large compared to the proton mass. Whether triplets exist or 
not, it will probably he very instructive to explore the region 

(5GeV/c) 1 , -t {SGcV/tj* 

Strong interaction cross-sections. may drop below Id - -'" cm', but the 
rewards could be great. 

REFERENCES 

U M GdhMann* Phyilc* Lei ter* ft (19641 3Wi 

Cp- 7m* ia. CERN pfcptiztti No. StSl-Tl-l. 401 a.|4 No. S4te/TH. 413 Cl%4K 
unpublished, 

- ' II User)'i J. Nuyti mid. L. % ,i,n Hove, PJhy&its Lenent 3 1 1964) 279 and 12 r 1 964) 
l&5 m Nunvo runcKO 35 (1965k 5t0: 

L. Vjm Hove. CERN preprint No, 63/ei48/5-TH* 34*. to be published In Sup- 
piemen! of Propels of I licorcliaii Physics, (10651. 

>i There ls jii obvious anatomy wish com pound nucleus dceii) 1 in nuclear physics 
4.J This analogy wuh vmn lIlt Wq a3s fortes is encountered in a. self-consiSKIP field- 
Ehwftticftl ircqimcni of She irion model by K l jidanyi, (Non-pettyrbimve 
Sbluliofis SFU 1 field theory WithSpfG) symmetry, Rdscjtrtfo Group for Theurelkiil 
Physics of ihe Hungirfrfl Academy of Science** Budupst 
We Lire indebted to Hr. Ladpnyi Tor cnnimunitfiLlitm of hi* work. 

3) Set below und the (MsciiSBion in l he I Wo Ills! papers, of |2J. 



THE CHARGE CONJUGATION OPERATION 
AND MIXED SPACE-TIME-INTERNAL 
S'! M METRY GROUPS 


S. OK L UO ansi R. E, MARSHAK 

University of fth-Aiwrer, Rvdtrsier, tt.Y. 
i Herrlml Jane 14, /SWJ l 


As the number of elementary particles ha-, increased, attempts have 
multiplied to enlarge the underlying group structure governing the 
interactions of these particles. Except for Wigner's su permit I tip lei 
theory for atomic nuclei | which involved a mixing of the SU(2) spin 
group with the SU(2) isospin group into the SU{4) groupl. these al- 
tempts have until quite recently maintained a clear distinction between 
the space-time groups and the internal symmetry groups. Under the 
internal symmetry groups, we would list the following: 

1. SU(3) or SL j2) + charge (Q) and hypercharge 11 ) gauge groups 

2. Baryon gauge group ( B) 

3. Lepton gauge group (/_> (there may be two lepton groups) 

4. Charge conjugation operation (C) 

5. Permutation group for statistics t lk>se-Einstein or Fermi-Dirac). 

Actually, it is not completely true that the internal symmetry group-. 

are unrelated to the Poincare group. For example, the following 
empirical relation holds [I] between the intrinsic spin J of u hadron 
particle and its bury on number: 

2J+ B - 0 (mod 2). 

A similar relation holds for a lepton particle when the lepton number 
L replaces B in Fq. | I i. There is also the relation between spin and 
statistics (permutation groupi which can he derived from first prin¬ 
ciples in quantum field theory. However, the charge conjugation 
operation C seems to play a particularly interesting role in relating the 
space-time and internal symmetry groups. 

First, there is the TCP theorem which connects C to the discrete 
Lorentz transformations (T and P) on the basis of some general 

51 


51 


S. Oktiho tim! N. £, Manhak 


causality arguments and [Kb hypothesis of local interactions. It is 
remarkable that one can draw conclusions about C invariance from » 
knowledge of the space-time invariances T and F. Secondly, C possesses 
the property of not commuting with any of the gauge groups {Q„ 
ft . or /_); indeed, C changes the signs of all these quantum numbers. 
Since (? and Y arc related to /1 (through Ihc GeiJ-Mann-Nishijima 
relation Q -■ / 3 + i T' I 3 must also change sign under C. This implies 
that C does mat commute with tile isospin group SUV', Since SU(3) 
contains SUV J and Y as subgroups, the Coperation docs not commute 
with SU(3) although it preserves the Lie algebra [2 J of SU(2). Finally, 
the C operation is involved in “crossing symmetry" wherein the 
analytic properties of the amplitude for, say, the .scattering process 
/►,+/>, />j 4 .p A arc related to the amplitude tor the scattering 

process — P-i + Pt (where P is the ami-particle of F\. 

Since the charge conjugation operation appears, to be so intimately 
involved with many of the internal symmetry groups and with some 
of the space-time groups, it is of interest to examine the charge con¬ 
jugation properties of the recently developed higher symmetry groups 
[j] which mis the space-time and internal symmetry groups. A paper 
bv one of the authors [4] has shown that the charge conjugation opera¬ 
tion in its usual formulation is not consistent with invariance under the 
U(12) group, which has been put forward |5] as a satisfactory relativ¬ 
istic generalization orSUf&i which mixes spin and unitary spin. In 
(his "Prelude”, dedicated to Professor V, F', Wd&ltopf, we restate the 
argument in a form which should appeal to the man we arc honoring 
and comment further on how the difficulty can be remedied fin a 
mixed space-time-internal symmetry group like 0(12). 

The argument which demonstrates, the inconsistency between the 
usual definition of the charge conjugation operation for the basic 
Dirac spinor fields which are used to define (lie multispinor represen¬ 
tations of the Ui 121 group and the 0(12)-invariant definition of. say. 
the hary or-meson vertex proceeds as follows, |„et us write down the 
haryon-meson vertex according (o (he Uf 12) prescription, namely: 

d(p, ft') = Ffo^ 4c (p)^„(pOM£(g) (1) 

where V' <a(r is the 364-dimensionaJ haryon mullispinor and V* the 
t43nJimeridional meson multispinor* transferals ns u 4 u B ■ % 
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4ind \f'l as u*u A where ir< H =* 1.12) is a 12-CLimpoiiem spinor 

represc[Hire Lin SU(lj tv jplet uf 4-eomponenl Dirac quarks I r (tf 2 I 
in El|. (.h is- Ihe form factor of the vertex wiih momentum transfer 
(j = p-p< 

On Ehc other hand, the ami-baryon-meson vertex must take the 

form: 

%P* P) = G(4> j *V)*WpM<?) (2) 

where is (he ann-baryon mult [spinor corresponding to the baryon 

multi spinor Now the charge conjugation transform v of the 

Dirac spinor n ts defined in the usual way by: 

P“CIS T . f=-u T C _l (3) 

with C satisfying the conditions: 

CylC~ l - f Mt C T = -C, C'C = I. (3a) 

Hence the unti-baryon multispincrj transform according to the rules: 

WpJ - C* ■ Cj. ■ C£ 

If H'c inien the expressions given by Eq. (4) into Eq. [2) t we obtain 
the result: 

A(P. p) = G(t} i )'P** c (pyF AMB lpl <£ ■ (C-')g ■ (5) 

Eq. (5) would ha^e the same U(12invariant form a*. Eq. (I) If the 
follow ini: relation were true: 

= M£ (6) 

or more succinctly (using the antisymmetric properties of C l: 

CMC -1 — Af r . (6a) 

Unfortunately, the meson multi spin or contains pseud oscular and 
vector mesons with opposite C parity and hence Fq. (6a I is not true. 
It follows that the usual charge conjugation operation C is <r Lorentz* 
invariant but noi a 0( 12)-irt variant concept. If we work wiih the con¬ 
ventional definition of the charge conjugation operation and insist on 
maintaining U(I2) invariance, we would he compelled to assert that 
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ihe baryon-meson verier must vanish, [We emphasize tltai the anti- 
haryon-an time son vers ex is a 0(12)4nvB;rianL concept even with the 
conventional definition of C] 

The difficulty of reconciling the usual charge conjugation operation 
0(t2) symmetry can be seen in a more general way as follows. In- 
variance under the 0(12) group requires that any effective maim 
element Es invariant under the transformation: 

»{p) - $u(p) t «ip)-fi(p)r' 7 

p ( j \1 -» e{p) -* v(p)S'~ i 

where u and its charge coiijagate transform c are the ] 2-cotrtponem 
spinors (with w and *■ transforming as covariant vectors according to 
SaJam el tiJ, 161.} and S is an arbitrary 12 x 12 matrix satisfying the 
condition: 

Condition (8) ensure* the invariance of ihe mass term rn the I ■ 2i 
theory, However, the usual definition of [he charge conjugation trans¬ 
form given by Eq. (3) is consistent with the S matrix defined h\ (Sf 
only if it satisfies the additional constraint: 

SCS T = C. {9) 

Since the condition (9) implies that .S' is a sympleetk matrix, it follows 
that Eq. [i) can only be invariant under the Sp( t2) subgroup of Cm 12] 
and not under the a,mplcte group U(l2l. 

Even if we allow the charge conjugation transform spinor, i% to be 
a contravariant vector in conUasi to the covariant vector u. we still 
cannot reconcile 0(12) invariance with the usual charge conjugal ion 
operation. In this ease, Eq, (7) changes into: 

hO) -» Sa(p), u{p) -> u{p) • S ’ 1 (mi 

vip) -» ($~ '} T r(p)< Hfi) BQ>) ■ S T 

and Eq. f9) into: 

SC = CS, (II) 

The inconsistency now follows from ihe fact that condition til' can 
not even be satisfied for an arbitrary matrix S corresponding to a pure 
Lorentz transformation. 
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One might inquire whether there is, any way of reconciling the L <\1\ 
croup with the charge conjugation operation One possible way is to 
use the KScin-Gardun equation for the basic spinors out of which the 
baryon and meson mijltispinors are constructed k Thai is to say, the 
basic quark spinor u A would satisfy the Klein-Gurdon equation [?]: 

{ P ;+m> 4 -0 (A - 1-12) (12) 

instead of the Dirac equation: 

= o. (13.) 

Since Eq. 112), in contrast to Eq, (13), doe* not contain any y M ma- 
trices, it is invariant under U( 12 j while Eq. (13) is not. Unfortunately. 
Eq. (123 possesses twice as many solutions us Eq. ( 13), and we would 
have trouble interpreting the redundant solutiotii for baryons; indeed, 
this doubling reflects the fact that the Klein-GonJon equation is not 
really irreducible with respect to the Poincare group. We may over¬ 
come this objection by working with the Klcin-Gordon equation for 
a (^component spinor <o - I,,,,, 6). namely: 

+ =0 (a = 6) (14) 

which is actually invariant under SLlfv. O [rather than L : tl2)|. We 
may also write down an SLl6. CHnvariant deliniiion of charge con¬ 
jugation, namely: 

05) 

However, if we try to use an SL(6, Criin variant definition of parity (7] 
as well. i.c. 

iM*.0 = (16) 

and require parity con sun,* m ton for the strong and electromagnetic 
in refactions, then ihc cross-section. say, for electron-nucleon scattering 
turns out to be very different from ibni given by (he well-con limned 
Rosenbluih formula. Hence, the Klein-Gordon equation is not a way 
out of our dilemma. 

There Ss T however, a way to reconcile U( 12) with die charge con¬ 
jugation operation. This may be achieved by modifying (he tram- 
formation properties of (he Dime spinors u and v under LI(12) as 
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follows [S satisfici; condition (8)]: 

U{p) -* U‘{p) - Su{p) 

V (p) - V'(p) - aS-'fC-’K/rJ 

instead of Eq. (7) or (10). Then, as has been remarked already hy 
some authors [£]. one car maintain the relation: 


v(p) = Ci(p) 
u'(p) = C- u(p). 


(IS) 


Hence, we can avoid a contradiction with U(I2) if we are willing to 
forego the assignment of a dsn pie tensor character (covenant or can- 
travariant) simulianeously to both ei and u. 

The fact that the transformation property or v in Eq. (17 1 isasym- 
metrical compared to that of u does not seem to be too steep a price 
to pay for saving the consistency of 0(12) wish charge conjugation. 
For, lei us recall [2] that the charge conjugation operation in any 
symmetry group may be best defined to be an involutoiy outer auto¬ 
morphism of the group. In connection with the U(12) group, let us 

denote by Q A (A = 1.1441, its 144 dell sling generators, i.e, 

"C?.d = ^i'’ ^j)j i- Tj7p* (s' = . . -t 9, ,tr 1 v — I* ■ ■ -p 4). 

Then, these generators satisfy the Lie algebra: 

[(?,*! G#] = - 

We now note that a mapping on Ibis algebra defined by 

Qa-+*(Qa) ~ -CQle-i (20) 

is an involutory aut morphism, [^J since we have 


M6x)i *KGi)l - f - HP^Qfi 
<r 2 = t- 


(2 la) 
(21 bi 


Actually, this mapping if> an outer automorphism [10], Eq, (2th will 
be used as the definition of the charge conjugation operation 
We nest extend the mapping <r defined above to the entire L(I2» 
group as follows. Any L«(12j transformation matrix S may be written 
as 

( 22 ) 


5 = c*p tiff* - Q a ) 


Cftiirtjc cottjatftitUm and mixed &rw*px 
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where t\ A M - I,,. „ 144) arc parti meters. Than, we define c{S) by 


c{S) = exp (jflj ’ fltGJJ 


(23J 


a($j = CIS~^ T CK 


Thus, if u transforms in accordance with: u(p) u'(p\ « Su(p) then 
iis charge conjugate spinor t naiisl transform as t;(p) -> ^ 

cr( i which is the same as l : ,q. (17 J- Thus, we have justified l.q. £17} 
on ilie basis of the general group-lheorelic definition of charge con¬ 
jugation, It should be emphasized that one must be careful in calcula¬ 
tions involving *t mi-panicle states in the 0(12) theory, since r no 
longer possesses a simple transformation property in 0(12). 
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L S. Bdl B ind IE K lil^ie; CliRN prepdnl; 

FL C?- SuLtursh:in; privalc cnmmimliauln t\. 

Cflfidiliorui and [Zljti define an automorphism of the jEiroup, f2lbi makes 
Jt im wlurtory. 

Till Thul £ is an Outer uutomdrphE'im Ctttt be proved a?. follows- Suppnsc thai o 
were an inner auto morphism- Then a 1 1 ■ 12 msitm t* must efcisl Hkltsfyins 
I he condition; lfQ A U ~ L *■ 'T[i} A > -£T(?J£." When one chooses Q A y tl 

tlnd y Al we must have Uy^ U~' = Uy^ U 4 -• —ft which ure In Con* 

[mdicrHcui with one artcuhcr. Hence o musl he an outer iiuternioj-phisiTL 
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I! this note we would [ike to make some very simple observations 
concerning Gian! Resonances in nuclei Most of ibis maierial is well 
known, in one context or another, and this is merely an attempt to try 
and lie things together, and perhaps gain a little insight in n> doing. 

If S/u ii a multi pole operator, and |ff) is i lac nuclear grow ltd mate, 
then one has as an identity 

X <<J|[Sj M [W, S,. m ]]|C> - 2XX(£„-E 0 )K n |S jM |C>|*. (1) 

« U fl 

IT we I .ike -S',„ = v; t T h (/|.v JV (i't i the dipole moment of the charge 
density ! and assume I hue the interaction Hamiltonian V commute* 
with 5 |U » then we find 

A n : 4 

211 (£ rt -MK"l I *s(i)Wr)JO>l 3 - — {2} 

Mb I = I in 

which is the fumiliarThomas-Reidie-Kuhn DhfHtlc Sunt Rule. Jf wc at¬ 
tempt to go a step further and take** S JM - Xj*- i T jU)fcl *(f U, v 

and again assume [F, S iU ] = 0, then we have 

- 

2 11 I t 3 (,)W0 -v(i)] JM !C>| 3 = (2J + 1) h — (3) 

rtf n i = I fTi 

where we have assumed Iff> has spin zero. Summing over J gives 
2111 (E,-£«)]<"! I Ta<^i(0»«(0|C>| 2 = 3 ■ — ■ (4) 

M la (=1 m 

This result is independent of the properties of Iff), 

■ A. t 1 . SLojji Found** km Fdlew. 

p * J*t ’ ^Ijip = tlel 4 jf r jtUAf)rt 1 ^.x lf . a In general wr 115 c the npLuLton of 
E-dmcindi [Ik 
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Now ii is- known experimentally, from phtiLoabsorptiaii cross sec* 
Lions, shat most of 1 he electric dipole tfjuagtlim nuclei is systematically 
concentrated in the Giant Electric Dipole Resonance which falls in 
the region 15—25 MeV for she heaviest to the lightest nuclei. This 
resonance exhausts most of the sum rule in Eq. (1), although it falK 
to about one-half of the sum rule m the lightest nuclei. This question 
arises as to whether or not a similar situation exists with respect to the 
operator in Eq (3), and if it does, how would this be manifested 
experimeniatly'i The simplest model of the Giant Electric Dipole 
Resonance is that due to Gold hater and Teller [2], Here the protons arc 
assumed to move as a unit against the neutrons, This creates a large 
displacement of the charge from I he center of mass, and hence a Very 
large electric dipole moment. In fact this mode of motion exhausts the 
dipole sum rule m can be seen a> follows: Imagine that the displace¬ 
ment is governed by the simple Hamiltonian H = p^tZfl+ipta 1 ^ 2 
where q is ihe relative coordinate of tile center of mass of the neutran> 
and protons, and jii - jm.l (assuming A = jfV. If we quantize this 
Hamiltonian and chose Imt to be the Giant Resonance energy, then 
wc can very dimply calculate the transition matrix elements of the 
operator 

Y. * if 0*0) I pa*)jdLi = | t^’ 1 

i-ml J J 

where p„ is [he proton charge dcrisiry. Expanding for small tj\ 
lind [3] 

A ui tfc-4 

2h<»Ki if i - — z 1 - — W 

r=[ (i m 

which is the sum rule value. Let m now bssmc the approximate spin 
and isotopic spin independence of the nucleon-nude on Force. In 
this case, since the nucleus is made up of four kinds of particles* 
neutrons with spin up amJ down, and protons with spin up and down, 
one exporw to illations which are degenerate with the Giant 

Electric Dipole Resonance (since the restoring force is the same? in 
which protons with spin up and neutrons with spin down tnnvt against 
protons with *pin down and neutrons with spin up *. One might expect 

* Similar oscillations have been conaidjered b> FuJIieroi. Fiir-elL urnl Pal [4| 
anil Glassgijki, Hcckratlir, and Watson l^i 
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lhcs& oscillations to exhaust ihc sum rules of Lq {2). This cart he '■ceil 
in the simple "sunni-classical" model of these oscillations where we 
compute [6J 

I *)(0[*fO O <K»)1 tjh "* |/^ f to (*3 • JtF“i(fl 4 )d* 

(’i 1 3 J 

= fxljf■ [po(|*-itlMl)+P*(l*+(7) 


If we uke the ground state to be S = 0 and the excited state to be 
S - !. then we find, again expanding for small </ 

sM^II 1 e =[u+u — = (2J+1) — 

/i m 

( 8 ) 

which is the MJin rule value of Eq. (3), 

The results of these simple models can be seen to hold very general Iy 
by usine. the po werful techniques of Group Theory [7, 8], Suppose one 
defines the 15 operators 


r = i£rV) S; - }2>x0) 

i_j (s) 

= 1 - 2 . 3 . 

i= I 


then the conimuiaior of any two of these C^ 1 (a 1 *,, 15) is again 
a C ia| , These operators are irat'cles* and Herniiiian. If we now define 
= ± i- m i ~ ±1 V ~ I ■ - - 4 1 w ^ere tu w and Z m are 
Pauli spinors, then ihc set of transformations defined by 

Mb * l^'hh ( 10 ) 


where ru, arc real numbers, form u 15 parameter Lie Group, SLT4), 
the group of4x 4 unitary urtimodular matrices. If the nucleon-nucleon 
force j-- independent of spin and isotopic spin then * 

[C U1 .H] = 0 a « I ... 15 (11) 


* Tills eliminates spin Hint iwnpin dependent J'orveS. hut IcUVrt us with Wiifnet 

ttild M IlJtlTxl Jld fO-TCCS, 
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and the degenerate eigenstates of H form a bask for an irreducible 
repress nation of SU(4), This may not be such a bad Approximation 
since a Serhcr force with only □ weak -spin dependence can fn nurieon- 
micteon scattering up to 90 MeV or so; however, u certainly make. 

convenient starting point The Giant Electric Dipole Resonance since 
it exhausts the sum rale, can be thought of very crudely as the stale 
1 c *y Wg wjl1 our considerations to nuclei of she 

type A — 4fi for which the ground stale may he expected to belong 
to the identity representation of SU(4) [this leads to the most sym¬ 
metric spatial itaie and hence to the maximum overlap ol the nucleon 
wave functions]. Thus the above form suggests 1 hut wc assign the 
Giani Electric Dipole resonance to ihe <2, L I ) h or 15 dimensional 
representation of S V (4) I \ wc 1 uriher assign L — I to Ihese resonances 
we then expect to find ah of the resonances of Tabic I. 


Tmile l 
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Thus SU(41 cells us we should see alt of these giant resonances its 
degenerate slates. One can make an even stronger Statement using 
SU(4), Consider all the >i»l« of a given energy (£„.!») where m labels 
all the other quantum numbers, Now introduce the following 3 
operators 

v l = t a 1 u l s y/ i/ s = r J . ( 12 } 

The U ' form an SU{2| subgroup of SU|4}_ 

[E/ f , U*\ “ ls tfl u% - C 13 ) 

If wc define t/_ m. V' -W 1 , and let ®(f) be an arbitrary function of 
r(f) then 

[if., I niiNi)] = 2lr_(tM->^ 

(=1 l“l 


( 14 ) 
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Taking rcairbi elements of this express!on, and usme the- fact that fur 
each £* we am label the slates by !_£/, Uf) since Uspm is just a sub- 
group of £U(4j t we find [8] 

ill<£,«nli =II<£.W| 0*) 

« i"-i I* f= k 

Using ihe isotopic spin subgroup and repeal ing these arguments leud> 
to 

I K£,™ 11 tjffHOlOl 1 = I K*>i I T 3 ((K{fM0iG>l J - (i6) 

m J a 1 * 1“ I 

With SU(4) invariance we find that the matrix elements or the opera* 
tors in I:q, (16) must be equal at all energies. Thus if experimentally 
iherc is n resonance in the matrix element on the left hand side of { 16 ). 
there must necessarily he one in the matrix dement on the right hand side. 

It is interesting to sec how this comes out of a more sophisticated 
model of the Giant Resonance. We make a parlide-hole model oF the 
resonance, and expand 

l*> = I<£fl^|G> (<?) 

where a = (n,/, m,. I, 4, m t ) = aid a' creates u 

particle, b' a hotc. Linearkrng Lite equations of motion in the familiar 
Tamm-DamcufT approximation leads to the set of equations for the 
ccwEficients C„ ff (4, ID, 11) 

p * - 0 (18) 

where -i a (a. -m t , —m„ -m,) and S a - {— f 

[f we assume that V is independent of spin and isotopic spin, and that 

c E - r- nul " - c, we find after some algebra 

(f„-«*-a»)C r “(a&)+ £ vZ~ C Ti H)m) - « ( 19 ) 

tm 

where (ah 5 and (im\ label the particle-bolc slated involved, and 

«.--$<*+< i j}« 
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Thus ihe 15 stales with (F = l, 5=1), (F = |, S = 0), (T = & 
5 = 1) and a given LM tr arc degenerate while the interaction separates 
the state with (S = 0. T = US, This is easily understood from the point 
of view of SLH4). A particle belongs to the representation (4) w hile a 
hole belongs to the adjoint representation (4). The particle-hole stales 
are the direct product stales which are reduced by the rule 4 4 = 

i <4j 15. Thus again ever see that I he Giant Resonances belong to the 
(151 dimensional representation of SU(4j.’ 

The above equations can. be reduced to very simple form in the Case 
of an interaction l -«S(r, - fj) for then one finds, by carrying 
out the angular momentum sums 


where 


& = 

0 (?)V(^+JX24+i) ’’ 

f « 2 fl ; = l f R Hjn Ku r 3 dr, (22) 

4 J 


11 we assume / eu be a constant, ihen the potential is separable Lind the 
eigenvalue equation is simply 

1 = Y (23) 

i Sm-^ 

Analysis of this equation .-.hows that with an mtractm interaction 
> 0 1 one level h pmfoedup in emrqy and collects moil of ihe electric 
dipole strength. This observation is due l o Brown and BoLterli [12], 
This stale with a given L is then combined with the spin-i&ospm states 
air responding to the (15) dimensional representation of SU{4) in 
form the super mult spiel of Giant Resonances. 

One can ask to what extent these considerations arc modified by 
ihe inclusion of spin effects. The effect of spin orbit splittings in The 
configuration energies and of a spin dependence in Lire nuJcou¬ 
rt adeem force fit to low energy scattering has been investigated by 
Lewis and Walccka [13. 14], and deForest [15] in C 1 " and O 1 *. 
The Gianl Resonance states S— 1, T - 3, J* = 0 ,1 <2~ arc 

1 These rc=-n I i •• u]so liolil jfs Ihe R-ipJom Phase ApproXimuEiim 19 „ 30. IL ] I 'or 
The Giant ftesonancc anra. 
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hlufeed somewhat from the S - 0, T — \ f J Q = I stale bin still occur 
jci tlie region 20 25 McY, and one slate still carries a majority of the 
corresponding multiple htrenath. This is in essential agreement with 
the earlier calculation of Brown and eo-workers [16, 17]. 

1 inally. we consider the question of where these Giant Resonances 
would manifest themselves ex peri men tally, h is dear* from Lhe simple 
Goldhabcr-Telfer tnodd that thespiat-isospin oscillation* never develop 
u large charge dipole moment since it" the protons with spin up move 
against the protons with spin down, the center of muss and center of 
charge remain the same. Hence they will not give rise to large photon 
cross section^ and one must look elsewhere. One place to took is in 
muon capture. The muon capture rate can he written as [7] 


'W* - <?> 



where 1 IM contains the nucleon recojJ correciiniis ( <i'/r■ i„ lltlwn ). 

h.V.ij,, is lhe avcrjsie of the square of the hound >iitc muon wave func¬ 
tion over Lhc nucleus, Gy, are coupling constants, and 





r 

v 


v n0 - - (£«-£(/) is the neutrino momentum eortespo tiding Ui an 

excitation of the nucleus to the ^late |n>- If IG) is u doubly magic 
nucleus, or belongs to the identity representation of SU(4) then the 
allowed capture vanishes as t-lOKT) = 7;^ r. Ei)cj(i)|G> = 0, 
Therefore, the feuding term in the capture rate is first forbidden, that 
is, proportional to i-■ x(i)» and the masiiv elements are just those 
we've been considering. - lithe rmdcon-nucleon force is spin and iso- 

■ Even if we don't mukc Lin c.spjnsLijn ol’ The exponent Nil. tElU m-iLrj* demznl 
Mp L-jn Hill be cvaluiiEed e.spLieiUy in thq Goliihiiber-Tdler model und one find* 


1 I- *]■ = lAfnW 
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spin independent then our previous considerations tel! ns ~ 

Since wc know that {My)** is dominated by the 
Giant Electric CDipoLe resonance. this says that muon capture should 
Eake place predominantly through the degenerate set of Giant Res¬ 
onance. Foldy and Walccka have used this observation to calculate 
[ota! muon capture rates in Cft 40 . O 16 , C ,= , and l ie' atid the overall 
agreement i^ very good [8J, This indicates ihal tile axial vector 
strength is distributed the same way as the vector strength an nuclei 
and is strong, though rather indirect, evidence for the other Giant 
Resonances. 

A more direct way to look for these slates is to make Use of the fact 
that the operators wc are considering arc closely related to the tram- 
verse electromagnetic multipole operator* discussed in Blnti and Wciss- 
kopf [IS], With real photons one sees only the long wave length parti 
of each mull ipole operator. With electrons, the same transverse elect to¬ 
rn u gntn ie nuiltipole operators (in addition 10 the Coulomb multi poles) 
govern the cross section. Here, however, the relevant wave number in 
the miiUipoIes is q - A r —K f , the three momentum transferred b\ the 
electron to the nucleus, while exciting the nucleus to a state of definite 
energy. \q\ can he varied through any value i^l > .4A n , while with real 
photons one is limited to just one valueJgi - A' - Af^. Hi us. while 
transitions such a* magnetic quadrupok transitions are small for rca! 
photons, they may become very important at large values of |f| in 
electron scattering, Consider electron scattering through ISO where 
only the transverse electromagnette Eiiulfipoles contribute. The cross 
section is then [31 






is just the Ermind aLiiEe ffostfc form fatter ot the nudcuL. This result *iil 
u*ied by Ftildjf and Wnleckii [S |_ umd is originally due to KnlUeroH, Ferrell and 
Pul [4. 3]. The "Scrtiicln&siair mode! *f *hc spia-isospni { ^ Eq t?i) 

or ihe relulidn - Sl£ hl|Lows uh lo extend the result to llw axifl! vcclor 

and pseudoscaiar matrix elenifijUS, 
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where 


r;.' (£J )- 1 | dx[j,ui - (V 

qj 

T^Sun = I d ^ v( Jf i - [ V A/,( tf x It#,) + /, ( 4 x) V/jT, J *(*)]♦ 


( 2 ?) 


i7. v (jr.) and r/i N (x) .ire ihe nuclear convection current and magnciiza- 
liun dcnsiiici and J > I lor the transverse mull t pules. 

Let us first discuss the I . T = I slate?., fit addition to ihc conirihu- 
lion of the convection current. * there is a term 


[77M] P1]i „ = -j |/^ ^ I '(r)], 

r 4n 2.\fc j* i 


(28) 


This, spin term is usually diwarded for photons, however, as it 
grows with f 2 . it con be made quite Barge for electrons. (The large iso- 
veetor magnetic moment J, H - 4.7] also increases its importance.) 
This term tend^. to make the amplitude for electron excitation of the 
Giant Dipole resonance increase with q 1 while the form factor for the 
charge part of the operator is a decreasing function of f *. The pres¬ 
ence of the^e two competing effects is seen experimentally in both 
Q Jt and C 12 [J9*. 20, 21 \. Th®e experiments tell us there is a very 
strong component of the matrix elements of JJfL i TitOfatO a{Q] 1m 
in the giant resonance region in these nuclei. 

The situation js even simpler for ihe T = 1,2" stales. Here the long 
wavelength form of the isovector part of T?^{q) is 


T ^0 


1 tiy 
x 5n 2Mv 


i = i 

{29} 


The cross section to 2 “ states thus grows as ^ 4 . Because of the large 
iso vector moment, one expects the T = 1 transitions, to dominate. The 
magnetic part of the above operator dominates for a >imilar reason. 


4 The convection current contribution can be explicitly evaluated in the Gold- 
briber -Teller model [.’ll 

io-nn , «n»‘>i-- J (*^) - (£)' \MM- 
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Recent experiment 1 , ai Sianford indicate a very rapid!y growing well- 
defined peak of strength t ii' interpreted as a 2“ state} about { of the 
sum rule value in the giant resonance region in C 11 and O"' [23j *. 

There is therefore some evidence that the supenruihiplct of Giant 
Resonances (or at leas! some >Lri>ni3 remnants of she supernudtiplet) 
may Ire preseni in light nuclei. However, several important questions 
remain unanswered such as. are these resonances systematically pres¬ 
ent throughout the periodic table? Are there T = £ /* = 0 and 
T = 0, $ = 1, J" = (J - , 1", - resonances present? What is the effect 
of strong spin dependences (for example, the strong tensor force 
component present in most of the more sophisticated micteon-nuclcon 
potentials) on the Giant Magnetic Resonances? A lot of interesting 
work remains to be done. 

Finally, wc note that a Giant Magnetic Quadruple resonance, 
exhausting the sum rule of Lq, f?) would help one understand the 
siiprcttton of low lying M% transitions discussed recently [23, 24, 25J. 

The author is very much indebted to Professor L- Foldy tor many 
helpful discussions on this material. 

• A Giant Magnetic Quidrupolt state has aim berm previously predicted by 
Brown mtl Vinh-Mau ai 19.2 M cV ' n H71. 
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The (wo great new syntheses in our undemanding of physics that go 
back to the Earlier years of this century had one important feature in 
common. They were both characterised by the discovery and eventual 
understanding of a constant of physio, the velocity of tight for special 
relativity, and the quantum nf action for atomic theory, which indicate 
the limits beyond which Newtonian mechanics on the one hand, and 
classical physios on the other, no longer apply. In each case these con¬ 
stants play a fundamental part sis the formulation ofihc new laws of 
physics, and in an understanding of the limitation* on physiol ob¬ 
servation which, in quilt different ways* each brings wills si. 

Today no such discovery, no such fundamental constant, and, of 
course, no such imepretatipn characterize the contemporary effort to 
under si and the regularities in the behavior of the particles of physics. 
One important reason for (his state of affairs h that there are only 
| ini tied situations for which the application of quantum mechanic* and 
relativity lead So well defined predictions. In the case ofeleeirody luimcs 
the predictions are fairly far reaching, and The limns on their credibility 
ns logical deductions fairly well understood. No convincing evidence 
that there is a minimum interval or maximum mass beyond which 
these predictions are wrong has yet been found. For the characteristic 
strong and weak interactions of particle physics, 1 lie situation K lar 
more difficult. Despite many and valiant efforts, there are only limited, 
consequences which have been drawn so far from the most general 
principles of relativity and quantum theory. There has been no indi¬ 
cation that these are not true. 

Despite valiant efforts* until now more complete predictions based 
on these general principles have not been possible, nor has u even been 
possible to prove or disprove that they arc consistent wjih nontrivial 
phyajes* or to what extent they define a unique description or a unique 
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family of descriptions Models suggested, far insLanec. by electro- 
dynamics, despite most valiant efforts that still continue, have 
not been shown to have a well defined mathematical eon tent which 
cauld be compared with experience. None of this is Ear want of trying. 

Both in The discussion of the necessary consequences of the general 
principles of relativity and quantum theory, and id the efforts to give 
meaning lo some form of Lagrangian or Hamiltonian field theory, 
the problem of mathematical existence, the problem of defining with 
adequate rigor the mathematical meaning of the symbolism, has played 
an ineluctable part, nos for the first time in physios, but perhaps for the 
first lime in so essential a way. 

Under these circumstances, more circumscribed and morephenom- 
enologjcai approaches have necessarily played a very great part. Two 
of these go back to discoveries made three decades ago, which have 
proved fruitful in ordering the observational material, have been in¬ 
creasingly arid actively cultivated, and, it appears,, may indeed be more 
closely linked than could have been ouc-^cd in their origins, Both are 
natural outgrowths of she general ideas of relativity and quantum 
theory. 

The fu st, of these suggestions was Yukawa's invention: the meson as 
the carrier of forces between nucleons. Yukawa based this suggestion 
on an analogy with electrodynamics, in its qualitative form it is indeed 
a direct coei sequence of relativity and quantum theory. For almost two 
decades, and well after the dicovyry of some of the relevant mesons, 
the quantitative elaboration of these ideas was far too limited to per- 
turbLition-theoretical methods: the Familiar perturbation theory of 
regarding the emission and absorption of mesons as weiik h and the 
extreme “molecular approximation** of regarding meson muss as very 
small compared to that of the nucleons, so that the nucleons could he 
roughly treated as static sources. The discovery of the 3-3 resonance, 
whose fundamental importance was one of the c cm sequences of the 
static approximation* stimulated She development of techniques, ap^ 
proximate and in same details arbitrary, which have dominated the 
discussion of strong interactions ever since. From Chew's static model 
l h rough the Low equation to the rediscovery by G old be roc r and sy ste¬ 
rnal u: development of dispersion relations, the idea of particle ex- 
change, supplemented by the trivially necessary but nontrivial require- 
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ment of unitarity, have ted to many attempts in understand the existing 
panicles and their properties in terms of the exchange of these particles 
as the origin offerees that hind them, to the bootstrap, and in many 
rough treatments to the reciprocal bootstrap. The treatments are 
rough, for one thing in that they deal with few particles at a lime, 
neglecting many channels which are known to exist, and based on the 
hope that only the lowest, energy phenomenal the nearest lying singu¬ 
larities of the scattering amplitude, will play an important part; for 
another, [hey arc rough because, having made these assumptions one 
must either make the dynamics very trivial indeed, or compensate in 
some not Well founded way for the residual effect of the neglected 
channels and the higher energy phenomena. It is clear that this instru¬ 
ment. though still quite blunt, and not easy evert formally to develop 
into a complete theory; has identified and described important trails at' 
the strongly interacting particles, 

The other notion of three decades ago has tn do with symmetry* li 
was based on the detailed analysis of low energy proton-proton scat¬ 
tering by lireitp and was the recognition of the charge independence of 
nuclear forces: indeed, Casscn and Condon described this independ¬ 
ence m a formalism identical to shut used for particle spins, in system* 
of identical particles, with the neglect of spin-orbit coupling- Such a 
symmetry principle, valid only to the extent that electromagnetic 
effects could be ignored, is of course reminiscent of the permutation 
symmetry of quantum theory; but whereas its formal analog, the .spin 
independence of atomic forces, is a recognised limiting case of per¬ 
mutation symmetry, in general charge independence has no known 
rigorous symmetry for actual charged particles. This was perhaps the 
first example of an invariance principle: categorizing one order of 
Forces which would not apply when weaker electromagnetic forces 
were considered, and it remained an uitiroublirtg puzzle,, along with 
the actual value of the fundamental charge itself. The hierarchy of 
forces was further enriched by Fermi’s theory of beta decay; but it was 
not until the much later discovery of strangeness, and of parity viola¬ 
tion, that the depth, the peculiarity, the at kasi temporary inexplica¬ 
bility of the hierarchy of foFccs. and their associated hierarchy of sym¬ 
metries, were appreciated. 

Very soon after the suggestion of mesons, and of charge hide pend- 
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enec. Ki-mmcr showed how la combine (hem iti i Lagrangian version 
of field theory, limiting himself, of course, to the nucleons and the 
pi mesons, and predicting fr°. At first ii was hoped, and the hope died 
very slowly, that by known met hods this Lagfangian would lead to a 
dynamics. Today it is rather a mnemonic to suggest what particles, 
what channels, what symmetries, both of space and time and of the 
internal variables like isotopic spin* should be considered. 

With the discovery of strange particles, it very soon became dear that 
there was a new selection rule and a new quantum number in physics, 
conserved in strong and electromagnetic interactions, In the following 
years, almost every low rank semi-simple Lie group found its sponsor 
and champion: but in the fait years ihere has been little doubi that 
whatever a is mysteries, one such group has its symmetries mirrored in 
the now known particles of physics; the Gell-Mann-Nee man SU(.3)* 
Even for the strong inieraeiions this has clearly never been an exact 
symmetry: important reactions occur which would he forbidden by j|; 
masses are in fact distinct, and for the pseudo scalar mesons super* 
hei a I ly vastly distinct, which would be the same if ihe symmetry were 
right. These violations can not be compactly referred to another cate¬ 
gory of interaction, as can charge independence to dectromagnelism; 
and if they are small as in many applications they seem to be, no hither¬ 
to known constant of nature has seemed dearly to define ihai smalt- 
ness. Thus there has been a struggle, not unsuccessful, but by no means 
concluded, eo discover whai is truly invariant under this group, what 
is neglected, and how to characterize the forces that are and the forces 
that are not invariant. One effort, not unnatural in ihe light of the 
history uF atomic physics, to suggest an answer, has been the notion 
that ihe known particles are tightly hound complexes of very much 
heavier and very much fewer and very much more “fundamental" 
particles which realize the fundamental repreumlatum of ihe sym¬ 
metry, and for which the symmetry, though still not perfect, would, be a 
iruEy good approximation, Insofar as Lhe complete or broken sym¬ 
metry expresses itself in the properties of known particles, this hypoth* 
esis or composition of quarks or aces has been a hglpfuL tool of 
calculation. Insofar as it represenis ihe hope of reducing the dynamics 
of the known panicles In the properties and forces of more fundamental 
ingredients, and thus Eo “compose M ihe particles as one composes an 
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Lit am, or, rather lest, precisely, even a nucleus this hope seems doomed, 
because the conditions under which a model of ^composition" can 
make even approximate sense imply She smallness- of the forces* ihe 
immulability of the ingredients, and ihe non relativistic features of the 
bound system, Else we should talk of atoms composed of quanta, and 
of nuclei composed of neutrinos and electrons, 

A second and quite different attempt to learn how to live with the 
useful, but approximate, and thus somewhat mysterious symmetry 
hm been lhrough the use of model reciprocal bootstraps-modd not 
only because only a few tow-lying and often somewhat arbitrarily 
chosen channels are considered, but because the models have typically 
been .static or quasistatic, and because the input inFarm 4 liort t though 
not adequate to establish the symmetry, has borrowed ^omc features, 
fur instance multiplicity, I hat characterize i lie symmetry. In these thus 
abstracted models, one is then, asked for sdf*reictforcing. self-con¬ 
sistent solutions, which means that one seeks characteristic vectors of 
the crossing matrix for the channel* considered, with a characteristic 
value near or equal to one. In simple cases, and with a variety o l input 
in fox mat ion. suggestive of but not implying a symmetry, one has been 
able to show ihai the idf-consistency condition implies the symmetry. 
Often ibis has been by numerical calculation; but for sufficiently 
abstract and unreal is Lie models, and sufficiently simple conditions, the 
results arc algebraic, or can with a lilile numerical encouragement be 
further simplified to algebraic form. So one understands how 5lf(2j 
may be generalized to SU(3): so one understands octet enhancement 
in broken symmetries, and in determining the rough relations between 
react Kin rules in strong, electromagnetic and weak interactions, and 
the pattern of moss relations within SU(3) mulupte|s t and withm iso' 
topic imaltipkls. 16 would be too simple to say that these models, whkh 
neglect so much, identify what breaks the symmetry; bus one thing 
neglected in [hem is the recoil of the baryons, and thus the ratio ot 
meson mass to baryon mass. As in the sialic approximation of long 
ago, this i.s the sort of smallish but nut small number which seems to be 
needed. 

All of this has been made far more frantic, and far more suscepribSe 
of misinterpretation, by the discovery of SU(6) symmetry last summer. 
Attempts had. of course, long been made to derive the internal s-ym- 


Symmetries vf fafci'x r jmJ yfates 


75 


metrics from the Poincare group, typically from its discrete elements - 
of course, unsuccessful attempts. More recently, attempts have been 
made to marry the exact symmetry of the Poincare group with broken 
internal symmetries. There are now adequate mathematical proofs 
that such structure* are either trivial and that there is no marriage, or 
involve physical consequences wholly alien to our experience with the 
physics of panicle*; yet these efforts, largely by four brilliant Turk 1 ?, 
may yet, as a half millennium ago, m their turn lead to the discovery 
of America. For SU(6) has not been a listless group, any more than 
SU(3) before it; and there are many examples in older parts of physics 
where symmetries which cannot be found hy staring ui lhe Lagrangian of 
the theory, which does in those eases exist, still give a u^cfu I diaraete na¬ 
tion of the states to which this Lagrangian leads. It is not an uncommon 
experience in quantum mechanics, when a rough symmetry can be 
discerned in a poor approximation to the actual forces that the stages 
of the system either ignore or very fully realize this rough symmetry. 
Striking exam ples are in the properties of quantum liquids, where the 
quart nm properties and order tire not visible above thi: transit inn 
temperature, and wholly dominate whal happens below it. Historically 
the closest, and historically she iraosl relevant theory is Wignrfs 
theory of super multiple Is and SLJ£4). Indeed, it was the rather amazing 
success m characterizing nuclear suites, even when spin-orbit and 
electromagnetic interactions would appear so be hue at all negligible, 
that led to ihc considelation of SU[6) by Oursey and Radical 
Here, where one is dealing with particle physics, often with reason¬ 
ably high momenta, and with particle creation and annihilation, the 
prospects for successfully stealing the spin, which is a part of some of 
the generators uf the Poincare group, without getting into trouble, 
'ieem even more remote; but SU(fi) has been a suggestive symmetry, 
and ils far more numerous and restricting regulanlics are not really 
much less reliable than those of SU(J)- There have been many dTort's 
despite the general theorems, to enlarge SU|(i) to a group that should 
cue tain it and the Poincar^ group. These all lead to trouble* as they 
must; and it is an open question what role they can play in heuristic 
suggestion* of mtendaliuns going beyond SU(fi) that are reflected in 
reality. This is not the occasion w review the successes in predictions 
oi mass splittings, electromagnetic arid weak couplings, and strong 
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reaction rates. or of the places where there are most bothersome di&- 
crepancics. What is clear is lhal wc are here, as in 5U(4). and in the 
models of quantum liquids, not dealing with an abstract symmetry of 
a Lagranyian* but with rough symmetries, often not nearly ns rough ns 
as wc might guess, of certain of the stales., fn a view w hich makes the 
exchange of particle* responsible for their existence, the symmetry 
of stales, and the symmetry of forces, are not unrelated. Thus here 
again, though again in purely numerical form. Dashen and Frautsehi 
have been able to extract many SL (6) results from a reciprocal boot¬ 
strap containing only the barest SU(6| ingredients, and not itself 
SU(6) invariant, and to show* a_s B. W. Lee has done more algebraically, 
that I be weak and electromagnetic currents of the panicles satisfy the 
algebraic relations of the generators of the compact group U(12i. 

This leaves the question of symmetries largely open for the future, 
ft is, For instance, not dear that for high energy phenomena, unless 
they arc completely dominated by a few low lying slates in crossed 
channels, [lie symmetries will emerge more fully; nor & it clear in what 
measure the patterns of weak interactions are fully encompassed in 
the symmetries of the particles. Thus the discovery last summer of 
weak effects tn the 2 pi on decay of the long-lived K meson, indicating 
[hat combined parity CP is not conserved, and suggesting time reversal 
noninvariam fortes* is not definitively understood. These effects may 
derive, as suggested by many, from small corrections to the weak forces 
themselves, or from time non invariant electromagnetic interactions, or, 
in my opinion far more hopefully, as suggested by T. D. Lee. in a lack 
of correspond cnee between the conjugation operators connected with 
baryon number* perhaps lepton number, and electric charge, the three 
rigorously conserved quantities characteristic of partick physics. 

When we think how far we are in this search for order* how >lill 
farther from any dtrui notion of what, beyond or against quantum 
theory and relativity, wc should be discovering, and of how mysterious 
the hierarchies of interactions arid symmetries still seem, wc know that 
a unitary and nonarbiirary description of the phenomena of particle 
physics is still a great work for the physicists. We may remember 
Whitehead, gratefully b+ to leave Live vast darkness unobscured", but 
not far long, and surely not forever. 
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The views expressed in Itils note will surely noi be wholly, perhaps 
not even widely shared by Vv'cisskopf, for whom it iv written. 1 know 
that he will share the hope, on my part both earnest and confident, 
for the welcome part he will play in the great work ahead. 
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t. tSO-SHJN 

The concept of iso-spin, which is one of the foundation stones of 
modern particle physics, was introduced by W. Heisenberg [1) in 1932 
immediately after the discovery of the neutron. However, curious 
enough, the notion of charge independence has never been folly ap¬ 
preciated in rnckar physics for surprisingly long years since then. 
It would he important to remark that the equality of p-p, p-n (and 
n-n J forces at least in l S-stati; is known (espenmoilully) at the bier hail 
of 1930s [31- Ofcour.se one cun quote several works in which the charge 
independence was right!v emphasized and utilized, among which (a I 
the symmetrical meson theory by Kemmer[3j and il?i ihe -uper- 
mulhplci scheme by Wiener [4j are most important. (One may add 
fit rt her the charge independent treatment of meson-nucleon scattering 
by tickler [5].) It should he needless to point out ihal (at was the 
prototype of charge independent theory of (riovector) rnesorH iso- 
spinur} nucleon interactions. Whereas importance of (b) ha-, been 
eclipsed (till unnecessary degree) bv Bohr'- picture of atomic nuclei 
t prt> and mid-war periods) and by the great success of the shell-model 
(post-war period). Only at relatively Inter times, significance of |h) 
began to be realized not only in nuclear physics but also in paHicie 
physics t<>j, 

Serious use of the charge independence in particle physic- was 
introduced by Fermi in Ins celebrated analysis of the pi on-nucleon 
scattering experiment [7]. !n nuclear physics one must refer to the 
important contribution by Adair [8] Since then. Nakano. Nishijima 
and Gell-Mann proposed a charge independent theory of strong inter¬ 
actions with an important new quantum number, strangeness. What 
followed then i- so well-known that one need not so say further. 
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Charge independent theories are invariant under all rotations in the 
iso-spin space; i.L\. they satisfy Q„ or equivalently SlJi-in variance* 
Nowadays it is fashionable to talk about higher symmetries in particle 
physics. It is interesting to notice the following chronological intervals: 

1932 symmetry under SU, (iso-spin 1 

1959 (approximate) symmetry under SUj (unitary symmetry) 

I9fr4 (approximate) symmetry under SU til SU 9 , SU^,,,, 

So many years were necessary to appreciate SU ^symmetry, while 
such a rush to dimb up higher and higher symmetries in these days! 

We usually assume the invariance under ttli rotations in the charge 
space (llicee dimensional iso-spin ^pucel in charge independent 
theories. Is b really necessary to require the invariance for all renal ions? 
Or in other words* Why is it not sufficient to ask for invariance for 
some limited number of rotations? This question was in fact raised by 
Case, Karplus and Yang [9] (abbreviated hereafter as CKY) just 
after the proposal of the strangeness scheme of strongly interacting 
particles. These authors discussed the symmetry property in ihe par¬ 
ticle world in terms of finite groups Along such a line of argument 
we shall develop our discussion in this paper, (Another aspect of iso- 
spins - a problem of locally dependent charge-axis or of “iso-spin- 
gauge” - was discussed by Yang and Mills [10]. W r c shall* however, 
not concern with it in the present paper, ) 

Z- USF OF FINITE tjkOLTPS 

The use of finite groups is no I Lit all new its physics. Finite groups were 
beautifully applied to crystal structure, and atomic as well a?- molecular 
physics. Finally but most importantly, rile symmetry 1 group S f1 of 
order n is indispensable for the quantum mechanical treatment of ihe 
system of a identical constituents (fermions or bosons). 

As noticed in § 1, CKY treated the internal symmetry of the 
particle world on the ha^is of certain finite groups. They noticed an 
important theorem as fallows. 

Suppose that “mulliplets" of I elementary j particles belong to ir¬ 
reducible representations of a finite group, say, tetrahedron group T. 
and strong interactions are invariant under this group, A triplet pion 
U + riV~ ) corresponds to three dimensional irreducible representation 
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3 ofT, where electric eh urge is used to distinguish i in an ad hoc manner) 
three independent stales of the pi on. Consider the elastic pion-pion 
scattering. The two pion states can be classified according to tile irre¬ 
ducible representations of T: 


3x3 = 1 + 3. + 3, +2 (for T), 

an 

F.ach irreducible set is given by 


1 

{K + jr —jr’V + ii: ir + )/v'3 

t2.2) 

3, 

({jrV'-’-n'V )/ v '2 

| (jr + tr“ — rr“ir*)/ v 2 
l(jr u 7t‘ -n _ Jt°)/ N -3 

(2.3) 

3. 

f(K*s"+tsVVV2 

i (jr J| it" + ?t a ‘ )/ v 2 

Ifjr^a '+si re°V v '“ 

(2.4) 

2 

((irV +at + it + +£ i 7r _ ff _ ')/ V ' , '3 
l(?r o n 0 -|-c 1 n + 7i*-t-6rr - it" |/ s /3 

(3.5) 

where 

i+s/3i> 



It is interesting to compare Lhc rcsuli (2.1 J with that of the usual iso* 
spin formalism: 


3x3= I + 3 + 5 (for SUjl 

T T T 

7 = 0 7 = J 7 = 2 (total iso-spin). 

Il is clear that 1 or 3, for T is identical with I or 3 for the con¬ 
ventional charge independent case, respectively, and 3, and 2 for 

T are linear tombinaiions (which are not always diagonal with respect 
to electric charge) of five independent states with 7 = 3: 

7t*it 4 ’, (h + k°+ jr°jr + )f*jX +2ir l V-|-ii - it + )/ v fi. 

The scattering matrix for pion-pion scattering must have the following 
form. 
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0 

0 

0 

0 

0 

0 

0 

0 

s, 

0 

0 

0 

0 

0 

0 

0 

0 

0 

S, 

0 

0 

0 

0 

0 

0 

0 

0 

0 

s. 

0 

0 

0 

0 

0 

0 

0 

0 

0 

S* 

0 

0 

0 

0 

0 

0 

0 

0 

0 

S* 

0 

0 

0 

0 

0 

0 

0 

a 

0 

S, 

0 

0 

0 

0 

D 
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0 

0 

0 

Si 

0 

0 

0 

0 

0 

0 

0 

0 

0 

s; 


til 


(2 6 ) 


where the iiueraclinns are. as assumed from the beginning, invariant 
under she group T* However i 2.6) violates in general rhe conservation 
law of electric charge. Hence, one postulates further that she electric 
charge should be conserved in any processes and finds 

s; = S } . (2.7) 

The scattering matrix (2,6) with (2.7) has precisely the same form as 
should he derived from the conventional charge independent descrip¬ 
tion of the pi on-pi on scattering. 

Summarizing above discussion, one can reach the theorem: Suppose 
a theory of strong interactions invariant under the group T is given, 
and the conservation of electric charge (which should be appropriately 
assigned to each member of multi plots of particles) is required. Then 
ihe original theory becomes charge independent, he., it is invariant 
not only under T (finite group of the order 12) but also under SU 3 
(Lie group of rank 2), A complete proof of this theorem as welt as 
t? ret esc conditions on which (he theorem holds will be left tor (he 
reader. 

Analogous situations can be found in any finite group: If multiples 
of panicles are assigned to irreducible representations of a finite group, 
under which a theory is invariant, the invariance requirement for this 
group does not in general guarantee the conservation law of electric 
charge. An additional postulate of the charge conservation law 1 makes 
an original symmetry to enlarge lu a higher symmetry (in the above 
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example; from the tetrahedron symmetry to SLU-symmetry I with a 
corresponding enlargement of the irreducible representations. In this 
way the charge independence (charge-symmetry or unitary symmetry, 
etc,, depending on the choice of Jl finite group j is reslim-d [% \ I ]. 

In the next paragraph, we shall fully use this son of situation. 
CKY imposed in their paper the condition; the pi on triplet should be 
jrreducible member of finite groups. Hence the smallest group which 
CKY discussed was the tetrahedron group. Whereas we shall riot 
accept this limitation, and can try to consider other finite groups whose 
orders arc smaller than the order of tetrahedron group. 

J. S 5 A.ND LEVEL-SCHEME 

11 is interesting to remark that finite groups contain only limited 
number of operations, so that invariance requirement under a certain 
finite group is less restrictive than that under a (corresponding) Lie 
group, and hence the former can be much richer than the latter. This 
situation would easily be visualized by comparing, e.g. F figures on a 
plane with ('/^-symmetry (invariant under rotation of 2t n. it being 
an integer} and C T -symmetry (rotmionally symmetric figure*) around 
the axis perpendtciilar to the plane. 

We propose to discuss internal symmetry properties in the particle 
world based on a finite group, although symmetries arc usually treated 
by a Lie-group ioa- more appropriately by Lie-algebra j. Any finite 
uroup is always equivalent to either S* (the symmetry groups of order 
n) or its subgroup, We also appeal to the principle of simplicity. I knee 
we may discuss S„ with n = I. 2. 3, ... till we reach a sensible model 
of particle physics with smallest integer w. S t or Sj. is loo simple to 
contain irreducible representations with more than one dimension. 
Next we must try S Jt which is rich enough ns will be seen in £ 4, 

Before discussing our theory with S 3 -invariance, we shall consider 
a simple quanlum mechanical problem which serves lo clarify the 
situation: tn realize' a ^broken-symmetric 1 ’ particle-world upon the 
basis of “symmetric' dynamics. 

Consider n hypothetical molecule consisting of three identical 
atoms, and I he pattern of its Raman spectra. This molecule has J * 3 
= ^ degrees of freedom. 3 degrees oi" freedom are attributed to the 
center of mass motion, hence have nothing so do with the internal 
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cxuitiilion of ihc mdJc£u]c* Other i degrees of freedom may be tqi- 
aruted lu describe (rigid-) rotations of the molecule as a whole, 
which are approximately independent on the remaining three (- 
9—3—3) internal degrees of freedom at sufficiently low excitation. 
Thus, we only have three degrees of freedom relevant for internal 
excitation of our molecule. We introduce three canonical variables 
-v. r, z to describe infinitesimal deviations of ilircc atoms from their 
equilibrium positions. We can choose a\ y, : to be completely sym¬ 
metric. since the molecule consists of three identical atoms. In other 
words, the Hamiltonian fi(x,y,z) satisfies 

/*(•*.-) = //(.v.z,y) - H(y, x, :) - //(.-..v, y) = tJ.lt 

Namely. H is invariant under any permutations among x, v. z, which 
form the group S n with order 3. = 6, 

Si has 3 different regular irreducible representations; II,, and 
2 (6 1 4 +i J +2 3 )* It is clear that the symmetrical coordinate 

(i. i. -) introduced above is a reducible representation ofSj. A de¬ 
composition into irreducible representations is obtained eg. by the 
linear combination 


XA -_ (x + y+2) 


v& 

i_ 

v'2 


(2x—jr—z) 
(-*+=)■ 


Q2) 


Ir is easy to prove that v, is the identical representation while (.v„, .v p ) 
spans 2 dimensional irreducible representation of S 3 . In terms of 
these new variables the basic Hamiltonian f/(v .v„. a,j is symmetric 
for interchange between and 


V ” H(*aI V *J. (3,3) 

but - very important to remark - not in general symmetric between 
.v. f and x n or x p : 


H(x a ; x B1 xj * H{x n ; x A , r¥p). 


(3.41 
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Now the pattern of Raman spectra of the molecule is evident, lowest 
three Raman frequencies consrsi of a singlet and a doublet correspond¬ 
ing to the basic symmetry 1+2 I f for v,. 2 for .v ttt x p ). 

This molecular problem gives a tint Ural way tn derive tile “asym¬ 
metric" lowest excited states t singlet f douhlei rather than triplet! 
from the Hamiltonian H(x,)\ c) with complete symmetry among 
(.V, V, r J (see (3.1)). In the subsequent section, we build up a model of 
■strong interactions analogous to I he trt-atomic molecule described 
here. 


4 MODEL OF STRONO tNTF.RAC LIONS 


We construct a model of strong interactions JE2, E3| upon S,-sym¬ 
metry appealing to a molecular analogue given in § 3- For this purpose 
wc shall introduce three basic Dirac fields V'i. \tr x , We do not ad¬ 
mit here any a prion distinction among [hoc basic fields cf. the situa¬ 
tion or symmetrical coordinates (x T y, n in J 3. In other words, our 
theory must be invariant under all (6) permutations among the held-, 
i/r | p tfr,, tjtj, i.c., invariant under Sj. Therefore, the name of chaos- 
fields may be appropriate for *ji,. i Vi- 

We postulate ihaf each of three chaos-fie Ids carries baryon number 
AT = 1 (or 1.3 as in the case of quarks or aces |I4] if one wishes), 
and the theory should be .V-conserving, 

As was the molecular case in $ 3. chaos-fields arc reducible with 
respect to S.,, Irreducible bases, which we shjll call the Sakata-ftelds, 
Can easily lie formed by 


4'a= ! 

v 6 




1 ( —+ 

Jl 


(4.1) 


tftj is the identical representation and (^„ t ^,,1 is the two-dimensional 
irreducible representation or 5,. Anti-ikids <? t . $■„, i/„ (arc assumed 
to) behave as (If,,, i£„, t> r under permutations. 

Next, we discuss a two-body system, i.e,, a reduction of product 
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re presto tat ion (I +2) * f I +2) to write down Fermi-type interna lions 
between Sakala-ftdds. We find following irreducible sets for a two- 
body system of Sakata- and anti-Sakata particles: 
one dimensional representation 


$Abu 

I'(?A + ¥*#.)* 

V* 

two dimensional representations 

1 



¥>4 

Wa fp 



v - 

V* 


(4/2) 


A S 3 -invariant Hamiltonian of Fermi-type is in general given by 

+ { *'(£t H tFp^n- if * tfp) + h.c*} 

+ <■'( f p^ p +f„ ^ uf p^ B - f * fjJ 

(4.3) 

+ (/'((f,^ + <£ 1 fJ') + h,c.] 

+ s{(f p^p-f. f „>* + (f P f„ + f „^ P I 1 } 

+ [ A! (f .if, > (f „ 0 p - f„ f,! + (f,, ^ P Ktf p ^ .+f, „ f p)l + h -C. ], 


where the spaceumc operators sandwiched between f and ^ are 
omitted for brevity, hut the baryon number conservation (or in brief, 
jY-conservntion* is properly taken into account, 

Al this stage we shall make an la priori \ assignment of +, p"-nuinber 
N p : ^yfield has N r = I while ^, and have N p - U, We impose the 
condition lhal sum of the °p"-numbcr should be conserved in ull 
reactions. Then we have to >et the following conditions in the inter- 






Yvthit* Yomaguthi 




aciiori (4,3): 


=r = h = o 

d = -g 


14.4) 


and ohVAm ihe intcratlion of the form 

H ~ a{^ A \l/^ 1 +b0 A i(i rt )^^ v +^ n ) 

+/Rf .1 0 P )(f ^A>+ (FaW(P* 

+ s {*, - 9 „ W* + ♦,)+3(?VM<*, *■)} - < 4 -5) 

To derive (he result (4.5), it is clear that the “n"-number (,V„] 
conservation can be used equally well: ^ fl -fteld lias - 1 while dy 
or has Y„ = 0. Tins demonstrate* [he symmetry between y f and 
i> M . ,.\s 4 matter of fact, ,\ p is. in pntc lice, electric charge Q. Neverthe¬ 
less we do not like to set ti f = Q simply because wc arc disetissirtjt the 
particle-world in which only strong interactions exist while the clcciro- 
magnelism k not yet introduced. Moreover any ortho-normal linear 
coin bin at ions of and are equally good tor two dimensional 
re presentation nf S*. til Lhis sense the electric charge Q cannot be 
!i\cd by strong internet Ions only. Similar situation exists in the con- 
venuomil charge independent theories in which only strong interac¬ 
tions are considered:, rhe third axis (or charge axis} of the iso-spin 
'.pace is quite arbitrary for strong interactions as it should he. and liie 
introduction of electromagnetic couplings fixes the third axis. 

Lei Us observe closely the resulting interaction (4,5L Tor example, 
we can immediately identify |/ J _,. to be basic fields in ihe old 

Sakata model: we can attribute to basic Dirac particles described bj 
$ t , (he same quantum numbers (iso-spin and st rang cues -1 as 

the physical I-panicle and physical nucleon, and all observed haryons, 
mesons and ihcir excited suites will be composed of these basic aclJv 
and their anti-fields. It is important to notice that (4,5> <s charge in¬ 
dependent (S Li.-invariant) and strangeness-conserving. Namely. S ; .- 
invariancc and N p - (or A/,-)conservation lead to a SL.-mvariant and 
strangeness conserving theory provided that the basic Si-invariant 
interactions are of jV-conscrving and of Fermi-type. This theorem is 
analogous [o that for Iclrahedron group described in * 2. U would be 



Cm roup S. umI .unttrtf tf/li'nii'tioflt 


S7 

strongly emphasised that iso-*pins ll n-J strangeness arc a poster]on 
introduced into our theorv fat ihc later stage of (4,5] rather than at 

A modified vers km of the above theorem may be worth to mention: 
Suppose that the basic interactions among basic Sakaia-lidds are S 3 - 
iuvariant, jV-mnsofviiig and A'conserving (N A being “A^’-munber 
defined as: ( ha.s .V i = I while \jt a or^ has .V it — 0). — is -equal 
to si range ncas and A 'con nervation is equal to s t rangcnc s s -conserva- 
iion. Then interactions are SLU-invariant and ican be regarded as 
iso-scalar while tV' r ,- 'A,.! ^ iso-doublct in the conventional Eso-spiia 
formalism. Notice in this version the condition that interactions should 
be of Fermi-type cart be eliminated. 

Another in teres ting way of using this S^in variant model is to iden- 
Lify $ At ^ n , with so-called quarks [14].. Accordingly. ]p A . ^ n , tj/ p 
should have vV-number equal to !, and electric charges Q which are 
multiples of ^ ( but iso-spin and strangeness are not yet introduced), 
5j-invariance as well as N- and ^-conservation reduces a general inter¬ 
action (4*3) to charge independent and strangeness-conserving one 
(4.51. From quark-fields iff i^ fll one can construct the octet version 
of broken SLA-symmctry- 

It should be emphasized that basic Sakata-ftelds i,v 1 . i> n . f p are nos 
unitary symmetric but already broken into singlet plus doublet (broken 
SL ? i in these models just mentioned. However, it is dear that if rhe 
chaos-fields u L P f j are used to describe the Hamiltonian ihe par¬ 
ticle-world looks perfectly symmetric. 

We have thus succeeded to explain how to derive a broken sym¬ 
metric particle-wo rid from the symmetric basis [“chaos'’). Here we 
must admit that our model contains no a priori reasons why dev i a Lion 
from ibe unitary symmetry i.s so slight. This fact must, unfortunately, 
he incorporated with a model on the empirical ground. 

Above disaittiiorta arc based on the fact that a Lie group js T naively 
speaking, split into a Unite group and Aherlan groupls) (corresponding 
lo conservation law(*)) (eg., SUi *-*S^ and 0-coitwrvarioii)- 

Finally we remark cm the full use of all possible regular irreducible 
representations of S*: I,. I §T 2, Provided that the group £j is of 
fundamental significance to particle physics, we may postulate the 
existence of four basic (Sakata-) particles (for strongly interacting 
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purticlffli) corres ponding El> three incquiviilent irreducible rcprc^n- 
tations; of S 3 . These four basic parlidcs exhibit the pattern 

1 H- {i + j_} (4.6) 

su 2 

weakly broken SU^ 
badly broken SU* 

and form the bash of "broken 1 ' SU 4 -schemc. k is interesting to notice 
that this pattern (4 + 6) til four leptons tmuon, electron and two differ¬ 
ent neutrinos i as Weil. I: is evident ihji four basic particles for strung] y 
interacting particles and four leptons show remarkable parallelism* 
which may be regarded as a new form of Ehc bar yon-lepton symmetry. 

It is my great pleasure la dedicate the present article Eo Professor 
V r F P Weisskopf who made really unsurpassed coni ri but ion Eo CERN 
as its director general and from whom I learnl a great deal of physio 
and others. This paper was based on my talk given at Trieste j I.CX P. i. 
Napoli and Qrsay, etc., where many useful comments were gnen eo 
me. I would like eo express my gratitude to Prof, A, 5alarm Prof. 
J. Prcntki. Prof. P. Vitale, and Prof M. Jean for their hospitality. 
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\ INTRODUCTION 

In i he past tew years the analytic properties of the S matrix have been 
explored in detail* especially in applications to strong interactions at 
high energy. It K no! these formal relationships which concern 
here, but rather some simple models which it is profitable to consider 
for their "Aiisch&alichkeit' a * In particular we shall examine relations 
between various processes which arc able to give one insight into 
reaction mechanisms and may yield quantitative information for the 
partial and total cross sections without having many (if any) adjustable 
parameters. 

The characteristic of direct scatterings* including inelastic scattering 
and reactions, is that they generally proceed in a time of the order of 
that taken by the incident particle to cross the strong interaction 
region [1J, Typically* such processes are characterized by small mo- 
men turn transfers, so that the differential cross Sections tends to be 
peaked in the Forward direction. At high energies these scatterings are 
often analyzed by the exchange of (he lowest possible mass particle 
and arc called "peripheral'" reactions, At lower energies their analysis 
hits most often been carried out with distorted waves and the processes 
arc often called surface reactions. The reasons For these names are (hit 
the sms El momentum transfer implies grazing collisions and l he many 
open competing channels mean that any particle which penetrates 
deeply into the strong interaction region has a small probability of 
causing direct reactions. We would like to stress that the analyse* of 
low and high energy direct reactions arc closely related, especially if 
competing channel* are taken into account in peripheral processes. 
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The analyses of the direct reactions we study do make use of distort¬ 
ed waves to describe the sLrcuig interactions which occur in the initial 
and tinal slates, However, unlike lull DWBA treatments, which dc~ 
pend on a LiTge n uni her of unknown parameters [2], the description 
is characterized by few, if any. adjustable constants. A diffraction ap¬ 
proach is used, which is especially applicable for small wavelengths, 
large absorption by compel ing channels, and a short range transition 
potential or operator [3,4]. 

The relationships we shall discuss apply both at medium and high 
energies and allow one to draw on the elastic scattering, for instance, 
to describe inelastic events and reactions. Furthermore, when more 
than two particles occur in the final state, similarities to a reaction 
with two panicles can sometimes he used to advantage. Examples of 
these cases will be given below. 

2 , CONFIGURATION SPACE DIFFRACTION MODEL 

A diffraction model for inelastic scattering can be derived from a dis¬ 
torted wave or adiabatic approximation [5, 6]. We would like to 
adopt a more heuristic approach first, which is based on a physical 



Fig. L Region of Strong 4t!torption. J his is taken |o h< a sphere of radius 8 The 
incident, and litul relative momenta are also shown, lojsefher with the srallerirtK 

angle 6. 

model. The usefulness of this development is its simplicity, although it 
cannot replace a more formal treatment if one wants to place the model 
on a firm base and understand its shortcomings. 

In its basic form, the dilfhicnon model assumes that ihe configura¬ 
tion region responsible for the process can be fairly well localized. 
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This occurs typically because several conditions are simultaneously 
satisfied: I ) the absorption is large. 2) the region of strong absorption 
can be localized and is bounded by a tairly sharp surface (see 
Tig. I i. 3) ihc transition under study is due ui a short range 
tote fact ion so i hru the relevant form factor (e.g. due to the 
particle exchanged^ falls off quite fast outside (his surface. If llic 
above conditions are satisfied fur incident and outgoing particles 
of short wavelength, then the spatial contributions to the matrix 
clement will have a maximum close la the boundary of the absorbing 
region T and for small scattering angles, 0 W the Fraunhofer approxima- 
lion obtains [6J- If the ;>axis is taken along the direction of the incident 
beam, then Tor small scattering angles the large absorption tells us that 
the dominant contribution will come from a surface region close to the 
great circle lying in ihc x y plane and shown in F%. 1. If for simpli¬ 
city, we assume spin less particles in the incident and outgoing chan nek 
then the sharp absorption region suggests ib;u we may use plane waves 
outside this region and ils shadow [4]. The cross section is thus pro- 
portioual to (/i ™ t = 11 


| d V c ' i4f ' '>7(r'*5 (r - *>>((> ’-la) 

1 


m = i 

■I 

Jo 




X T I UkR sin £>}r;(i*. °)1 J . 


(Ifll 


fib) 


where <f>7 describes the appropriate propagator or wavefunction of the 
transferred particle (c.g. meson or neutron) in configuration space. If 
ihc transfer angular momentum is characterized by j then ^ h 
generally proport ion a I to the spherical harmonic K". The integral in 
Eq, (la) is over tile great circle of Fig. I and gives the Lkssd function 
of order m . Because k; ■ R is zero along the groat circle in the .v-r 
plane, the momentum k should be characteristic of the momentum k r 
in the final state. However, lor high incident momenta and small 
energy losses k { A“ f k and ibis assumption has been made in 
Eq. {E). The above derivation is clearly fairly crude and makes no 
direct use of clastic scattering parameters other than the strong ab¬ 
sorption. Is is tor this reason that the model serves as a useful guide 
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for the angular distribution to be expected ill lodasMc scattering* as 
well as in nudeur and high energy reactions, Furthermore, the model 
cart be generalized lo large angles and id eases for which k f is not close 
in k | by various simple devices (4] sueh as using It; 4 k i as the '-axis, 
as suggested by Glauber [7], 

For medium energy nuclear reactions, such as (He\ n) and (s> di 
the above formula or slight variations of tt have been obtained and 
used by many authors [8]. For inelastic scattering of alpha particles. 
Eq, lit was obtained by Blair [6] in the adiabatic approximate m 
liowever, his approximation is cm the scattering amplitude rather than 
on the wavdunction^ and allows him to find absolute differential cioss 
sections, This is also possible in our model, if instead of using u ring, 
radial integrate arc carried uui in Lq. (la) outside the sharp absorption 
region and its shadow [4J, However, in a realistic physical scattering 
[he transition surface is not sharp. Although the use of plane waves 
outside the absorbing region cart be justified on a W.K.B. approxima¬ 
tion, there may be appreciable contributions to the radial integral 
from the I ran sit ion region, where plane waves are no longer appropri¬ 
ate, k is for this reason that the model is less trustworthy for evaluating 
the magnitude of cross sections than it is for angular distributions. 

Despite its shortcomings, the simple diffraction model outlined 
above suggests several features which are found experimentally. but 
which arc not easily deduced from a full DWBA treatment An example 
is the so-called Blair phase rule [£■]- Since vanishes unless 

f+m is even, the angular distribution in the region kRsinO > m 
(asymptotic region) for even j is predicted to be out of phase with the 
elastic (diffraction) and differential cross section for odd j transitions. 
This occurs because in the asymptotic region Jj v j is proportional to 
eos x for m even and to sin x for m odd. In addition, if radial integrals 
arc performed one finds that nuclear reactions with a transfer of 
angular momentum j = |fr r —AJit are preferred [4] if no other se¬ 
lection rules operate, and that natural odd parity states are sup¬ 
pressed in the forward direction [4], 

3, DIFFRACTION MODEL EN ANGULAR MOMENTUM SPACE 

Although generalizations for a smooth absorbing edge [5, 10] and 
for second order effects in inelastic scattering [5] are also possible. 
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these considerations. as well :is those due to spins in the initial and 
final channels, are more easily carried out with an angular momentum 
decomposition. This has the added advantage that st allows a direct 
comparison with, or use of elastic scattering parameters. No assump¬ 
tion shout the absorbing region is necessary. However, the equivalent 
statement of it dominant contribution from a radius ft is the existence 
of a critical angular momentum L ~ kR —from which the major 
contribution arises. 

The representation we refer to has been developed by several authors 
for nuclear physics applications [5, I11 and for high energy wort [3, 
12], Although differences between these approaches do exist, they are 
basically similar and it is this similarity which we wish to explore here. 



Fin. -■ Typical tieluivior of ftcrj, for strong absorption cns<S- L is die critical 

jijgiilir momentum. 


Typically, for strong absorption, we have the qualitative behavior 
shown sn Fig, 2 of Re if, s Re e 3 '* 1 . where d, is the complex phase 
shift for elastic scattering. The Im q t tends to be small but can be in¬ 
cluded in the following discussion. The behavior shown can be. and 
often has been, approximated by the sharp cut off, 


Re J7, = 


for / < L 
for / > L. 


( 2 ) 


but this approximation i> noi necessary. What is needed to simplify 
M w treatment is t fiir instance* ilut Re ij j have the same characteristics 
Tor the incident and outgoing channels. The behavior of r?, ii, further- 
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more, obtainable directly from elastic and total reaction croii *eclions, 
We chilli u-se a W.K..B. trealmcni, similar lo that used by Gottfried 
and Jackson [12]. For simplicity we shall apab neglect spins in. the 
incident and final channels. It is known that in nuclear applications 
tile spin of the target can be neglected, dihough spin-orbit clTocLs for 
the incident and emerging particles may he important. At high energies 
both projectile and target spins may matter. The derivation can be 
generalized by way of the hclicitj. amplitudes [13] ot by other 
means [14], Our starting point is the DWBA matrix dement | L5] 

M fl = o) 


where //' is l he tranffition operator or potential, which is assumed lo 
coni ri time only a small Fraction to the absorption in the incident or tin a I 
channel. The superscripts, - and +. refer to ingoing and outgoing 
wave boundary conditions, respectively. With Use of the high energy 
W.K-B, approximation [16] 


yf (/) = $ exp j^iJk - r- - j l r -{r-i-£.s}d* 


HI 


where <P represen is in tern it I (bound! wavefunctions, such as those of 
the target and tin a I nuclei and U ± is ihe complex optical potential in 
ihe initial or linal suite. If !!’ is of short range, or local, then the rel¬ 
evant coordinates in the initial and linal state become identical. IF, its 
suggested by the earlier model, we take the r-axis along k+k,. then 
i til eg rati on over all internal coordinates gives 


,W rL = J d i re l * ' r ^j(r)>c 
J 

X exp [- j r U '(x, * z'jdz '--f *ir(x, y t z'Jdsr* 1 . (5) 

L »|J-* <f,J. J 

where if is the three momentum transfer, (fj —fc,, and 4^1 r) is the trails- 
ter factor, which remains after the internal coordinate (if any) integra¬ 
tion. has been performed. For deutcron stripping reactions, for instance, 
this is the n-p potential strength multiplied by the wavefunction of 
the captured nudeon. whereas for a peripheral interaction at high 
energy it is the relevant coupling strengths multiplied by the spatial 
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representation of the propagator These transfer factors arc illustrated 
in Fig. 3, 



A 


A-H 

(a) 



Fig. 3. Feynman iliiigrmm^ for ill reel ^trrppsn^ react ion 1.4? 4nJ peripheral produc¬ 
tion of K I' 1 system (hi. The Inimfer lacior, c&«, is reliilciL let the n and K“ in 

these two processes. 


There are at least three eases in s^hich Eq. (?) Cat! he related 10 the 
elastic scattering amplitude |6J. 

(e J “ r -1 P t [™m™0)jc- ik ' r mKW 1 t' (*) 

where 0 is the scattering angle. S t is the phase shift of angular mo¬ 
mentum / and ^ 4 ~ es the elastic scattering wave-funotion for the optical 
potential IT The first of these cases occurs when U y U~ and 
A, m k r , n ( « Vf t a* i* often true when Strong absorption is present in 
both initial and final charnels. The second case occurs when $j(r) is 
of ahort range, and the third one when the main contribution occurs 
at : ^ 0 (ring locus). In all cases we can write 

Mn - I(2/ + J (7) 

r 

where in the first instance ftf « <5 r + « These phase shifts arc given by 



w r hcrc the r" avis is taken along fc,+if r and the identification 
k{x 2 + v J ri = / is to be node. The amplitude is the angular momen¬ 
tum representation of the Bom approximation transition amplitude 

Btlk. j) - I f' dfcos 0) I r dV (9) 

J -t * r 

witls the -same f-Axis as for Eq. (8). I n terms of M u , the differential 
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cro^ section for ct two particle reaction is given by 


d<r 

du 


_*L 

4n 1 y, t' r 


IVI,,! 3 . 


( 10 ) 


For a sharp transit Ion. Eq. (2), we recover the sharp cut-off model. 
However, tlx- most important asset of Eq, (7) ls that it allows us to 
make direct use of elastic scattering results. The phase shifts &f can 
be obtained directly from experiment. The difference from a lull 
□WESA treatment, ri that (here is no need to determine an optical 
potential which lit* the scattering data, and of further using this po¬ 
tential to calculate distorted waves. These intermediate steps. are by¬ 
passed and ihc clastic scattering phase shifts arc used directly. Thus, 
when the W.K.R. approximation is valid, Eq. P? can be justified. In 
this form, but with spin generalizations where required, rt has been 
applied |n numerous peripheral reactions [3, 12), including charge 
exchange processes, tit high energies. 

The cross section generally falls off rapidly with increasing angle 
because the contribution of the small angular momenta is reduced by 
ihc absorption (see Fig- For peripheral or surface relictions* most 
of the contributions to tf n arise from a -^maiJ band of angular mo¬ 
menta, t around t, ^ kR -}. Eq. (7) can also be applied to nuclear 
processes [11, 14], including inelastic scattering. In tact, we can 
recover the adiabatic approximation limit of Austcm and Blair [5]. 
In this instance* wc write out the explicit dependence of the optical 
potential on the nuclear radius R . namely U(r, R). For surface mode 
excitations* the radius R can be written in terms of an average spherical 
radius as R = /?„+«. fhe parameter -at may depend on angle and 
is si measure of Lite ‘surface d dor nubility. To lowest order, the inter¬ 
action potential is then 


AU 


cU(R. r) 

1 8R 


a - d 


The form factor. $ jt is the expectation value, «, of * between initial 
and final states, multiplied by E rj . By using Eqv. i b) and (Si 

with the cxiiCL potential £/ 0 +- A U = U r and comparing it co Eq. (7) 
we Find to lowest order in AU 




Dijfrticrkm modeis- 


'ii 



(H) 


This follow^ because and a has been assumed 

that Ar ( sr A r f ss k. This expression can be compared Lo the expression 
derived by Austern and Blair [5] and shows iheir result cud be obtained 
when the W.K.Il approx i mat ion is valid. 

We see that the impact parameterization or angular mo men turn de¬ 
co niposLiion allows a direct comparison to he made with the clastic 
scattering in a rather simple and visualizable manner. It has proven 
its usefulness both in nuclear and high energy physics. 

4 . EXTENSIONS TO NTREE. PARTICLE FINAL STATED 

Tile diffraction models developed in (he last section and the com¬ 
panion to elastic scattering may also he useful when three panicle 
final slates occur. This is true, in particular, when resonances or strong 
attractive interactions are present between two of the final stale 
panicles. The optical potential then acts primarily on the ccnlcr-ol- 
moss of the:.L' two interacting particles, as is normally assumed for a 
bound system and not on tile Internal (relative motion] coordinates. 
For instance, the direct reaction A(He\ ppiA', where A is an arbitrary 
target nucleus and A' the final nude us. may he analyze hie in this way. 
The optical potential only affects the center-of-mass motion of ihc 
two protons w ! hen they are closely correlated (small relative momen¬ 
tum L In addition, if the quantum numbers and particularly (be energy 
of the resonance or virtual slate are not very different from those of a 
bound system, then (he optical potential Tor the latter may be taken to 
he comparable to Ihe former. For the above example ihc deutcron 
serves as such a bound state, despite its different spin qua mum num¬ 
bers. since the absorption parameters of the optical potential do noi 
appeal to depend strongly on this spin, Because of the spin isospin 
difference of the pp and d, one finds [1ft] 


d a «KHe* + A-» p+p+A y dQ d£ 
A -*■d+A")/dfi 


= (phase space factorjx 




x (spinH&ospin factor) x 


(12J 
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where is the internal spatial wavcfutaction of He 1 integrated 

over nne relative coordinate, ^ is the scattering pp wave function 
for relative momentum q' with incoming waves and is the deuteron 
wavefunction. This ratio is independent of the absorption and allows 
a direct comparison to the (He J r dt reaction. This method should be 
equally applicable for high energy peripheral processes. For instance, 
a relation like £q. f 12) may hold for the ratio 


ir(j£ + + p -> Vf *(1385 MeVJ + K*) 


I. 


>4 + * 4 


^« + +P - i*+k + ) 


(13) 


if the absorbing potential is mainly due to other channel*. The two 
peripheral reactions which appear in I he ratio ! 13* can be mediated 
hy K* exchange (see Fig. 3). If ihus follows from Eq. [12) that in¬ 
formation on the internal resonance or virtual state may be obtainable, 
independent of the Wave-function distortions ill the incident and final 
stales. These idea'- are only beginning to be investigated. For high 
energy reactions, furthermore. SU* and higher symmetries may be 
used to simplify the analyses of 3-body reactions, but this is noi rele¬ 
vant for the ratio (13)* 


CONCLUSIONS 

In the absence of detailed optical potential parameters, the diffraction 
model in its crude or more refined form serves as a useful guide to 
understanding reaction differential cross sections, as well polatfea- 
lions and decay correlations when spins arc included. The conditions 
for its applicability may be met in both medium energy nuclear physics 
and high energy particle reactions. 

I would like to thank Dr. J_ S. Blair and Dr. I. Italpem for helpful 
comments. 
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U INTRODUCTION 

During the hist fifteen years the concept of analytic functions ha* be¬ 
come very* important in elementary particle physics in general and 
field theory in particular. Such functions have been used both for 
phenomenological linings of data and as rigorous mathematical tools 
in the proofs of general theorems. Evidently, these two field* of ap¬ 
plication arc not sharply distinct, The transition region consists essen¬ 
tially of those “dispersion relations'' which can both be proved from 
general held iheorcticul principles and be used for an analysis of actual 
measurements. However* il must be admitted that the class of phenom¬ 
ena where this takes place is ml her limited and consists essentially 
only of forward dispersion relations for re-meson nucleon scattering. 
The philosophy of scientists working with analytic functions range 
from the very strict mathematical position that only those anatydeity 
properties which can actually be proved with absolute rigour from ihe 
foundations of field theory should be used to die other extreme, viz. 
that the whole formalism of field theory should be abandoned in 
favour of the concepts of “maximal analytitity" and unilarity. Ah 
though none of these two viewpoints can claim to have achieved a 
great success or a general break through as far as our understanding 
of the physics of element ary part ides is concerned, there seems to be a 
general agreement that analytic properties of various functions are of 
interest. The uninitiated reader who as not a disciple of either of The 
I wo schools mentioned above usually has difficulties in reading the 
relevant papers. The strict mathematical arguments am often extremely 
technical and not very transparent. The phenomenological papers are 
sometimes based on raiher drastic assumptions, the physical signifi¬ 
cance of which is very difficult to look through. The position we want 
to adopt Ert this note is neither one nor the other of the tw r o extremes 

too 
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mentioned above. Rather, we will try to discuss, on a very low levd of 
mathematical rigour, what we fed io he the physical significance of 
the unalyncuy concept in field theory and elemental particle physics. 
For this purpose, we want 10 consider just one example. To limit the 
necessary mathematical machinery as much as possible we shall con¬ 
sider only vacuum polarization and the ,+ fwo point function". The 
main point that emerges at the end of our discussion is the realization 
that (he analytic cunt if mat ion of a physical quantity off the real axis and 
mm the complex plane can be understood as a substitute for the fJDeragifti] 
over space and if nut which, according to a classical paper by Rohr and 
Rosen fold, is the physical basis of held theory. It lias very often been 
suggested (hat the concept of a held which is based on an idealization 
of u classical measurable quantity with the aid of macroscopic test 
bodies has no relevance for dememary particle physics, and ihat luiak- 
tfcity is a reasonable substitute for the field concept itself. We want to 
emphasize I hat analylioty is n indeed, a substitute for ihe field concept, 
but in inch a way chat as soon as we have analytic functions and want 
to discuss, seriously what happens out in the complex plane, we auto¬ 
matically me something which can be described as a field smeared 
with the aid of a classical space time measurement. Even if this point 
is not absolutely new and can be found in the literature f?) fc we still 
believe it is not generally recognized and that it might be worth while 
to point i:L out once more, 

1 VACUUM POLARIZATION IN QUANTUM ELECTRODYNAMICS 

To illustrate how analytic functions enter into field theoretical calcula¬ 
tions p we discuss an elementary and wdlknown problem, viz. the 
vacuum polarization in an external electromagnetic field. Even if this 
phenomenon is of some practical importance, e.g.. in the Lamb shift 
calculation, in. proton-proton scattering and in ^-particle atoms to 
mention a few examples. we here prefer to discuss a "Gedankcncxperi- 
tnem in bring out the general idea For this purpose, we imagine that 
we have a large classical condenser connected to a high frequency 
generator hi she way indicated in Fig. I. Using classical electro¬ 
magnetic theory it. is possible to calculate the electromagnetic held 
between she condenser plates caused by the high frequency generasor. 
To simplify the discussion as much as possible, we assume that the 
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condenser plates arc sufficiently wide and the distance between (hem 
sufficiently narrow for the etavdeal electromagnetic radiation from (he 
condenior w be neglected. The field that actually exists between the 
condenser plates can be measured with (he aid of a charged classical 
ti^t body introduced in the space between (he plates, [f this measure¬ 
ment could be performed with a very high accuracy, one would find 
that the actual field Observed between the plates is noi list- same as the 
Cancierffi^r 



field which one calculates using classical electromagnetic theory. The 
difference is due to the fact that the electromagnetic field "polarizes the 
vacuum" by creating (virtual or real) etEctroti-positron pairs between 
the plates and those pairs generate a non-vanishing electromagnetic 
field. The quantity actually measured by ihe test body is the sunt of the 
applied external held and the Ibid frtMU the electro n-pos it non pairs. If 
the applied external held i* weak enough, we expect the polarization 
field to he linear in ibe external held, I he analogy between this si tun- 
no n and the polarisation effects in a classical dielectric medium be¬ 
tween the condenser plates need^ hardly be emphasized. For mathe¬ 
matical convenience let us consider the electric current charge distri¬ 
bution between the plates instead of the fields. The two quantities are 
evidently equivalent as one can be obtained irom the other through 
the classical Poisson equation. Both in the case of a classical diefectrie 
medium and in the case of the quantum mechanical vacuum polariza¬ 
tion effect we have a linear relation between the induced current 
and the applied esternal current (,\( of the form 

^-fdVlCfx^^ d) 

W 

The kernel function K{x-x ') in Eq. (1) plays the role or a “dielectric 
constant", both in the classical case and in quantum electrodynamics, 
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We are going U> refer to ii as the ''dielectric constant of the vacuum". 
For invariance reasons, this function depends essentially only on tile 
square of the vector x—x\ The word "essentially" here should be 
understood to mean that the function A' depends on this quantity 
l' wept for the fact that it might have different values in the forward 
and in he backward light cone As a matter of fact this reservation 
has to be made because of the requirement that Eq. (h is “causal" in 
structure. An important physical condition is, of course, that the 
polarization current fl/*{.v) is identically zero For any time prior to the 
time when the external current j“'< * 1 from 1 he high frequency genera¬ 
tor is switched on. In mathematical Language, (his means the require¬ 
ment 

At#—*') — 0 for < JSp, (2) 

Further, Eq. (2j has to hoist in all coordinate systems. i.e„ for all space 
like separations between the points _v and a 1 . It follows I ha I we can 
write 

Jt(jr—*') - 0 for (a-v'I 2 > 0 and for x 0 < V 0 * <T) 

Consequently, ihe function -.r'l is an expression which vanishes 
identically ii> a rather large domain in v-space. As is well-known, such 
a function has a Fourier transform with certain analydeity properties. 
For the particular case under discussion here, wc can write 

K(x-x') - • 1 f Apc^-^n^l (4) 

- ff(p J J+ix Ii{p : ) + renormalization terms, 1.4a) 
I Po l 

The function ristip 1 ) is referred lo here as l he b+ rtHarded polariiiiLcun 
fttttetion". The terminology ’Teiarded"' dearly comes From ihe fact 
Lbai the function K(x ■.v’ j vanishes as indkaicd in Eq, (3), Equation 
(4a) splits the retarded polarization function m a real and an Imaginary 
part. In general, it is to be expected that the Fourier transform of the 
dielectric constnru as defined in Iq. (4) should be a complex oumber. 

' I n lechrucal !□ nonage, this nii-nm that K is jmurUml only under Lurrnlz tmill- 
fotm&liom not involving time reflections. 
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This is true both in the classical case and in quantum electrodynamics 
The imaginary part of such a frequency dependent dielectric constant 
is rcEsited to a possible energy dissipation in [he system. Classically, the 
imaginary part corresponds to < he losses in the dielectric medium be¬ 
cause of the work necessary to change the polarization of the molecules. 
Physically, these losses make their appearance in a heal dissipation in 
(he condenser Quatiiummechamcttlly, the imaginary part corresponds 
to the possible creation of real pairs which leave the condenser and, 
therefore, do not belong la the system under consideration any more. 
The analytic properties referred to above turn out to be that the func¬ 
tion fln(p 2 ) is an analytic function of p 2 regular for all complex values 
of p 2 [is well as for spacelike values of p l . Introducing the variable 
defined by 


J « + — p 3 - p 1 . 


(5) 


Wi: can understand the function H^[p 2 1 as the boundary value of an 
analytic function /7 ft (z) regular everywhere except on the positive real 
axis. Using standard Cauchy techniques one then finds that the real 
and imaginary parts of the boundary value of this fu net ion are related 
through a ^Hilbert transform"*, viz. 



w here P in the denominator indicates that the principal value has to be 
taken. Fun her. the complete analytic function fJ^z) can he written 
in the form 



Equations f4>—f7) arc an example of whal is normally referred to as a 
“dispersion relation". Indeed, Tor the case of a classical dielectric 
medium, the corresponding relation which looks nearly identical with 
the equation written out here was the first important case where a 
dispersion relation was discussed [l] r Also in quantized held theories 
this was actually the first case where dispersion relations were ex¬ 
plicitly given 12]. We have re derived h here., lining essentially standard 
arguments. However, one point, jn particular, should be emphasized 
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here, One very often finds the $ Lute men t in ihe literature that dispersion 
relation* are based on the condition that com mutators between various 
operators vanish for spaedike separations. It should be noted ihtU the 
argument above contains no reference at all to this point, but only the 
“classical" condition that the kernel A(-v - a ' > appearing in Eq. (1) is 
“causa I'\ Le., That il vanishes for all points such that v is earlier than 
x\ This is the basic condition which yields analytic properties for 
various functions both in classical physics and m field theory. 

3. THE VACUUM POLARIZATION KERNEL AND THE COMMUTATOR 
CONDITION 

As Was mentioned at the end of the Iasi section* the analytic properties 
of the Fourier transform of the vacuum polarisation kernel AT _v — .v“ i 
follow from the causal condition stated in Eq- (2), However* because 
of Lorentz invariance this condition is immediately generalized to ihe 
stronger restriction given in Fq. (3), i_c- that the v-space kernel van¬ 
ishes not only when A fl is earlier than x r 0 hut a bo for all space! ike 
distances a -x\ As a matter of fact, this Iasi requirement which fol¬ 
lows from tbc combined condition* of causality and Lorentz invariance 
i* related to the vanishing of a commutator of field operators for space- 
like separations. To discuss this in more detail, we remark that ihe 
kernel A' can be related to a vacuum expectation value of a product of 
two current operators with the aid of a “reduction formula" in the 
following way [3]: 


3jjA'(.v- a' ) = i(Hx- x p J<0| L/^-vJk + renormalization 


terms, (8J 



for x 0 > x 0 
otherwise - 


One sees immediately from the right hand side of Eq. (8) that the ex¬ 
plicit sitp function Wf.v-.v') guarantees the classical causality in Eq. 
(2) while the stronger condition in Eq. (31 which is requested by 
Lorcntz invariance implies that the commutator between the two 
current operator* nit the right hand side of Eq. (8) has to vanish for 
spacelike separation* |4].. The renormalization terms not written out 
explicitly mu Eqs. (4a^ and |8) do not influence ihis conclusion ns they 
are of Li point interaction character, i.c., they are proportional to a 
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r'i-runmton or b rather* derivatives af a ^-function ai the point x = x\ 
The imaginary purl of Lha Fourier Lt&nrfont] Flip*} in llq. (4a) can 
he separated out from Eq. (Sj, It h essentially given by the right hand 
side hut with the step function suppressed. More explicit] y\ one ha* 

WteMfrYW » “4 fd P e ljK ^*Vm/Wp)- (9) 

(2*)J 

Equation (91 here is quite interesting as the momentum space ex¬ 
pression appearing on the right hand side has a structure which h 
somewhat similar to tlw configuration space expression on the right 
hard side of Eq. fS), In particular, ihe function under the integral sign 
in Eq. (91 vanishes unless p ha*, a positive time component. For in¬ 
variance reasons it mu.st therefore also vanish for spacelike values of 
p 2 > Physically, this is quite reasonable because the imaginary part or 
the dielectric constant corrsponds to the creation of real pairs in ihe 
experimental apparatus of Fig. 1. The vector p Is the total energy 
momentum vector of the vt at particles which are created by [he exter¬ 
nal fidd< Con^Uentl:y T this vector must be time like. L sing standard 
arguments it ihen follows that the left hand side of Lq. (9) cam be 
extended to an analytic function in configuration space. Indeed, one 
has 

= boundary value of il[i) t (10) 

F(z) - - 3 i j da aU (—a)J e+J (z, a), (10a) 

—* (m 

( -! it ) J stt 

- = (*—£’)*-U-.s'l 1 . (10c) 

4. PHYSICA1 INTERPFUTATKIN OF THE x-SPMJH I UNCTIONS Hit- 

At rht first moment, the construction at the end of itu- lust section 
appears to he very format and mathematical. Off hand, it is not easy 
to give any physical meaning to rite function Fu) for complex values 
of the variable : in liq, ([Oct. The normal terminology is also that real 
values of the variable ; correspond to "physical points" while points 
out in the complex plane are referred to as “the unphysical region". 
We shall try to make the point here that this terminology is quite mis- 
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leading and that tht reverse nomenclature would really be more ap¬ 
propriate. To substantiate this somewhat paradoxical statement we 
remark that, according to well-known principles in quantum held 
theory, I he really observable quantity is not ihc field as such hut. 
rather, ;i >pace time average of the Ek-id. The physical background for 
[Jus goes back, as has already been mentioned in the introduction, 
to an old paper by Bohr and Kosctifeld [5). More formally, rhis 
means ill at the really observable quantities arc expressions of the 
form 

;*{/)= \dxf{x)u*)' (li) 

v 


where/00 is » ‘Hesl function**. It Is a smoothly varying function which 
is appreciably different from zero only inside a small space time region. 
The extension of this function in space corresponds to the extension of 
the classical icsl bodies which are unci! to measure the current dislribu* 
lion I while its extension in lime corresponds to the lime interval 
which is necessary to perform the measurement. For our purpose* 
it is of particular Interest to consider the Following test function 


m 


i 
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1 

*' + (* q - Tf 




( 12 ) 


Here, we have permiited ourtdves to use the idealization that the test 
body has no extension in space while the measurement of the current is 
supposed to be performed during, a time interval of the order of magni¬ 
tude at. tu the limit when t goes to zero, Ihc test function in Eq. ( I2l 
becomes a ^-function also in the time coordinate. Using two rest func¬ 
tions of this particular kind, one centered around the point ( Y, T) and 
with a time smearing x and the other centered around the point 
iX'. T) and with time smearing interval s', one can substitute in 
Eq. (10) and perform tile integrations over x and jc\ After a straight 
forward calculation, one finds 


<wj)urm = 


- —3i | d«trrf( -n)d , + l (z,fl) = F{z) t 


(13) 
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The chargeE eristic feature of the resuh exhibited in F.q. (13.) is that we 
obtain the analytic function defined in Lq. (iQa) evaluated at a point 
iiui in she complex plane and not ai the real axis* The imaginary part 
of the variable r in Eq. (13a) is essentially determined by the sum of the 
lwo smearing parameters z acid & r . Tn this. way, we see that the use of 
the analytic function Ftz) out in the complex plane and not of its 
boundary value car be thought of as a replacement for the smearing 
over Ilse functions /( \) which should always be used if wc warn to 
discus measurable quantities in field theory. In fact, we see that it is 
impossible lq reach the real axis without making the idealization that 
the time smearing interval a can be put equal to zero. Strictly speaking, 
this is an unallowed idealization and. in this sense* the real physical 
points are the points out in the complex plane and not the points on t he 
(positive) real axis. 

The discussion above contains the ideal i/a lion that the spatial 
extension of the rest body is neglected. From the point qf view of 
physics this is not allowed. However, if we replace the three-dimensional 
d-fund ion in l q. (12) by a smoothly varying function which is differ¬ 
ent from zero only in the neighbor hood of the point -7, this only 
changes the result (I 3) to eont a in an average of the fun cl ion F{z) in a 
neighborhood of the complex point r but still far away from the real 
axis. By suit able adjustments the domain over which the averaging h 
made can be made arbitrarily small. Therefore, U appears that the 
averaging in time is more esgenlbl than the averaging over the space 
coordinates [6]- 

5 CONCLUDING REMARKS 

The discussion above has purposedl)r been made very staple and elc- 
iTteninry. The main purpose has been to LI lust rate how the anatyt icily 
concept which plays a significant role in some modem approaches to 
quantized Held theory can be understood and interpreted on an In¬ 
tuitive level. To simplify ihe discussion as much us possible we have 
restricted ourselves ta one particular phenomenon, viz. vacuum po¬ 
larization in quantum electrodynamics and one mathematical ex¬ 
pression, viz. the vacuum expectation value of a product of two opera- 
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tors. However; it shnul-d he reusonEibly clear from 1 he argument above 
that both the methods and the results are not limited to this particular 
problem, Especially the smearing process discussed cn section 3 can, as 
wdl P be applied to a product of n operators as to a product of 2 opera- 
lor^. Also, the main remark of the discussion in sections 1 and 2 t viz. 
that the analytidly properties in p -space follow essentially from she 
retarded character of the corresponding x-space functions and that she 
vanishing of she commutator is necessary to guarantee Lorcntz in¬ 
variance bul does not really correspond So she basic aiaalytfeity re¬ 
quirement^ can be applied to tiler more complicated ease of a product 
of ft operators. However, the formal mathematics gets more and more 
involved the higher the value of rt and we do not want io enter upon 
ihe rattier intricate mathematical formalism which is necessary to 
discuss the general case. 
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INTRODUCTION 

The material presented herein is not new; (he results have j!L appeared 
in the literature, derived in most cases by elegant application ut L group 
theoretical techniques. Nevertheless, the possibility of understanding 
the relationships among the static properties of the haryons in terms 
of relatively simple physical ideas, following from the assumed sym¬ 
metry properties of the fundamental interactions among the "ele¬ 
ment ary” particles, may be of more than pedagogic value providing, 
as ii does, a concrete physical model in terms of whieh such symmetry 
schemes can he visualized by use of concepts which have become, 
through usage, part or the stock-in-trade of most practicing physicists. 

The examples considered in this note will be confined to three such 
symmetry schemes, namely: 

(I i The doublet model, suggested by Schwinger and developed by 
him, by Pais, Gell-Mann, Sakurui. and many others, in which the basic 
symmetry gives rise to Tour isotopic doublets of baryons: (he nucleons 
N = (n. p) of hypercharge Y = I; two Y = 0 doublets, Y = |I", 
Y° ^ v '1(I*-j 4*)) and Z - (Z D = v HX°+A% £~y. the V - -I 
cascade doublet. E — (E°,E~l The interaction with the it-roeson 
field is such as to maintain the complete degeneracy of these doublets. 
However Ihe K-meson interaction removes this degeneracy, causing 

* Considering (hut some of ihc ideas expressed in Jhis note v-efe devdoiwd- 
diuTn$;Ehe a uLihGTj stayat CL'UN, in the uendemicytar I960, and that the approach 
owes uiudl of iLs inspiration, io the example caniiStcHlly v-r by Viki WrisskopU of 
LiniJcFRiaTiding cnrnpl.es phenomena in terms cl elemrnlilry ideas, it a pleasure 
jipdl j privilege to dedicate thu modest opus to V. F_ Weisskopf. 
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the? Y = 0 baryems to split into u singlet* /t°, and a triplet Z — 

I Z \ I° r I" i. In addition, the infraction causes the mussch, of these 
pa nicies to be different, as well as a. separation of the masses of the N 
and ~ doublets, 

i 2) The Fermt-Yang-Sakaia model, in w : hicb all the observed par¬ 
ticles (mesons and baryems} arc regarded as compound states of a 
basic baryofi-triplet Ip, n. A 1 *). The fundamental interaction is such as 
to be invariant with respect to [he interchange of any two members of 
the iriplet. 

(3) The octet model of Gell-Mann and NVeman, in which ihe baric 
symmetry among the baryons derive from the eight-fold representa- 
1 ion of the group SU(3j. thereby including the eight observed baryons: 
the N-doublet (Y = I j, the 4 “-singlet and I-triptet ( Y = 0) and ihe 
^doublet ( Y = —I). 

BARYON MASS FORMULAE 

11 > A charge independent interaction among Lhc baryern doublets 
ill rough the K-meson held has the effect of mixing the Y = 0 doublets: 
in addition, the possibility of a K-mcson interaction which depends 
linearly in the hype rc barge, Y t has the effect of splitting the mass 
degeneracy between the N-and ^-doublets. Such an interaction can be 
described in lerm.s of the effective Hamiltonian 


— A 3+ ittY ' T^ i 


The eigenstates of this Hamiltonian are N\ I and S. with the 
masses (total energies) becoming 


A/^ = Vf p -h a 
Afg = M D -a 

M t - M a +ih 
M a - Mo-P 


d> 


from which follows the relationship 

„ m h +m m x +M A 

Me ■ 


2 


4 


(2) 
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Substituting the known masses 

1128.2 ' 1173.5 MeV. 

n difference of 45,3 MeV- Although this discrepancy is small as com¬ 
pared to Mq {as 4%), it is appreciable when measured in terms of 
the strength of the symmetry-breaking interaction in - • 189.3 MeV, 
h = 77.5 MeV). 

{2\ The FermFYang-Sukats model encounters severe difficult its in 
attempts to derive (he properties of the olher observed baryons, I 
Lind E, One possibility is to consider these as compounds of two mem¬ 
bers of the Lriplct plys one anti-particle, i,e. £ = JVN/I K E = lN/1, 
Considering such a model in analogy with linear trial critic molecules, 
Yamaguehi was able Lo choose interaction constants such as to satisfy 
the observed mass differences; however, this model leads to the pre¬ 
diction of two new- compound baryons with masses comparable to the 
others. N p - NNN and X = N,lN (strangeness = +1, or Y = 2), 
neither of which exists in nature in l he mass range predicted. Further¬ 
more. according to this model, the compound baryons should all have 
spill J" . 

A more sophislicated model starts with the (p, n H /!**) triplet as a 
3-fold representation of the group SU(3J. The combination of a 
baryon and an antFbaryon then gives rise to nine mesons, as per the 
following table: 


Taiiz j 

Mesons ubtaEned from l he Permf-Yaita-SaUiii- Model 


r 

/ 


Conablcat ion 

PunikzKe 

0 

a 

0 

v1W+«B+^) 

oi* 

0 

0 

fl 

v'l(pp-pl!-iO) 

n 


0 

l 

1 

PH 

Jl -1- 

P + 



0 

T, J ilpp-tlR> 

0 




—! 

"f 

7 f~ 

P~ 

t 

1 

i 

pX 

K* 

K*~ 



-* 

a 

K* 

k** 

-1 

1 

i 

At 

K* 

K« 



-i 

At 

K- 

K*- 


These do correspond to the observed pseudo-scalar meson octet and 
to the vector meson singlet and octet. 
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However, the nest step, ihai of obtaining (he other observed buryons 
by the combination of a basic triplet Of baryorla and an octet of mesons 
does not lead eo the observed particles, since the combinations 

3®B = i©6®i5 0) 

none of which multiples corresponds to any of she observed bury on 
groups. * 

The difficulty here, as is well known, arises from the fact that the 
baryon Eriptcl is not %jfm metrically placed with respect to the Y vs t 3 
(or Q vs aAts, Many schemes have been suggested for overcoming 

this difficulty, of which the most popular al the moment is ihc one 
in which a symmetncnl triplet of baryons whose charges are multiples 
of 1/3# (the quarks of Gell-Mann) is substituted for the Fermi-Ysmjsp 
Sakata triplet. Since most of the consequences of these models, as far 
as the known baryons are concerned, arc the same as those obtained 
by starting with a baryun octet* wc shall confine our attention to the 
Latter model 


V 


n 

» S 

I~ 

® l 

- ® P 

> i » 

-i -ii * 

V $ 1 


- 




Fig- U Y vs /j Car the baryan octet according 10 5170.1 


(3) In the octet representation of £lf(3l the eight observed baryons 
are symmetrically ptaced with respect to the F-/j axes, with one place 
(Y - 0, /j =0) being occupied by both the I°(I = J. I 3 = 0) and 

* Ahcmiinvcly, we could ttlfi ihe full Corvlpuncnt u\ nine mtwns, or 

b ® s = j 0 3 & 3 - 3a 3 a se 15 in 

whkh itots iitK hcLp. 
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the A*(l = 0, /j - 0} (see Fig, 1)» SU(3) xymmetry requires that the 
idleriiclion properties 'ihn.H he invariant with respect to a rotation of 
these sixes by 120 . Under such a rotation, the new vertical axi.s cor¬ 
responds to the charge, while the horizontal axis represents the third 
component of another conserved sector, the ENpin (Fig, 2), Such a 
rotation, however, Scuds to a mixing of the 1° and such that the 
new combinations become Y° - J(“£ d + V '3 1°J, corresponding to 
U = l t f/ 3 = 0, and Z n = \( x 32*+A°) for which U = 0. U, - 0. 

-0 


® - 


£“ 

e 


-□ V"r!: a (-I*4« A*) 

r « j a, i ffl n 
2 °: Vz(/fl s -A B J 


ft 

z* 


® 

D 


1J 1 


FLb- 2- The bciryon octet \n Q-l\ space, obtained hy rotation at Fija. I through 

120 decree*, 


The symmetry-breaking interaction (which leads Lo tile mass spli;- 
ling}, is chargc-iadept ride lit. i.e,. a scalar in /-space. However, if wc 
lake it to have the properties of a vector in //-space, sve may assume a 
Hu mil lonum of the form 

H=A + BU 3 , ( 4 ) 

In this case, considering the D-spin triplet 

\f 

Mya Wo —* JA/jt + 

(note Lhat there is no off-diagonal I M> - 1“ matrix element, since /-spin 
is conserved by the symmetry-breaking interaction) and 

M n « W 0 + 6 . ( 5 ) 
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Combining these, we obtain (he famous relationship 

M n +M * 3M a + Mj 

2 4 1 

which yields, for the known masses 

U2S.2 -L 9154,8 
which is excellent agreement. 

In the case of the S = 4* deect, [N’t/ - 4), Y*{f = i t, “*( / ^ j), 
£1 (J - O jJ, we may apply the same interaction i Eq. 4) to the negative 
L-spin quartet [N*“{£/* = 4 }, Y?" (t/ 3 = V }, =’~ (U s - - J). 
O' (Ui = -4)1, giving 

Wfj. = M„+-Jh 
My,« — Mj+jfr 

W x ,= M n -ih t 7 ) 

JVf D - = M 0 -$b 

or the observed c 4 uaks pacing rule. 

These are, of course, special cases of the general rute of Ccli-Mann 
and Oku bo 

M = M 0 {i +uY+b[t {/+1 )-Y 2 i*)l ( 8 ) 

electromagnetic mass splitting 

(J j On the doublet scheme, the universality of I he piou interaclioD 
predicts for the electromagnetic mass splittings within the baryon 
muJsiplets 

jV/j, S Af rt>“ A/±; - . (9 ) 

Experimentally, M n - \f p = L30 MeV, while ^ -6.5 

± 1.0 Me V. This discrepancy could hardly be removed by the (weaker) 
K-meson interactions, 

i2'\ Since the predictions for the IcrmbYang-Sakatu model are 
dependent on the details of how the observed baiynns are constructed, 
U vs not especially fruitful to consider its predictions in this case, 

(3) To obtain the dectrornagneiic splittings for the octet model, we 
note that the electromagnetic interact tons are £-spin independent, 
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j.c,, ihey are ihe same for all member* of a given £/-$pin muKipleL 
Thus, we have for (he baryons (Fig. 21 

A \f s - — fiAii 

SMga = <5M, (10) 

SM t . - 5M P 

or, combining LhcS* 

(AMj.-iM*) - (SMj- -AM, (II) 
The measured values yield 

16.5 ±1,0) = (7.7 ±0,3)** 1.3 = (6.4 ±0,3} 

in almo*( toe-good agreement. 

Similar considerations can be applied to Lhe electromagnetic mass 
*pliitirtgs within the $ = J + deed. 


MAGNETIC MOMENTS 

(I > On the doublet model, since the pion interactions are identical, 
the moments, neglecting the symmetry-breaking effects, are 


Pe “ fir* - -Pi- = “Ml* 
Pa ” fly" = - f‘i' s " -p#> 


(13) 


The relative signs arc obvious from j consideration of she form* of Lite 
charge-independent pionic Yukawa reactions, c.g,. 


P ^ -^IPrt 8 +^^Mt + 

Z~ m 

Recalling the definition;, of the Y' J and Z° particles ill lerms of I ’ and 
I st (section 1 of the Introduction) and noting that the magnetic mo¬ 
ment operator doe* not mix doublets 


one easily obtains 


<Y°|tfZ°> = 0 


(14) 


Pa* = Pi a = “ 0 

iSji.p = (d r, |jd£°) = ’ §tMv n Pz°) ~ ~Pi* 
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(2) 1 he moments obtained on [be basis of ihe Kenm-Yang-Sakata 
model are,. again, highly model dependent. However, the symmetry 
imposed by SLf<3) bads to a set of relationships among which 4he 
Sakata model may be considered as a special case. 

i? i 1 here arc a number of equivalent ways of deriving the relation- 
^bips among the magnetic modem, according to SL(3 ;l The most 
ssrakhltorward is to lake advantage of the fr'-spin independence of the 
e I eel ro magnetic interactions, i.c.. that the moments must be the same 
for all the members of a pin multiple!. Hence (see Fig r 2) 

Pt* ^Pp 

Pi- ™ Pi* (17) 

^rv “ - 1*1 - 

Confining ourselves, lor the moment, to the relations among Lhe 
neutral baryon s, we may obtain another equation from, among a 
number of possibilities *„ the condition that the matrix element of the 
magnetic moment operator vanishes between the U y = 0 members of 
the CAspin triplet and singlet 

<Y* = i£-I°+V34 0 )JrfZ° = i{v'3I°+/!“)> = 0 (]«) 

which yields 

— i % / JjUiu + 1 v ' 3/tgii + _ jt* = 0. 

Eqs. (19) and fJ7j can be yeamtngcd to give 

Pi* _ 3jU^u _ * 

Pn 

Pa*-x* _ Pa* 1 _ | 

P™ P» 

which arc plotted in Figure 3. 

* Oltier, equivalent condemns ttadin^ to fcq.. 19 axe; betmvror of the electro- 
niHgnrEic inlcraction g.i it vector kit \ -spucu (the spuL* obtained by rffliiEmij rhe 
rt.!wHi of M i^'jjl! 2 Iw (20 Uc&rctvk; adopt ion of an analogous GeLt-Mann, Oku ho 
LOrmutu fnr J(w momcnijj 

it - A + emu4- 1) 


£19) 

(201 

( 21 ) 
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This is as Far as we can go with SLTf3} without soeuc Further as- 
sumption relating to llie origin of the baryofl symmetries. Thus, For 
example, we might adopt the Sakata hypothesis that the dL-etromHg- 
nctic interact tons are Invariant with respect to the ope ration n ^ i". 
In. this case 

ttjfi = A. t 2 2a> 


leading to 


Pi° = A. 

” °- 


<23w > 


However, we know rlifit the Sakata triplet doe?, not give rise to the 
observed bnryon multiple! assignments. 



Fig. 3. Retntom niuong the maanetic moments of th« barynm accents, t to su(3j. 
Thu solutions for the model nnd for the murk model jj-e Imlinttd 

Al tentatively, we can start with a triplet of quirks B’ = <p\ n\ ft 
of fractional change {je, -$e, - }t t and fractional hyper charge 
(y s J T f, -t)and construct the bnryons out of the combinations 

B* ® B' ® B’ ■ I € ! $ 10. (») 
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In this caiie. the condition of invariance with respect to n' ** ,f leads 
to * 

— — p^ (22 b) 

from which follows from Eqs. (20) and (21 } r 


Pa* — hk = ~Ppy 

= “i vW 


(23b) 


Recent measurements of the .1^moment (Hill, Kyeiu T ?i af,) have 
confirmed the first of these predict ions. 

We may now return coEqs, (17) for the predictions of SLJ(J) for 
the other baryons. /i 2 . and a rc immediately given in terms of the 
known nucleon moments. One additional relationship serves to deter¬ 
mine the rest. This ma> be obtained from the observation that (he 
dcclru magnetic interne lions behave as a vector in /-spin space (Lc,, 
p i Ij within a given /-^pin multipku. Hence 

Px* = (25) 

which, together with Eqs, (17) and (21h? give* 


Pi- ^ Pi- = -Ub+Pul (26) 

Thus, h\ straightforward application of the symmetry requirements 
of the SU{3)-quark model, one can obtain the moments of all the 
haryon- mi tem^ of those of (lie nucleons. It is now well known that 
this set. of relationships becomes complete with the further predict ton 
of the SUihhquark model of 


& - -I- (27) 

P n 


* Specifically, ihc v^fu^nn^ of [he otf-EiiH|$oniil mdinn elements for t'-spin 
eigf nhtal^v StfflllKJ tiy ItliS •.■pern I ion. 
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Recently several groups of physicists hnvc carried out very precise 
measurements of cross sections for pro ton-proton and pion-praton 
elastic scattering in the Coulomb interference region fl f. The observed 
results can be understood most easily if one assume* the existence of 
large negative real part for the forward scattering amplitude, At 
present this interpretation seems to be somewhat ambiguous In par¬ 
ticular, in the case of proton-proton scattering, possiblespin depend* 
cnee of the forward scaitcrina amplitude must be explored carefully 
before one can draw firm conclusion on the real part. H owever, if this 
interpretation is essentially correct, it will enable us to study the struc¬ 
ture of strongly interacting particles in greater detaih- 

Ti has been pointed out already that ihc sign and magnitude of the 
observed real part may be explained if one assume* Rcgge poles of 
reasonable properties [2], In the absence of relativistic theory of Regie 
poles, however, it is doubtful whether such an approach leads us to a 
better understanding of high energy physics beyond the level of phenom¬ 
enology, 

Tn another approach the real pari of the scattering amplitude i% cal¬ 
culated by means of the forward dispersion relation Using the observed 
total cross section as input and assuming simple energy dependence of 
the total cross section al higher energies [3], The result of calculation 
seems to agree reasonably well with the observation. In this approach, 
however, ji will not be possible to find out whether or not the expert 

* Supported in part by the U.$. Office of ^aVaS RcirareJl. 
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mental result* contradict the dispersion relation itself because the 
calculation depends on the assumed value of the total cross section 
at ultra-3 1 igh energies which iv guaranteed to he unobservable by any 
future accelerator. This situation may mi be improved substantially 
until b dynamical theory of strong interaction is discovered which 
givey n definite prediction uboui the- behavior of the scattering ampli¬ 
tude at finite us well as infinite energies. 

In ihc absence of such a theory, it may not be pointless to ask 
whether or not the present dispersion relations can be used in such u 
manner that the influence of the asymptotic behavior of the scattering 
amplitude is eliminated, or reduced Ets much as possible. In this note 
we should like to descri be briefly some results of recent efforts initiated 
by this question. In the first half we shall discuss new type of sum rules 
satisfied by the real part of the forward scattering amplitude [4|. The 
method developed for I his purpose was found to be useful for the 
study of the relation between the asymptotic behavior of the forward 
scattering amplitude and that of the ratio of the real and imaginary 
pans of the scatter mg amplitude [5]. This wifi be discussed in the 
second half 

In order to emphasize the usefulness of these sum rules, it will be 
appropriate to call attention to an important development in the held 
of axhmatk field theory. Recently Hepp |6] has shown that the Leh- 
mann-Syman/ik-Zimmcrmann formalism of quantum field theory can 
be rigorously derived from the Wight man axioms, and also that i he 
forward dispersion relation (for pi on-nucleon scattering) is valid and 
requires only finite number of subtractions in Wightman iheory. This 
is the first time that the nniteness of the subtraction procedure was 
actually proved- With the result of Hepp and the new sum rules at 
hand, wc are now in the position of making on experimental test of 
some consequences of axiomatic Arid theory. Mo longer axiomatic 
field theory is as far removed from the physical world as it once seemed 
to be. If any disagreement were uncovered between the experimental 
data and ihe sum rules, we would be forced to reexamine some of the 
foundations of local field theory. 

For the sake of concreteness we shall limit ourselves to pi on nucleon 
scattering. We denote by £ the total energy of the incident pi on in the 
laboratory' system, and by / ± ( E) the forward scattering amplitude 
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For Ti ' p scattering, respectively. Wc shaiI be concerned exclusively 
with the symmetric amplitude /(£> defined as follows: 

RE) - i[/ 4 (£ )+/-(£ )]-nucleon pole terms. (I) 

As is well known from axiomatic field theory./(£) lias the properties: 

■ i /( E) i> analytic in £ and regular in the cut £ plane with cuts 
running from — v. to — ft and from fi la + oO* 
ii)/(£+iO> =/*(£-i0) t 
iei] /(E+iQ) = /(~£-i0) t 

jv) uni tartly requires that the discontinuity Jm/fE+iQ) on i he cut 
£ > fi is posinve- 

ln general the discontinuity ImAE+iO) is a tampered distribution. 
Thus it is necessary to regularize it over a small interval of values of E. 
Wc shall assume that this averaging is already done and Ini AE+iO) 
is continuous on the real E axis. 

if we denote by/{ £, cos if) the scattering amplitude as a function of 
energy £ and the centcr-of-mass scattering angle f). It is subject to the 
inequality 

VJ |/(£, cos 0)| < C|£l*. for £ - t», 
for any cos ft inside the Lehmann ellipse, as was shown by Hepp [6|. 
From this and the unitarity condition it Follows that 

|/(£)| < C[£| J (ln IEI)* ffl 

as |£‘| - co in all direction in the E plane. This property was derived 
for real /■’ by Greenberg and Low |7|. h is generalized to the case 
|£| — jc making use of the Phragmcn-Ltnddhf theorem [&]. 

The properties if... v) and (2) are enough to insure the validity of 
the dispersion relation for/(£) with at most three subtractions. How¬ 
ever, if one adds to these conditions the physical requirement that 
Im / Re I docs rot tend to zero as £ — + oc t (2) cati he replaced by 
the stronger inequality 

[/(£)! < Ci£| ,_E . a > 0, (3) 

for |£| -* x- [9j. Wc wish to stress that the requirement 1m / Rtf -* * 0 
as £ — x has not yet been proved to be a consequence of axiomatic 
field theory. Nevertheless, it seems to be a reasonable feaiuix of theory 
which has an infinite number of open inelastic channels as E -* oc% 
From the assuvnpliont i) - - - viand (3) it follows ihai/(E \ satisfies 
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the iwice subtracted dispersion relation 


nt) jm 


- L E'iE^—E 1 ) 


(4) 


This relulioii. or more exactly the analytic properties it implies, can, 
at least in principle, be tented experimentally. In practice, however, 
the rotation (4 i hast two disadvantages. The lirsE is the fact that il in- 
vdives integralions up to infinite energies. The second is that, ns Im 
E -r 0, principal value integrals have ia be uwxl in (4). Both diaad> 
vantage* can he avoided hy converting the dispersion relation (4 1 into 
sun rules for Re/{£), Although it is a direct consequence of (4k it 
gives for practical purposes a better tool Tor iesling the consequences 
qf local Field theory. These sum rules also shim explicitly the fact that 
a farge and repulsive real part at high energies, if maintained lor a 
certain large energy range, will lead to a contradiction with ?4i. 

To derive the sum rules, we shall consider the Function 



nn-m 


d L\ 


Tm E > 0 T 


E5) 


where the integral mu path should lie entirely in (he upper hall’ £ plane. 
Now, dividing both sides or (4.1 by £*, iiNerchanging the order of 
integration, and integrating from 0 to E along (he radial direction, wc 
obtain, after taking the real pans. 


R esrfCj 



'ni/lCI, 

E "1 


£' + £ 
£' - E 


0 < arg I: < it. (6) 


We note that In |(E'+£)/(£* -E)\ £ 0 for 0 £ arg £ £ it/2. Since 
1m /(£") > 0 for £' > fi. we see that Rc #(£) > 0 for all E such that 
0 £ are £ < r 1 In particular, for pdsltive real E wc obtain 




, Re/(£ )-/(0 ) r|F , _ 1 


’f 

kJ* 


* £' 3 


r+E' 

£' — E 


(7) 


The integrand on the right-hand aide of (7) is always positive. If the 
integration is cut off at the maximum energy, E m , for which one has 
data on the total cross section, one obtains an inequality which should 
be satisfied regardless of the actual value of the total cross section at 
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super-high energies: 


E «J, £” 


£' + E 


r-E 


( 8 ) 


It is evident from (7) why a large and negative Re/is dangerous to 
OJiatytichy, The present data givc t roughly, Rc/~ — c£ where r is 
□ bout i/2G?t of ihe total cross section, (er + -hix_ )/2 = (4n/Jt) Im/_ 
Clearly such a behavior, if maintained to higher energies., will not 
only make the left-hand side of (7) smaller, buL might even make it 
negative for large enough £. 

In an actual comparison of (7) or (P) with the data, one has to know 
Re / in the unphysica! region 0 < E < ju. This can be obtained from 
Ehs? dispersion relation* ll is well known that the dispersion relation is 
reliable for low energies* As an alternative we may use this information 
and subtract ail the low energy data from (7), For example, if Ehe dis¬ 
persion relation is known to be approximately valid for E g E* 
(£i ^ 1-3 GeV), then a relation like (7) holds with E = . Sub¬ 

tracting this relation from (7), wc obtain 

_ i r Jg g5flgi.ig±«ig=»i)i. („ 

Jr, E ,! *4 E' 1 ](£'-EXE'+E,)| 


where £ > £ fc . The integration on the left-hand side now involves only 
the high energy domain. For £' > £ the integrand on the right-hand 
side fa positive. We can therefore cut off [he integration on the right 
ai some £ m ^ £ > £,, and obtain a lower bound for the integral 
on the left. Thus, wg obtain the sum rule 


(j E*+jgyg—fi, j 

(m 

The only quantity in this inequality which is not obtainable immediate- 
ly from Lhc data is/(0). Bui for estimating it one can always use the 
dispersion relation. 

The present data arc still sketchy for Re / BtUjust to sec how serious 
(he situation is, take £| = 4 GeV, £ m = £ — 30 G^iV, Furthermore 






F’ «J. £' ! 
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Im/(£' J - cE\ Re/(£') =/<0) + ii£ > (1 !) 

for 4 GcV < E' g 30 GcV, [f the expression (11 ) is substituted in 
lit)), it is seen that the inequality (10) will be violated if « < - J. 

The sum rule (10) still depends on the unphysical quantity /(0). 
This may be avoided by carrying out the subtraction at the threshold 
E - p instead of E = 0. lit fact, following the same procedure as 
above. Marlin (.101 obtained the inequality 



which is free from unpbysical quantities. It should he noted, however, 
that the accuracy of this inequality still depends on the determination 
of nucleon pole lerms which must be added to Re/to obtain the real 
part or the actual scattering amplitude. Rut it seems lhat it is rot easy 
lo go much further in this direction. 

We should like to devote the rest of llils note to the study of the 
asy mptotic behavior of the forward .venturing amplitude making use 
of some remarkable property of the function #{£) [5]. This is that fj{£) 
does not take any value more than once in the upper half E plane. We 
shall first demonstrate this property which is called univalence. For 
this purpose let us note that the function 



(13) 


has the following properties: a I ft(E) is regular forlm E> Gaud conti¬ 
nuous for Ini £^0. b) lm/i(£)>0 when I m£>0(thus/i(£) is the so cal¬ 
led Here lout function). c)A(iA), /. real and positive, is purely Imaginary, 
d) Re h{E +joy = - Rc /?( - £+ iO)and Im A{£+iO) = Itn /;{- £+ iO) 
for real £. Thus, if we consider the mapping of the upper half E plane 
by the function A(£), the linage will lie in the upper half h plane. If 
this mapping were not only regular bui also univalent, we could apply 
powerful theorems of geometric function theory to study its properties. 
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In genera] there is no guarantee from field theory that the forward 
scattering amplitude is a regular univalent function of energy variable 
in the upper half E plane, However such univalent function* can he 
easily constructed from ihe scattering amplitude. Out- such function is 
g\E) defined by (3) which, in terms of H(E) 9 cun be written ns 

e{E)=C f -p-M‘. I (14) 

where the path of integration ties entirely in the upper half £ plane. 

One can easily check that g[E) ha* I he Foliowing properties: 
1 Ui(E) is regular in Tm E > 0 and continuous in Inn £ ^ ft, 2) 1m gt £J 
> 0 if lm £ > 0. 3) §*(£) * 0 everywhere in In E > 0, 4> Im 
gi -£ + i()j - ImjfE-hiO) and Re g{ -E+i 0} = -Re gfE+H)}for all 
real E. 5) for E > jj. lm g(£+iP) is non negative and increases mono- 
tonkally along the positive real £ axis. 6} Re g{E4~iO) is nonnegative 
nnd increases monotonically in the interval 0 £ E % }t, and finally 
7) p(i/.) for real positive / is purely imaginary and ns magnitude 
increases mono ton ically as & increases. 

As is seen From the property 21, glE) maps the upper half £ plane 
into a domain G located in the upper half g plane. We know from 3) 
that this mapping is locally one-to-oite everywhere in the upper half 
E plane. The mapping will be globally univalent if the boundary curve 
of O does not have double points [1J J. Lei us denote by t\ and /\ the 
iunices of the negative and positive real £ u.\es respectively. We know 
from 6) that ihc part of r 2 corresponding lo ft < £ £ pt dues not 
intersect with itself and tic:’, on the positive real § axis. For £ > ^i. 
^{£1 becomes complex and the cor responding pan of f 2 goes away 
monoLomcally from the real g axis according to 5). Thus F 2 cannot 
have double point. The same holds for £,, Hence the only remaining 
possibility is thal f, and £ 3 have some common points. Because of the 
mono tonicity and symmetry of £ t and £ 2 such a common point could 
be found only on the imaginary g axis, ll is easily seen that this can 
happen only if ibis common point corresponds to £ ~ sc. Otherwise 
neither F i nor f 2 (ouches or crosses I he imaginary g axis. Thus the 
boundary curve of G has no double point, which proves the uni valence 
of g(E) in the upper half £ plane. 

Once we know that g{E) is univalent, w e can make use of various 
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theorems in geometric function theory. For instance, applying Kobe's 
theorem [12], we obtain [5J 



Refin-m 

S' 1 


dff £ j |/(fc)-/<0)| 


for any positive real where E x and a are related by 



Im ^dr 

E’ 2 


WU)|. 


(15) 


( 16 ) 


Front rlie dispersion relation (4) one can gel j lower bound for the 
right-hand side of (15) which i*. independent of the value of the total 
cross section for £' > E m , Namely one can w rite 

t r(U)-/(< l n > af«~ "»/(£!„£■. 

>. irj, E(£- 5 + /. i ) 

Although the sum rule [ E 51 (together with (L7)j is not ns good as (S), 
it has an advantage over (8) in that b is much less sensitive to ihe value 
of the total cross section for large i", 

Koebe‘s theorem may also he used lo examine ihe asymptotic be¬ 
havior of §{E) fur very large However lhe best results are obtained 
il we make use of Ahltors' distortion theorem | F3f. Wc shall mention 
some of the results without proof [14]. 

As was mentioned already. Re u(E) never becomes negative for 
real positive £ Thus Re g{E)f\m g(E] is also non negative for real 
positive E. Various cases, can be considered depending on the asymp¬ 
totic value of this ratio. 

h Suppose that we can Find positive constants 2 and such that 
Rc g(E ) 

> tan Jt* P t) < 3 < $ {IS) 

lmg(E) 

for iill real positive E greater than £#* Then g(E j has the lower bound 

W» *c(|j’* 

For nil £ > F ., where E v is some eonstani greater than E a . 


(19) 
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B r ff we can find n positive constant a 1 such ihM 

£ l^n »n\ 0 < «' < 1 (20) 


for all £> £„, has the upper hound 

|#E)i (21) 

for ail £ > £,. 

Ef Re tj( E) is hounded or grows much less rapidly than (m <y(£) us 
£-* +M, the condition (IS) may not be convenient since wo cannot 
find any positive a. In such a case we may characterize in (18) (he 
asymptotic behavior of Re £(£).')m 0(£ l by a function a(E) which 
decreases monoton ieally to wro as £— 4- s . In this manner we 
obtain 

C If tf{£) satisfies 


Rc > - C — . 0^fl<l 
Ira 9(B) dn£r 


( 22 } 


for all £> £ u . we obtain 

ltf(£)| g C'(ln £)' (23) 

for all E > Here y is greater than any positive number. 

D. If.yt£l satisfies 


C a>1 (24) 

Jot </(£) {InEjT 


for all £>£„.;>(£> is bounded as £—+<t and thus 
i |nl r-* + « R* j(£) ■= 0. 

Another way to characterize the asymptotic behavior when i = 0 
is io make nn assumption on Re <?(£) itscIT rather than the ratio 
Re r; Im tf. For instance: 

£. If f(£) satisfies rite condition 

R e q(E) Zb 125) 
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for all E> £ 0 . g(£) has the Sower bound 

|l?(£)| ^ In / + constant (26) 

3? \Ey/ 

fur all £>£,, 

F. If tj(£} sat is lies 

Ref i(£)*b' (27 J 

for all £ > £’„, then for sutlieicntly large £ we get. 


|(f(E)| <j — In | — j + constant. ( 28 ) 

)t \£o' 

t he method used to obtain i26) and (2fi) can be easily generalized 
to the following cases: 

C». Suppose we tliid v (> 1) such that 


> b 


E> £„. 


Then we obtuin 

fm ff (£) gc(ta(^j) 

for all £ > E u - 

//. Tf we can find v (> 1) such that 


Re g(E) 
v(lm 


£ > £( , 


(29) 

m 


(31) 


then for £ :> £„ we have 

Mg(E)£ c '(ta(“))- (32) 

To discuss physical implication of these results, we shall now assume 
that the scattering amplitude /(£) satisfies the Froissart bound 


|/(£)1 ^C|£|(ln|£l> s (33) 


for all energies £ greater than sonic £ e . Then {)(£} satisfies the bound 

(*<£)!£ qi*|£|) a , (34) 

The first thing to notice is that, tf (34) is valid, the theorems given 
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above impose severe reside £ ions on the possible asymptolic behavior 
of ihc ratio Re ^. 3ni if. For example one set^ from \ I9> and (23) that, 
if Rc g(E)}lmg(E) £ C(In E)~ 4 , 0 < a < I, for all E > £'„. Mien 
g{E) groMib more rapidly than the right-hand side of (34), Thus such 
an asymptotic behavior of Re (j/tin y must be excluded if (34) is valid. 
On the other hand, if Re 0(£)/lm g (£> g C{ln EY \ a > I, for all 
E > E.-,. then iis bounded by u constant as E -* + 7 . , as is seen 
from D. This would correspond to the case where the total cross section 
vanishes faster than ly'ln E as E -» +«, If we exclude this case which 
does not seem to be of much physical interest, we find that there mii.NL 
be at least a sequence of points {£,}, £, — + /. as i ■ x>. such that 


_C_ Rc ff(£J < £_ 

(In £j) 1+< — = (In £j l " <r 


m 


holds, whereeand Y arc arbitrarily small positive numbers, ( I he upper 
hound of (35) can he replaced by C' 'In £, by more careful considera¬ 
tion.) Since g(E I is an integral ot’the scattering amplitude f{E i. (35) 
will be satisfied for all £>£ D if f\E) satisfies some smoothness 
requirement. Under the same assumptions, it will then be shown that 
(be ratio Rc f(E T i.'lm/(E) of the scattering amplitude itself satisfies a 
relation similar to (35), 

However the most interesting consequences, oflhe theorems A ... Ji 
are obtained when we make the physical assumption that Re/(£l has 
a definite sign beyond a certain large energy £\ - For example, if 
Re /(£) g 0 for all real E £, E t . Re o(E)is mount on ically decreasing 
for all E ^ £[ and thus 


(36) 


Re«<£) £ Rerff^k E > E t . 
Accord me to (2S) we therefore have the upper bound 

|u(£)| £ " Re r)(E,) In £+constant 


(37) 


for all £ £ t . This means that the total cross section must be bound' 

cd by some constant for almost all E in the sense that 



as E “* +3Q, 
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On the other hand, if Rtf[Ll 1 0 for all E ^ £ iw then R^tj[E}k 
munotomciLlly increasing and 


Re g (£) > Re g{E t ) T £ £ £1 * 


(39) 


From (26) we thus have 



MO) 


I hus, in this case the total Cross section cunnol go to zero smoothly 
os £ -+ 4- r: Conversely, if the total cross see Lion diverges in sueh a 
way that Im ^(£) > C(hi £f. v > I. aj £ — + oo + it is impossible to 
find a finite constant C r such that Re ${E\ < €' lor all large enough 
E. as is seen from (2# r his means that Re ^|£) musi tend to infinity, 
la such a case Re /'( E\ cannot stay negative for alt large E. We may 
therefore conclude tten i he energy independence of the observed total 
cross section at high energy is closely related to the negative sign of 
the real part of the forward sea tiering amplitude 
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With [he nscogiiiticm that the SU{3) symmetry is the dominant feature 
ofthe strong interactions, the main concern or (lie elementary particle 
theory ha* naturally become directed at the understanding of the in¬ 
ternal symmetry of particles at a deeper level. Ati immediate question 
that arises in this regard is whether there are fundamental objects (such 
as triplets or quartets) of which all the known baryons and mesons arc 
composed. These fundamental objects would be to the baryons and 
mesons what the nucleons are to the nuclei, and the electrons and 
nuclei are to rhe atoms. If that was really the casc + it would certainly 
precipitate a new revolution in our conceptual image of the world. At 
the moment we can only hope that the question will be answered within 
the next ten to twenty years when the 100 GcV to 3000 GcV range 
accelerators will have been realized. 

Even now, the amusing and rather emharassing success of the SUfft'i 
theory f I ] lends support to the existence of those fundamental objects. 
It is em harassing because this ls basically a non-ref ati vis tic and Static 
theory, and wc do not know e\acily how this can cover the realm of 
high energy relativistic phenomena. 

Putting aside those theoretical difficulties mainly associated with 
relativity, let us make the working hypothesis chat there are funda¬ 
mental objects which are heavy (3> 1 GeVh though not necessarily 
stable, and that inside each baryon or meson they are combined with 
a large binding energy, yet moving with non-relativistic velocities. 
Though this might look like a contradiction., at least it docs not violate 
the uncertainty principle in non-relativistic quantum mechanics since 
the range of tlie binding forces (10 “ 14 - 10“ 13 cm) is large compared 
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to the Compton wave lengths of those constituents, and the strength 
of the forces ran he arbitrarily adjusted, In other words, we have a 
mode! very similar to I he atomic nuclei except lor lam- binding 
energies. Theoretical justification of such a hypothesis must await 
future investigation. 

In a previous article 12], we have put forward -such a model with the 
following characteristic features. 

I) There exist two fundamental fermion triplets t i and t t with 
charge assignments (L 0* 0) and ft), — 1 „ — J) for their three members. 
The baryons have the structure - and the mesons ~ 

■h 

7) To r } and f 2 are assigned M charm" charge C = + ] and —2 
respectively, Thus the baryom and mesons (zero triality slates) have 
C - 0. The primary binding forces acting on them are proportional 
to C- Let us imagine these forces to be mediated by a tic Id t C-field j 
7 be rests Ming Coulomb-like energy though probably of finite range, 

I hen stabilizes the C - 0 ("unchannecTJ systems against the C f 0 
("charmed") stales, such as the triplets themselves 

3) The SU(6? symmetry can be brought in* with the Pauli principle 
taken into account, airtee ihe constituent pari ides are non-re bttivistic. 
In another paper, w-e also considered a three-triplet model, in which 
^ , f 3 and / j have charge assignments (1,0, 0), (1,0*0) and (0* — L — I) 
respectively. This has die advantage that the barycm states (the 56- 
dinicnsional representation of SU(6)} may be realized with s-statc 
triplets us - l,f 3 ^. 

The reasoning that has gone into the above stability problem is 
similar to Lhconc used in nuclear physics in deriving thtsemhampirical 
formula of Wcizsiickcr. The purpose of the present paper is to put this 
idea into a more precise form, even, though the outcome should still 
be called at best sc mi-quantitative. 

2 . 

Let us first consider states composed of an arbitrary number of/, and 
f lm but without anti particles f E and f 2 . Their masses are U, and .V-,, 
respectively, and the “charm*' numbers J and -2. as was mentioned 
already. The pairwise interaction energy through the C-tkld will 
depend on the spatial eonfsguraLions of the particles, hut we will rep- 
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rescm ii. in the fir&t approxination. by a constant P E1 as long as 
i he size of the system is comparable with the range of the force. IF the 
number of f,*s and arc o i anil /i lt respectivdyjhe total energy of 
the system is 

„ n 7 ) — M x n i + Afin 1 + 

+ ^lfl 1 Cn l -J)+4K 0 ^4 ffj -J)-2K t n 1 ii 1 
- JI/ 1 it i + W 2 «,+iy e Ci»t-2« J ) a -^ a (fl l +4rt 1 ) (I) 

= Mi -2K,>»J +1 K C*. 

C = fi|-2n 3 . 

As expected. the leading quadratic term depends only on the iota! 
charm C. If V c is sufficiently large this will favor C = 0 as the lowest 
states- which means « t - hi ,. Restricting ourselves to C = 0 stales 
now, i he remaining terms are linear in fi t and n 3 ,implying a saturation 
properly. With », ^ 2n 3 . we have 

£(2n it nj > = (2.W, + M t - (2) 

From the physical requirement that this increases with n 3 and that the 
baryon ii?, = I) be lighter than (he triplets, we further need 

M\. W\ > IMi + Mi-W. > 0. (3) 

Thus ihe energy surface in the n, - n, plane has a valley running 
along the line C — n t —2ti z - 0. and its level rises linearly with in¬ 
creasing coordinates. However, it will be further necessary lo make 
sure that the C ~ 0 slates are actually lower than I heir neighbors even 
for small ns. Namely 

£(2ji 2 + L n 2 f > E(2ih, «r)> 

(4} 

.EiiJj. n 3 + 1 ) > 2 rtr, fl 3 ). 

This gives iwo more conditions 

>0. 4V,-M l >Q. (3) 

Combining Eqs. (31 and (5). we obtain 

3 V t -2M l > M 2 - M, > 3{ V,-M, ] > 0. (6) 

J he second triplet, therefore, must he heaviei than the first. but not 
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too much heavier, This is because we have to maintain a balance 
between the energy due to rest masses and that due to interaction, 
Eq. (11 may be expressed in terms of C and the baryon number H 
if we make an appropriate assignment; B - \ for /, and B = y for 
t 2 , Since the baryon ~ r,/]has B= I, we require 2x+y = I, 
Poiirblc choices given in ref, (21 arc 

(*, /)-(M) 

or (0, 1) (7) 

cr (I, ~ 1>* 

The numbers » t and n 2 may be then expressed in terms of C and B as 

n, a= 28+yC 

„ fsi 

n } = B-.xC 

and thus 

E(B, 0- \V t C i +(lM i +M t - 3 KW 

+ [(Afi-ih’J- Wi 4- Afj-WJxlC, (91 

At this point we should add a reservation that the linear terms in 
the above ma^ formula sire not as meaningful as Mie leading quadratic 
terms since the effects depending on spatial configurations, such as 
those due to the finite range character of the C'-Jield and the exchange 
energy, can he of the same order as the former. 


3. 

In order to consider the meson states, wc wilt next bring in anti- 
particles as well in the picture. We make the basic assumption that a 
system consists of definite numbers ofrtj. ii t . n,, if- of/,,/,./- and f-. 
This means that nr regard pair creation and atmihitatim a$ forbiihten 
priKtisa, which is consistent with our basic non-rclalLvislic approach. 
The formula corresponding to Eq. |l) becomes 

+i^C* CIO) 

c = n t — ft l — 2(iij — n 2 ) t 
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Th£ requirement that £ > 0 demands 

M)-iV c > 0, Af a — 2F C >0 (II) 

in contrast to Eq. (5), which was derived for the spwial case n, - 
fi 2 = 0. We find, together with Eqs, (3) and (5), 

Mi > V t -Mi > M 3 -2K > 0 ( 12 } 

which replaces Eq- (6). 

We wilt now relate the constants V/ 1 . .Wj and t' t lo the baryon 
and meson it { f, and tti-\ masses m, ft, and yj.: 

m = 2M, + M 2 -W t . 

H t = 2M t -V e , (13) 

from which wc obtain an identity 

2/J,+jr 3 = 2m. (14) 

Because of ibis, we cannot determine the three unknowns M t . Vf : k c 
uniquely. I ns tend, we can express Fq. (10) in terms of t u t and u 2 , 

E(n lf n^n lt S A j = (15) 

ruining to the relation (Hi we put m - L2 GeV, /i, - GOG McV 
^ ifjr corresponding to the average baryon and meson masses, and 
predict a value 

Pi ^ m ^ 2/^ (16) 

for the second meson. This is nni nn unreasonable value rn view of the 
fact that a large number of unidentified meson resonances seem to 
exist in this energy range, Eq. (15) reduces then to the simple form 

£(«i. - »i,»i) = i/itfai +ff| + 2(n 1 +fl,)] + i V (17) 

h is rather surprising that such a naive picture as ours can yield non- 
trivial and qualitatively reasonable results. 

By way of a remark, we note from Fq. (13) shat 
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since l\ ft |by Assumption. Interestingly enough, the above 
relation admits the interpretation that the mas& of each triplet k made 
up of u sdf-cnergy clue 10 [lie C-field plus a small “hare mass" Jji. 


We wiU now turn to the ibrciMripJct model [3\ proposed as an alter- 
native eo the two-irip!et mo-deL The three triplets i lt f ; and r 3 alio- 
,get her contain nine Fermions r Ja , /, i = 1.2,3, where ihc index i 
distinguishes different tripleis, and a the different members of a 
triplet. Two different SU(3t operations, called SU(3)' and SU(3f. 
are introduced, acting respectively on a and /. and in these spaces T r , 
behave its a representation (3, 3*1, The elec trie charge i- aligned to 
each panicle according to 


(19) 




which lakes integral sallies. 111 fact both T lt and T l3 have the assign¬ 
ment (1,0, 0), and have (0, - I, h, exactly like f ( and r, of ihc 
previous two-triplet model. 

An important difference from the two-triplet case is that instead of 
the charm gauge group ft I), We have the group SU(3)", The charm 
gauge ticld C must then he replaced by all octet of gauge fields G 
li - I,,.,, 8, coupled to the infinitesimal SU(3)" generators (cur¬ 
rents] X'J of the triplets, with a strength g, For a system containing 
altogether ,V particles, the exchange of such fields between a pair then 
results in an Interaction energy 





( 20 ) 


where rerfer*, lo Ihc n-Lh particle* C ; is the quadratic Ca^imlr 
operator of SU(3), and C\, : , = 4/3 is its value for a triplet representa- 
iion D(\ k 0) or £>(0. 13. in general C 2 is given by 


cji, ,w = Kti+Ua+&+Oi+fa) 


( 21 ) 


for a representation £>| ft T ! 2 ), 

Note that i he only dependence on the total number ,V of constituents 
appears in the second term of Eq, (17), 


Swttm&tici of lidti/ona 


139 


Wc add to ( the Test masse* (At — common mass), and obtain the 
lota! energy 

E~ (tf-KWW+ls’Ci. (32) 

Hound state* are characterized by \,,, c l). and ilie low lying state* 
by the smallest value of C 2 , nnrncty C } = 0 for the singlet />(0.0). 
f or Ihc latter. £ is simply proportional to the total number ,V of 
constituents, starting with the meson (iV = 2) - /, f, + t 2 f, + / J i J 
and the bury on t .V = 3) - f, i 2 (anti symmetric com bin at ion). Their 
masses are thus related by 

t* - = sm, (23 } 

and Eq. (22) becomes 

i-i(24) 

These Lire la be compared with Eqs, (14) and (1 5). Because of the high 
symmetry among the three triplets. we have found only one sc( of 
mesons with N = 2. la any case, the energy i* simply proportional to 
the total number of Constituents as lung as C\ = 0, as if il Were nude 
up of non-interacting basic units of mass t/£. 


5 + 

Having disposed of the gross mass spectrum of many-triplet compound 
systems, we now turn our attention to the "fin? structure'’ of low lying 
stales, which in our view comprise all the masons and haryon res¬ 
onances known so far. ]n all probability, however, our crude qualita¬ 
tive arguments are not really satisfactory Tor discussing these details. 
We will therefore restrict ourselves to general remarks only. 

Because of our basic assumptions about the stiperstrong inter¬ 
actions. and the static behaviour of particle*, the dynamics wc have 
been dealing with so far does not depend on the spin and the SU(3) 
spin variables, therefore the system possesses! the symmetry of ^uper- 
strong interactions, the 5U{6) symmetry of combined spin and 3U( 3) 
&pin s and the symmetry of orbital angular momentum. The overall 
Pauli principle imposes constraints among these symmetries, and 
thereby single oui certain SUE6) and orbital states for the lowest con¬ 
figuration with respect ia the supersirong interaction. The general 
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classification of these slates can be done a* in the case of nuclear and 
atomic physics, but this will be beyond [he scope of the prcscnl paper. 

In the ihree-mplei model however, the problem h relatively simple 
if we take only s- si ate triple! s. Tile low lying three particle con figura¬ 
tion is a SUt3) ,J nglct, so ihc baryon must go into a Complete sym- 
metric SU(6li repressnlotion 56. No other stales are possible without 
changing the spatial configuration, but this will cause some change in 
the vuperstrong interaction* For the mesons* we obviously obtain 
36 -35+1 SU(St ■stales which arc degenerate. These results are in 
accordance with tltosc of the original SU {$) theory. as well as it* 
"relativistic 1 ' version. 

W e musi next discuss the two additional effects which do exist and 
tend to upset (fse symmetries. One arises from the internal motion of 
particles, and the other from the presence of virtual mesons. Contrary 
to the prevalent view, we regard the mesons as perturbing, forces rather 
than the decisive factors in the physics of hadrons. Since the strong 
interactions arc then merely first forbidden processes, so to speak, the 
meson and haryon resonances tire really bound states decaying via 
violation of stipersirorig interaction symmetry. Nevertheless. these 
secondary effects can affect, and may even decide, the "fine sirnetyre" 
of Sow lying states. Perhaps we may compare the situation to the 
electronic levels o L" an atom where the main > peel rum is determined 
hy the static Coulomb force, and both the fine structure and (he photon 
emission processes are higher order effects. In tills sense, we do not 
necessarily find a contradiction between the present approach and the 
conventional strong interaction theory as far as the low lying states 
are concerned. 

The reason we consider the strong interaction as generally symmetry 
breaking is that the virtual exchange of 36 virtual mesons do not 
possess an SUffij symmetric form. An ideal SL fG) symmetric inter¬ 
act ion would involve the 35 generators y n as in Eq. (201: 


V 




(rti| 

1 “ 
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Viewed as a static force, this requires nn exchange of 15 scalar and 
axial vector mesons (opposite parity to the known meson multiple!'> 
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if the relative signs of the various terms are l o be correctly maintained 
for both part iclc-panicle and pa rude-anti par tide interactions. [For 
procures involving mraon-buryoii scattering, however, Capps {41 
mid Bet in Ian te and Cutkosky [51 have shown their compatibility with 
SU(fr).] 

Next consider the effect, of the internal motion. This disturbs the 
bask symmetry in two senses. It mixes the Dirac spinor components, 
introducing corrections to the static superstrong forces. Further it 
simply adds the kinetic energy of orbital motion to Lite system. As far 
as the symmetry is concerned, these perturbations act like adding <i 
neutral singlet meson with a s ui ta btc spin-parity. Its order of magnitude 
will depend on the imenial velocity r of the particles, which should he 
of die order 1 \fR where R is [he size of the system. If we Lake this 
correction to be pf the order \fi 2 ^ IDO MeV, and R ^ I/A/, we 
obtain the estimation 

M ^ lOw, - ^ — 
v 10 


as we did before 12] + 


Finally we would like lo comment on some obvious difficulties and 
intriguing problems concern ing our model of the suhnuclear structure 
of hadrons, 

a) What is I he origin of suptrsirong interactions? 

Arc ihcse another kind of vector fields or something entirely new? 
If they ate ordinary fields, their range must he at least of the order oF 
the baryon size, and moreover sufficiently smooth and well-behaved in 
order to keep rhe kinetic energy small. It is conceivable that no single 
or a relatively few well defined meson states are responsible for this. 
A direct confirmation of such interactions would be dihieulL 

hi The magnetic moments of faaryons, for example, agree closely 
with the SU (6) symmetry, yet obvious Ey the bulk of eon trihut ions come 
From the meson cloud. This means that regardless of whether the meson 
cloud o hey ^ 5 U (6) sy m metry o r not r the baryo n s b ould noi be cons, i dcred 
as Composed of three bare tnpleis without structure. How, then, can we 
justify our picture that each system, including the mesons, is composed 
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of a definite number of triplets? The answer to this probably should be 
ihM the quantities like charm arc al any instant will localized af a 
definite number of centers in space, and these centers are accompanied 
by large concentrations of energy, moving with slow- velocities; 
whereas ihe quantities like ordinary charge arc more uniformly spread 
out and carried by faster moving mailer. In order to test such a 
picture ex peri men tally, we would have to use some phenonieaia which 
depend on the energy distribution, the correlation functions of charges 
and energies at dilTerem points, the internal velocity of panicles, etc, 

c) The notion that decays and resonances are actually forbidden 
processes was first recognized as a surprising paradox in the process 
of adapting SU(6) to relativity. In qur view, this h not only natural, 
but also simplifies ihe whole picture. We should be able to discuss the 
classes of first forbidden, second forbidden, etc, transitions, and they 
will be accessible tu experimental test [6]. For this we should look 
especially for small, inconspicuous bumps in cross sections, many 
particle decay modes, and relatively rare events. 

d) li has been widely speculated lhal an axial vector current con¬ 
servation as relativistic chival symmetry has physical significance, ff 
this is actually the ease, it is probably beyond the capacity of our 
extreme static approach, since we have first io explain iway the large 
masses nf triplets, even though wc can formally apply croup theoretical 
arguments and the Goldberger-Trciman type relations to individual 
problems. 
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1. INTRODUCTION 

We would like to describe in this article a. Lorefiz-oovariant scheme 
for elementary particle interactions, which reproduces the successful 
features of non-relativistic SU{6>models [I]. and gives further in¬ 
teresting results. We know that it is apparently not possible to have r 
reasonable theory with finite supernmaJtiplets which is Lorentz invari¬ 
ant, ami which also complies with all the basic assumptions of field 
theory or of dispersion theory [2]. Therefore, wc aim only at an 
approximate scheme lor 5-matrix elements and form factors. 

As a starting point, we assume that the fields describing the asymp¬ 
totic. non interacting particles arc tensors of 11^(12) [Ll(6, 6)1 [3-5 J, 
However, we require these tensors to satisfy the B^rgmarm Wigner 
equations [fi]. which are not covariant with respect to U . i l2L but 
which define the physical particles in just such a way Lhai wc have the 
supermulliplet structure of U(6). Sevcrnl authors [51 have used she 
modified L13 2Hcnsors in order to construct vertex-parts and four- 
panicle amplitudes which arc formally invariant under U^(12 ) + except 
for the intrinsic symmetry breaking due to the equations of motion. 
This scheme turns out in be too restrictive [7. %], 

We have proposed, therefore, a more general schema [9 P 10] where 
the U12 ViiiVariance of a given amplitude i& broken, not only by the 
Bargmuno-Wigncr eqioiion.% buL also by the insertion of momentum 
spurious 

S=lr F yj® I (1) 

in arbitrary order. In F-q. (1). the vector r p should be constructed out 
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of the linear independent momentum vectors available in the ampli¬ 
tude into which the spurion 5 is being inserted. 

In genera l momentum dependent terms an the Lagcgngtan will 
break I ^-symmetry down to U(3). Hr wever. in situations where 
the directions of particle motions are restricted., the possibilities for 
symmetry -breaking by the momentum-dependent term- are also 
limbed, and we are left with invariance of the corresponding amplitude 
w i i h respcL t to ue n ai n com pact ^ ubgremp* nf i 1 j \ I 12 i . 

Ei is easy to sci? that the spurion S does not give rise to any mass 
splitting if it is inserted into invariants like pMIJ 

^aM^ ak (p) (2) 

which may he considered us the mass term’* tor baryons and mesons, 
respectively. Here ihc tensors T and <i> arc given hv 


» ,AK {p) = - ' p+™yi'.£'Y l ' h » uk ‘Xp)+ 

m 

+ j [[( - iy ' />+m)y,cr^r-^l+cydicll, (3) 
and 


*sw 




m)+ 



—) iy <oTi ;(*)).(« I 

p f p* > 


where ft, . B. /’and I’ describe the farm ha r SU[3 j-muhiplets and satisfy 
l he appropriate free-held equal ions, Tn Hie rest-frame, the mass term 
(2} remains invariant under the group L(6S ■ U(6> with the genera¬ 
tors (1 ±y*i vv it, a. PI- 

For amplitudes with two or more independent momenta, the in¬ 
sertion of momentum dependent sparioti* .S' generally gives rise to 
new terms. However, in the ease of Green's functions with two imte- 
peruient momenta, most substitutions ate reducible and the SU(6) 
super-mulEipleL structure remains intact. Wc may choose a Loncntz- 
frame such that ail spurious can be expressed in the form y ■ p = 
V*P* + YiPi-> nod hence we have invariance under a L.'lfihgroup with 
the generators [3] { I. y 4 rr,. f 4 tr Jt *t, i v which wmmute with y, 
and 'U- 

For amplitudes with three independent momenta, we can bring all 
spurious into the form yp = upt+JtPi + Wx, and there remains 
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invuriance under the group U(3) - U(3) with the generators 
(! ± 74 a ' A) where fi h a unit vector in (he Indirection which is 
normal to the plane of scattering. Finally, with four or more momenta, 
the symmetry as broken down to U(J), 

It is important to note that in our scheme we have considered only 
i he external momenta in a given channel of an amplitude. Phis is quite 
sufficient for vertex-functions, but in a scatteringam.plitudealso crossed 
channels are relevant. Together with uniUrity, these crossed chan¬ 
nels. can give rise to further symmetry breaking. We expect, therefore, 
that the spurkm scheme work' best for vert ex-functions. In the case 
of react ion-amplitudes. je will presumably be necessary to supplement 
the symmetry with dispersion-theoretical considerations \9 r 10]. 

2. MASS FORMULAE 

50 far, we have considered only momentum dependent spurious, but 
in second am] higher orders we can also have mure general insertions. 
For instance, in second order there are terms of the form 

51 - 1S1 <& l + S P yiS&yj + S A fvji ?s® ty, T 5 + 

+ +S r e r MV @ff„v} © I ■ (5} 

Although these spurious preserve Lorefltz invariance and SU(3F 
symmetry, l hev generally break the U<6) mulliplets. Inserting S 3 into 
the b ary on mass term (2)* we can lake p 0 because of Loremz in- 
variance, and we find that ihg axial vector and the tensor spurion in 
Eq, (5) give a splithng between the octet of spin J-particles and Ehe 
dccuplct of spin |-particles which make up the 56-supermuEnpic! 
described by the 364-^tensof* V in Eq. (3). 

For the 36-su permit I npkt of mesons described by the kM-^tensor" 
■/>. we also obtain a mass-splitting between the pscudoscalar and the 
vector-meson nonets which is caused also by axial vector and tensor 
spurious. In addition, wl- sec fromEq. (4) that thetensor-as welt as the 
vector-spurion in Eq. (5} spills the masses of singlei and octet vector 
mesons, whereas the pseudoscalar and axial-vector term* have the 
same effect for ihe pseudo scalar mesons. The relevant terms in the 
mass relations are of the form Tr (y 5 i(t)) Tr (y 5 ♦(fej), etc. 

In order to obtain favorable mass-formulae for the mesons, we 
certainly want a ringlets Let splitting for ps-mesons which is ill- 
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dependent of <he SU(3)-*yTmnetry breaking [2], but there should be 
no sni^h splitting for vector-mesons if we want to obtain I he re¬ 
mixing corresponding to 

CD 0 = v / ya t + v ' itif f y" = v 'i<rj, - v ; J®j. I6) 

Sum in Hie up. we find that the ^purion 

5,(1} - [smi + Spy^Js+S^ty^^^}®! (7) 

is just what we need for bar vans as well its for mesons. 

If we now proceed to the SU(3V&ymmetry breaking terms, we find 
that the barvons and [he mesons must he handled quite differently. 
i : or haryons we have to include a spuriem A.fftr which is given by 
Rq. (7) with I replaced by / H _ Making use of the spurious Sj(8) and 
-Sy(I), we obtain the mass formula (I, 13] 

\f - M n + **,/(/+ l)+ At, y+ ,W,[/f/+ I)- l ) rJ l, (81 

which is satisfied very accurately by the physical masses I he axial 
vector term in ,^(81 effectively corresponds to {<r n-i l if inserted 
into the bury on mass term (2) with p 0, and its presence is necessary 
in order to have Mj # 0 in Eq. (8). 

The spun on 5 2 (8) cannot be used for SU(3|-bn:aking in I he meson 
mass-term tJ4]if we want to have the relations [12, L5] 

m* - ml, ml-ml* = ( 9 ) 

These can only be obtained by restricting the octet component of the 
spur ion lo 

(JSI)®2g. (10) 

In addition, we bfivc then also the familiar formula [15] 

ml ■ im'J'+imJ (\i) 

for the ps*me$oni. 

3. WEAK AMI ELECTROMAGNET! K INTERACTIONS 

We see that the spurious of ihe form (5) give a reasonable description 
of ihe symmetry breaking. In the following, we resind ourselves to the 
momentum dependent spurious S which leave the- U(G)-*uperniiiiti- 
plcts undisturbed if in verted into ihe maw terms. 
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Lei us first discuss the form factors of electromagnetic and weak in¬ 
teractions, Wc have described elsewhere a possible construction of uni¬ 
versal weak- and electromagnetic interactions on [he basis of algebras 
generated by the components of lepton and hadron currents [lb, 17]. 
fhis method is based upon the assumption that the fundamental 
structure of these interactions is essentially determined by flic physics 
in very small dimensions, which j s assumed to exhibit ^symmetry. 
Wc can, if wc warn, formulate the basic hare couplings explicitly 
in terms of quark fields ft 1 = ft***, where /j is ihe 3Lf(3)4ndex. 
We find, using the semileptonic interaction as an example, 

&mk = - -7; fc»Dv.i ■ + TiMCM V +*-c* (12) 

V 2 

with 

4 = i^Vjfl +y 5 )e+i%y 1 (l +y*)p* (13) 

and 

/I = i J [ A j Hh i J- 2 ) cos 0 Hr (+ j / j ) sin 1?]^, (14) 

or 

a = Hai+u^+^+u^ m 

The choice between Eqs. (141 and (15) depends upon, our model; the 
hadron analog of the U L (4) algebra generated by the components of 
the lepton turreni may be obtained from the total hadron current 
(Eq. 114}) or separately from the st range ncss^: hanging and non- 
changing parts of this current (Eq + (15)). The corresponding bare 
electro mag rat Llc coupling can he written in the form 

&tim = ^ ’ 4 i~ *.)] J**- (IS) 

In ihc real world, the basic interaction* like (12) and (16) are 
modified by the strong couplings, for which wc want to use our sptirion 
scheme of broken lM12Hymmclry as a leading approximation. In 
Eqs.. U2) and (Ifi) the Lepinmc and the elecrtmmagnctic immions 
tram form tike components of the representation 144 of 0^(12). 
Correspondingly, we write the bare vertices for baryons and mesons 
like 

*^w**mr& +y*K£ ft?) 

ek\, and us a first step ue 1 riser! momentum dependent spurious in 
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arbitrary order. Let us consider only the baryon octet contained in the 
representation 36-1 All possible substitutions of 5-spuriors can he 
reduced to those where iy,f I +y s ) is replaced by 


and by 


Iiy ' <i. i>'»( I + 7s» = 2i <r* s q t - 2^?,. 
t*7 ■ 9- WI +7i>} = - 2<j 4 - 2i>’ a a ti q f , 


(IS) 

m 


The commutator gives rise to first class terms, whereas ilie anti- 
commutator just gives the sewnd class currents. Restricting our¬ 
selves to the substitution (18), wc obtain the vertex structure 


' !2 +fk*fl,-*r*)c{-a*>W&. m 

where q = p—p\ and ,t is given by Eq, (14) or (15), Corresponding}}, 
(he electromagnetic vertex becomes 


^MpJ^p) [fer,(-«r)+i wtFJt-tci)* 

*i ( A *'*‘ *■)]*.' (21) 

Here the contribution from the anticommutator (19) vanishes because 
of gauge invariance or time-reversal invariance. For the electromag¬ 
netic form factors of the nucleons we obtain then the expressions 

ca-«=)-(u- 4 5 r )(F,(-,')-i «-,*)). 

Gft-<i l )eQ, (22) 

The zeros of the form factors at q 1 — —Am 1 cannot be compensated 
by poles of F\ and f,, because (?„ and f? E have different ^■/-ratios, 
and at threshold wc have the requirement that C M = G, 2m. For 
q 1 - 0, we have F,(0) = I, and hence the magnetic moment of the 
proton is given by = 1 +2mFj{0). 

So far, the effect of meson couplings has not been considered ex- 
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plicilly. Hut Inier. we show that the spurion theory, in combination 
with a meson pole model for the Sflchs fom-ractors, gives the ad* 
ditto-rial results [18] 


>'p 


2™ p, op {^y 

a ' GU -V) 2m* 6 lw ' CtC ’ 
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which arc in good agreement with experiments. 

For sc mi iep to nig interactions of nucleons, we have the familiar 
SU-i hi-result G a G — -5 1 at q 1 = 0 [191. All weak form factors car 
be easily expressed in terms of the functions F( - q J ) and 
1 i.Li. (20), hut hei V ‘ wc do nni want to discuss these details Also 
non lepton ic decasy of hypetoni can be successfully described within 
the framework of our spur ion scheme [20]. 


J. STRONG INTERACTIONS 

As an example tor the effect of momentum dependent spurions on 
strt'na vertices, we consider briefly tSic ircsnn-baryon vertex-function, 
restricting ourselves to the octet as far as the baryons arc concerned. 
L*mg tile meson-tensor given in liq. (4). we obtain three irreducible 
terms which may be written in the form 

i^cOOr^C p) [*„«£&)+ 

+ 81 ( 1 + + (“f *to) V] (24) 

In. this equation wc have nut res meted q 1 to the meson mass shell, in 
vknv of its use in meson^polt dominance models. For instance, we can 
construct such a model for electro magnetic form factors by replacing 
9q *(#) ^ iU 3 +1 \ 3^)/(- q 2 ) wiih/(- q 1 ) cc p 2 f(q 1 +■ pi 1 ). Since 
the second term in Eq. {24j is proportional to I h-^ 2 /^ 1 and hence docs 
no! have ihc pole at — q 2 = p 1 , we may want to neglect it. The third 
Lcrm vanishes, and in comparison with Eq. (23), we have then 

f“<T> * nFA-q 2 ) ^f(~q 2 h (25) 

which gives rise tq the expression = 1 +2mfii for the magnetic 
moment of the proton. 

On the other hand, we may bring Eq, (24 1 into the familiar form 
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involving Sachs fonn-factws. If we (hen require pole dominance for 
these form-factors, wc find the result (23) [21J, 

We can also consider Eq. (,241 as a vertex on the muss shell. Then She 
second term vanishes and the third one gives rise to a coup]irig like 

0 . — Tr (26) 

2m 

which involves only the singlet vector meson. Hence, except for this 
singlet term, our spurion scheme gives a unique coupling between the 
barvon octet and the mesons. 

For reaction-amplitudes involving four particles, the inclusion of 
momentum dependent spurious generally gives rise to several new 
terms. This is because we arc left with the lower symmetry U(3| •! U(3). 
Of special interest are reactions or the type ps-me50it+ baryon * 
pv-meson+baryoo. Here we obtain, in (he limit of formal L .1 l2Hn- 
variance, the prediction of zero polarization lor reactions like [8] 


K" + p~* K a +ii. 

jr4*p^*K + ~ r 

(27) 

K“ + p -* JT + +I“, 

K + n —+ K i + Pt 

and also for 

K _ +p - 

KT + ", 

(28) 


The same is true, of course, for reactions which are related to (hose in 
Eqs. (27) and (281 through tsospm invariance or SU( 31-in variance: 
for example, tlte processes K- e +U — and K. +p -• K + - 

arc related to reaction (28) in this way. 

Let us write the amplitudes Tor all these processes in the familiar 

form 

boo' [ 0-fr ’ k ~^r Bis ' < 29 ) 

Without mo men I u m-s purion s. we find lmM£t'*i = 11 and f, r) = 
0 for reactions (27) ami (28), respectively. W c have Tour amplitudes 
which arc given by 

0 + 

+/^s, f)i+ 

+ ^.tac(3fl) 
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Insertion of the *purion S ml I list Order gives rise to eLghl additional 

terms; four terms result from rite contract ion of the spurion indices 

with those of the baryun tensors, and the remaining four involve 
also contractions with indices of the meson tensors. In nil eases* 
we tind that we can restrict ourselves to the term 

■T (*+*') ® 1 (31) 

an the expansion (1) of the spurion 5, other invariants being reducible. 
With the inclusion of the spurion terms, it is easy lu see that polariza¬ 
tion effects become possible for the reactions (27). However, the only 
invariant, which gives rise to a linitc jU-cuc tilde nt in Iljc|. (2^) for the 
process (28) is given by 

VAMtirXiy ■ m 

Experimentally we know that the polarisation of the Z~ in the reaction 
(28) is large over a wide range of angle* [21 | r and I hi* seems to be a 
rather Strong indication that ipu non-term* are needed [9]. 

Of special importance are the implications of the ispitrion-scheme 
for forward scattering amplitudes, It h easy to sec in general that in 
this case the subsLiiution of S-^spurions docs not give nsc to new am¬ 
plitudes [0], Hence the relations [22] 

/HkVi-HO) = *tK D p)—4£°P) 

= f33) 

between the clastic forward scattering amplitudes aic preserved in 
our theory. 

Of interest are also the predictions of the spurion scheme for the 
amplitudes describing the annihilation of nudeon-antmucicon pairs 
ai rest. Due to the orthogonality of the spinor wave functions of a 
particle and an anti particle with equal momenta^ we have the limit 

lim W^-pW^Xp) = & (34) 

Ass timing that these zeros are noE cancelled by a rti facial poles of the 
coefficients. Eq. (34f implies that, without momentum spurious, 
there are no annihilations into two mesons [23], With a spurion S 
in farst order* wc could have the amplitude 

li* 9 ¥a>c(- fO(iy *)i- ^{pW^WAkl m 
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wilh k — —k' being the c.m.-moment urn of u meson in the final stale. 
However, it is easy to see that the expression (35) violates eharge- 
cnnjugatiiw invariance. For instance, it would give rise to processes 
like p + p — 71° + *° or p+p — jf- j-ij. which are forbidden by <7-in¬ 
variance Tor annihilations at rest. Hence we must have - 0, 

If atl higher orders jitc included, the only non vanishing amplitude ii 

l' m ^7 AK {- P Hiy - loifr ■ k)J 

'~ u (36) 

However, this amplitude docs hot appear m a polo dominance model, 
and hence, within this Framework. two meson annihilation is forbidden 
by our spurion scheme. I[ is possible rbelt this result is responsible for 
the empirical fact that two-meson annihilation is suppressed compared 
to three- and four-meson annihilations. 

There are many consequences of the spurion scheme which remain to 
be worked out. However, from the discussions given above, we see 
a I rend) that I he scheme is very successful for vertevfu Actions, As 
we have pointed out, 1 he application of our scheme to reaction am¬ 
plitude* is quite a different problem. But the spurion scheme is com¬ 
pletely LorentZ'COvariant, and it is sufficiently flexible to allow for (he 
inclusion of additional dynamical considerations, 
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CAUSALITY AND DISPERSION RELATIONS 

[A Dialogue m Classical Physics) 

R. HAGEDQRN 
CEft iV, Crew4H 
{Rewired May 4 , 1965) 


Persons: Inventor - / 

Ph y$ i-crtsl - P 


/ Hallo, old boy! Slop dreaming and come down to earth - remember 
me? 

P: -*„? 

/: Of course you don't. Wc studied physics together long ago, but 
alter three years of learning I found the stuff loo abstract and gave 
it up. Now I > + * 

P: Indeed, yes, I rtmember. Glad to see you again; you seem to be 
very well What are you doing? 

/: Inventing all vorts of things in which a little knowledge of physics, 
helps me very much. It's a hobby which earns me a good living, 
Just now ) have made a really fantastic invention* Imagine. 1 am 
youia to make sunglasses with which one can see in the dark. 

P: How's dot? 

/: Very simple; ! ^o simple that 1 wonder why 1 am the Jirst lo think of 
it. Probably because the other inventors do not know enough 
physics and because (he physicists arc not practical minded enough. 
That abstract th in king of yours docs; no good. 

Attyway* the idea is ibis: suppose you are in a dark room in which 
there is an electronic Rash light something of the son used in 
your bubble chambers. 1 he Rash light wih be operated at any Lime 
after you enter, but presently the room is absolutely dark. How¬ 
ever, if you l onrier-analyse the Rash, it will contain all frequencies 
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and each of them will be present a* an everlasting sinus wave, 
1 heir amplitudes and phases are arranged so that by superposing 
them they cancel each other out esapl for that small fraction of 
a second where the flash interrupts the darkness. You agree? 

P\ Of course, go on. 

/: Now. my invention ts to use a pair of spectacles with a coloured 
glass which lets through only one frequency or a very small 
frequency interval - and absorbs the rest. This one frequency be¬ 
longs to an everlasting sinus-wave, t he rest of the spectrum which 
ts absorbed, can no longer help to cancel this wave and ihus your 
eyes receive light and you can nee. Isn't that great? 

Sure, Did you try i|? 

I: 1 did, but so far. for some reason or other, it did not work. Maybe 
I have not yet found the right glass; or maybe the frequency interval 
which goes through is still too large. I shall try a very selective filter 
now. Perhaps, then, the energy contained an that small frequency 
hand is also very small and 1 must add some amplifying device - 
hut these arc technical details. 

P: Maybe you forgot another less technical detail and 1 have some 
idea about it. Hut now I am in a hurry. Let us meet tomorrow night 
in that Coffee bur over there at eight-o-cloek, right? 

Fine. And 1 promise you, T shall not be a fraction of a second late. 
So long! 

P: So long. 


Next evening at eight fifteen 

/: Hallo, sorry to be so late, 

P\ You promised not to be late. 

I: Jam really sorry, T started from home an hour ago although the 
way from there to here is hardly more than twenty minutes. Un- 
fad unamely I just missed «he bus, 1 would still have arrived much 


ft. flttjjejittn 


156 


loo early with the nest uni:; but a* soon as I hoarded it, the engine 
broke down - and you know, that sort of tiling happens only once 
in ten years. So 1 decided to walk and I would still have arrived in 
time had a man not tried to steal some jewellery by throwing a 
stone into a window just as 1 passed. He was obviously mad - 
imagine! to rob a jewellery stone in the early evening in the midst 
of all those people! Of course they got him - and how mad he was’ 
Mot a single sensible word did he say though lie was talking all the 
time. As 1 had been unlucky enough to see how tilings happened, 
they took me to the police and I had to toll them every detail a 
do7Cii times* Now, i inn Ik. here 1 am. 

P: But yon promised not to be late. 

{■ I tried my best, as I told you. tint now how about the detail which 
you think I overlooked? 

P: It's a pity you are so late. 

/; You me boring me with your reproaches. Could I look into the 
future? Could you have fore seen the extremely improbable chain of 
events which made me so lute in arriving? Nobody could, 1 lull you! 

p: And that is just the little detail which makes your invention fail 
to work. 

/: How's that? If you want to fool me 1 had better go now. 

P. Wail- You started front Fourier-* rrniy sing a flash of light. Now. 
I’Ourier-analysiS applies to everything varying in time. Can you 
think of another example? 

/: That is a good idea. Maybe my invention can be extended to other 
cases, let's see. Yes, indeed, to sound. 

P: I thought or that. Hold a tuning fork next to a gun. What happens? 

/: According to my argument it should vibrate, because it selects one 
single Fourier component out of l he bang. The principle is the same 
as with my coloured glasses. 

P: Indeed. And did you ever observe something like this? 
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/: Of course L did. 1 remember weft my experiments with oxyhydrogen 
gas: a Uinmg fork happened to stay in my laboratory and it gave 
a sound still 20 seconds after an experimental explosion. 

F: And sure, you know also substances which give light after having 
been exposed to a flash? 

/: Why are you asking me .such questions? Everybody knows them 
from his wifst-watcli. And your examples only prove that my 
invention wu?t work. 1 begin to doubt, however, whether it will 
work very well practically. The point is that phosphorescent mute ri¬ 
als, timing forks, and similar mechanisms, emit with decreasing 
intensity and not For a long time. Do you mean this is your detail? 

Pi Not quite. Tdl me, did your tuning fork sound also heftte your 
experimental explosion? 

f: No. of course noil Because, , * - oh, did I say * a of course"? Of 
course Ido not mean M of course** - you only caught me unawares. 
What ( really mean is. * * - - 

Pi 7 

/: Waitit is true. 1 never observed !such a thing. On the one 
hand this seems to be natural that is why the ‘ h of course" escaped 
me; hut it contradicts my argument of Fourier-analysis and filtering 
out one frequency. And therefore it seems by no means “of course". 
There is a contradiction which l really do not understand ~ but 
you not only caught me unawares, you really seem to have made 
a point here. 

P Think of your tuning fork. What if it really had shifted sounding 
before the explosion? 

/; I see what you are driving ai- With its damping lime of about 20 
seconds it should have started sounding about 20 seconds before 
the explosion - but how could it Stave known exactly whin the 
bang would occur? 

F: If even you could not foresee that tonight you w ould be too laic! 
Do you see now the missing detail? 
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/: I start seeing it. Do you say my invention - at least my argument 
violates causality? Do you say, that if it would work, then from 
observing that I he tuning fork starts to oscillate I could conclude 
iha? the explosion will take place with certainty within the next 
minute - in spite of the possibility that ihc ignition may fail? 

P: Your answer h correct and you found it yourself. 

/: 1 must confess that ibis general argument does not enlighten me 
very much - although I must accept it. It has almost the same con¬ 
vincing force on me as she postulate of the conservation of energy 
or the second law of thermodynamics has on a man who just in¬ 
vented a pcrpetimm mobile. Have you ever heard of such a man 
who says s 'Thank you. Sir. for reminding me of that general law, 
1 now sec dearly that my invention cannot work/' No perpeiuum 
mobiiist will give in before you point oul the specific fault of his 
machine. 1 am not so stupid as to light against causality as long as 
there are no serious reasons to doubt iu but the argument does not 
satisfy me. I must sec where my consideration fails. Did you not 
agree that each Fourier component is an everlasting oscillation arid 
that there are mechanisms {litters) w r hidl arc able to select one for 
a few) frequencies? What is wron^ I hen? 

P We shall find oul.. Let us try to describe things as generally as pos¬ 
sible (to prevent you. my friend, from coining hack tomorrow 
with a new method to deceive causality). You have a system, called 
black box, which stands for everything of the kind we arc discus¬ 
sing (filter glass, tuning fbrkeic, J. There is some force, called input, 
acting on the box and there is some response from the box; we call 
that oul put. Both input and output are functions of time. Now 
please will you take over and describe the properties of that box 
] mean properties which alt such boxes share if they can be called 
causal boxes. 

/: Q.K. First of all, 1 think, this black box should relate input and 
output linearly, I know of non-linear systems which can excite 
themselves, 

P\ Well, this might perhaps be a too strong rest riel ion, because we 
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aim know non-Jinear systems which do not excite themselves and 
which arc causal. Bui let us assume linearity for simplest)'. What 
else? 

I: Your black box should remain always identical to itself; if il had 
internal properties which can change in the course of time, it would 
also he able to emit nr output without having received an input. 
This output would signalize that something inside the box is hap¬ 
pening, 

F: Is 1 hat So far you only excluded that the black box acts on its 
own account. What about the caudal relation between a given input 
and the corresponding our put? Think of the tuning fork! 

/; If 1 imagine a bang or n flash - I mean any input of the form 
/( r) =■ 5{r— f 0 ) then, accepting your causality argument* I would 
require that no output ^(/) cart start earlier than l 0 , hut may last 
some lime after 

P Very good. Now let us formulate that mathematically. That ihe 
output is u linear functional of (he input may be expressed by 
writing 

i(i)-rvwi. ti) 

*— a& 

you agree? 

/: Quite. And I see more. lfL(/* r'] expresses what the black box does, 
and if the black box must have no properties which change in time, 
then L(r p F) should depend only on the difference 

F: And your last requirement? 

/: Well, with f{t) = j & ) we find 

f(0 ** [ T L(f-f>5(i'-^)df J = lu-q 

■i -.30 

and f(f} must be zero for f < i Qi hence 

£(f—lo .) » 0 for c < ; D * (2) 

I do not see. however, the relation to my problem. 1 started from 
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considering what the btack bos does on each single Fourier com¬ 
ponent. 

P: So why do you not Fourier-transform the equation 

g(r)= fV-tW)*' (3) 

iind .sec whin comes out? 

!: Good idea. I write the Fourier-tranlform 

/(«)-£ ytiy-dr 

and find 

= £(et>) /(ni>, (I) 

This ls very nice. A monochromatic input is simply multiplied by 
a number. If the bo* acts as a titter, then L(tui is zero except in the 
frequency range which is littered out. 1 Till do not see what is 
wrong With my invention - Oil tile Contrary, this formula seems to 
support my argument. 

F\ You have not yet fully exploited causality l mean the fact that 
t.(t—('} = 0 for t—i‘ < 0. You will be surprized what litis con¬ 
dition teaches you on £(ei). 

I: Lei’s sec. 1 write 

I(ty) = f ^LtiV-'dr; L(t) s 0 for r < 0- 
J - m 

Yes, I see: £(w) is an analytic function ofeu and il is bolomorphic 
in the Upper half plane, as only positive r contribute to the integral. 
You mean, this seriously limits tile possibilities of £(«); 

P\ Yes, And now let me use a til tie trick to obtain a more detailed 
description of this limitation: I should better say: another descrip¬ 
tion. because it is equivalent to £(e>) being holumorphic in the 
upper half plane. As t know you, you will not insist on nuulicitia- 
tical subtlety and that makes it easy to explain the main points 
rather shortly. As L(wJ is holomorphic in the upper half plane, 


Caitsatky nmi dfsptrsfoji relations 


m 


jls. value fur tm m > 0 h given by Cauchy's formula ns 

£M = ~f % r) d*.' + i- f (4) 

2ki J c ui - m 2m J c cu —oj 

where the following figure shows the paths of integration. Tile 



second Integra] contributes nothing. My trick is just to add iU 
nevertheless. Now f let she radii of the half circles go to infinity and 
assume that L{o} j decreases fast enough so that these half circles 
give no contribution in that limit (if shis should not be the case p 
we consider L(w) divided by \i suitable polynomial instead of 
Lim itselfThen we remain wish the following paths: 

i Im u 


C 


-Re ti 


C and C F extend now from - os to -boo. Finally we let C and C 
approach the real aris, always keeping to between them and ob¬ 
tain ... 

/: 4 >, twice the principal value integral, isn't ill 
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P: Yes, you remember well, we obtain fP indicates principal value] 
L(w) * — m ■ 2 ■ P | dtn' [ui real]. 

2n\ J WlM uj'—cjJ 


Of course, this is no proof; our heuristic argument lends, however, 
to the correct formula, We now write the real and the imaginary 
pans separately:; 

£(w) — Re £(w)+i tm £(tu) 

then 

Re r, 0>) , |i r'™tM d „- 

* J - * tu'— 


Im £(dj) 


_ p r 

-1 


Re JV) 


dtj 1 . 


(5) 


Now this pair of formulae called dispersion relations is fully 
equivalent to ifr> ^ 0 for t c 0 and thus to causality. Of course, 
(here are some fine mathematical points which we neglected. They 
are contained in the exact formulation arid proof of fitch marsh's 
theorem, which stares (loosely speaking) that for a function L{c&) 
the three properties: 

(de]i obeying dispersion relations 

( ji) having a Fourter-transform L{ i) vanishing for t < 0 
(■;) being holomorphic in the upper half plane 
arc in fact only one single property expressed three times in differ¬ 
ent words. 


/: I start to see how it worts. But what about the examples: the 
optical filter and the tuning fork 1 I remember well that in classical 
electrodynamics the optical properties of transparent matter can 
be made plausible by relating the refractive index lo the electric 
polarizability and calculating the latter from a model in which 
electrons arc elastically bound arid oscillate according to the exter¬ 
nal electric field of the light source. And the tuning fork, after all* 
is also something like a linear oscillator - could we not try to dis¬ 
cuss just a particular black bnx r namely a damped linear oscillator 
and try all our considerations on it? I, for my part, shah not be able 
to sleep before f have seen this practical example solved. 
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f: Very well. Let us write 

Jf+yi + Wo* -/(f) (6) 

and consider/(O as the input and x(i) as the output. We take the 
Fourier-transform of this equation; 


x(r) = 1 fi{(*i)e" l(,, 'da> 
2irJ 

/to - ^ j 


That gives 


xM 


«o—<tt a —t«y 




0) 


Comparing with equation (j> show*, that our btack box in this 
ease is described by 


Aw) 


I 

fi)S-ei> a -ioy 


_f_ 

(ai-WiXw-wJ 


IH) 


where {jj | and to* arc ,,, 


/: Let me tty to continue. This function should be hoi amorphic in 
the upper-half plane. Indeed, ir has only two poles at tu, and & 2 * 
namely 

i» 1( i = —Jij + mi with mi = \ cUn-iy J (9) 


and both Jie in the lower-half plane. This should then imply that 
lhe function Lit) is causal* i.c. vanishes for t < t). To show that 
we have to calculate the integral 




I 

2 jtJ _ w 



(40 —— 


Now for T <0 we may displace the path from — oo to 4-co by 
shifting it parallel to -hicc. Since the integrand has no singularities 
in the upper-half plane the integral vanishes. 

On the other hand, for r > 0 we must shift the path to ~ ix if 
we wish to have the Integrand vanish. In that case the residues of 
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tile poles contribute 



thus 

ro 


for T < [1 


If we now write 



a ilr * sin fj^T for t > 0, 


40 = 

■' -Qd 



then we see explicitly the causal behaviour. That £(ci) fulfils the 
dispersion relations equation-’ (5), 1 will believe without cheeking 

it. 

P : To complete your consideration, you should discuss the bang or 
dash - I mean /((') - ()(/')! 

/: Well, quite generally - a> we have already seen 



where if/) = 0 for t < 0. Say - isn’t that just what one calls the 
Green's furcLion of the differential equation? That solution where 
the in homogeneous part of the equation is a d-fiinciion? 

P: Quite so; but now discuss the explicit form! 

/; Here it is; let us call it * u (/|: 



for t > 0 


m 


for / 1 0. 


The oscillation starts at / - 0 with frequency raj, and a damping 
constant 4y and these two numbers are just (up to the sign) the 
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imaginary and the real par! of the poles of £(wj, The amplitude 
w ith which the Oscillation starts, namely I fcn ' 0 . equals just the sum 
of the moduli of the residues of £(<u) at the poles (see (81 and (9)]. 

P- Let trie summarize the results: A causal system is well able to select 
some pari of a spectrum and to [almost completely) absorb the rest 
- but the real arid the Imaginary parts of LU<>t arc always arranged 
in such a way that no matter what part of the spectrum is absorbed, 
the rest gelsjust the right phase shifts so that no output can precede 
i he input, 'flic dispersion relations express this relation between the 
tea! and the imaginary pail. The output may, however, be delayed 
with respect to the input. How much and with what amplitude and 
“lifetime” that depends on the location and residues of the singu¬ 
larities cf £(ftj)inihe lower-half plane. You will find similar situa¬ 
tions in all cuscs where causality is involved - for instance in the 
quantum theory of scattering, where £(tu) beeotsids more complicat¬ 
ed, There it is called tile scattering amplitude: it will have not only 
poles hut also cuLs. The cuts are related to the production of part¬ 
icles in a scattering process hut the poles have a significance very 
similar to that found in our simple example: their real and imagin¬ 
ary parts are the frequencies 1= enetgies) and inverse lifetimes of 
resonances. 

/: Thank you very much - 1 now see that causality is not only a 
gene ml argument against my poor invention; l even see how 
material physical systems manage to reconcile causality with the 
existence of frequency filters. I certainly shall not try to find a 
better filter glass! Good-byef 


P ; Good-bye! 
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Umcr ...phliioincnologischcr 1 Thcorie kann mm\ die Fornmlieruiog 
von GesetzmlCigkeiten im Herekh dvr bsobachteten phyBikalisehen 
Phanomene versichen* bci denen nidu versucht wird. den 7U b?$chrci- 
henden ZusamnnL'nhang auf dn /ugfUTlde liegendes aSlgenieuies Nalur- 
geseiz zuriick^ufBJtXcfl und dudtirch verstliidlich zu machcn. Soldier 
phfinomenclogischen Thcorien buben in der Entwacklung der Physik 
immer wiedcr cine bedcuEende Rollc gespidl; fQr die leehniseben und 
sonstigen Anwndungen mbgen sic oft wkhtiger win ah dll'! Verslind- 
nis der Zmsmroen hunger nnd fkir cine rein pragmutiiche Finite dung 
kanit die 1 phanonienologische Thcorie die Kennuus der Naiurgesetzr 
sogar wejtgdicnd ubcriliissig machen. 

Pfriiiiomcnologische Theoricn cmwkkefrl sich begrdfticherwdse 
immer dort p wo din bcobjdituEen Erschriitungien noch idclil. uul' llII- 
gemeine Njiurgnsctzn zurlickgefOhrt werden kttnneti- Der Grund fur 
diese Unmoglichkeit kann cntv>cdcr indemhohen Komplikitionsgrad 
der betreffenden Erscheinungcn licgcrl s dcr dric so Idle Zuriickruhnitlg 
wegen der maihennatischen Sdiwicrigkcilen noch nieht gesutiei, oek-r 
in der Unkenntnis der beLrcJTcnden Naiurgesetze sdbst Bekpide Elir 
den ersten Fu]i sind ciwa in dcr Meteorology die ha lb empinsehen 
Gesct^nlibigkciien, die fur die WcUervorhorsage beniim werden, m 
der Chemie die Valenzncgdn uder die Zuiamm enhance zwisthen 
Atom- und loncnradicn, Bind tin gs- und Aktivierurig^energicn tisw., 
in dcr StramimgxEehrc die Beziehimgcp zwischen Geschwiodigfcehf 
Sirdiming^widet^tand, Winae- und ImpulsausEauscb bei der lurbu- 
lenten Beweguogiisw, Beispide liir den zwciien Full *ind in der Qpiik 
urn die Jahrhimderiwende die Formeln der D rude sc hen Dispersion s- 
ilicorie oder die cmpinschcn Rcgdri liber die Optik bewegier Kcirper; 
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in der micn HllI fLc des 19. Jahrhuildertsdic Cbcrlcgungen Faraday* 
zujf EkktrizUMsLchre und die pha rustic nologiBC he Ttierniodynarnii, 
in tkr ami ken Astronomic die PlofamaiBChe Zyklen- und Epizyklcn- 
Ihcorie der PJaneienbewegUEig, 

Dcr wicht igh.ie gemcinsnme Zug dieser phfinomendogischer Theo- 
ricn bcstchi darin. dafl sic zwar cine zuireltcnde Bc.sdmeibung der 
beobiidiieten Erschcmurigen eriiioglichen, dab sic insbesondere oft 
eincschr gcnauc Vorausbercchnung ncuer Experiments oder spaterer 
Bsobachtungcn cHauben, dafl siq aber dock kcin eigen i] idles Ver- 
Bland jiU der Erscheinuugen vermilteln. E* soli bier nacht versucht 
werden* den BegritT „cigentliehcs Verifandnis” naher zu deftnieren, 
Dcnn man erf aim oft trsl durdi die EntwEddung dcr Wissenschiift, 
was das Wort Verstandnis hedeutet. Abet dic.scs ,,eigeniiiche Ver- 
sLandjiis' 1 unterschddet si eh gmndsiltzhch und quality tiv von dem 
iitfeaJt dgr phanomciioEogischen Theoric, wte man am bcsicn an den 
angcfiihrteEi BeispieJenerkemien kann: Die Bcwegimgen der PEaneten 
hat man erst mil Kopemikus. KepJef Uftd der Newlcmschen Physik 
wirklteh verstandeTi; die Geselze der Chcmic crsi foil der Bohrschen 
Alamlheorie und dcr Quanlennitchariik. Noth tin spczidtercs Bej- 
npiel soil hicr angdubri werdtii: Der redil komplizicrte anomale 
Zeeman-EfTeki der D-Linien des Natrlumaioms war sc bon 1912 von 
W. Voigt mil dem Model! der gekoppdtcn Qiszillatoren in alien F.mzel- 
Kdten nchiig beschrjebcn worden. Aber ersi 15 Jaime spater konme 
dcr Sinn der Voigt schen For me in an [grand dcr Qnantentheorie richlig 
vcrstandcn werdcm 

VVcnji tier crsie der be idea getiarmten Ffille zutrifft,, d.hn wenn mir 
der KomplikatiouBprad und die a us ihm result iefcndcn malhema- 
lisehen Sctiwierigkdlcn eine ZurUcklUhrung der Ersche in u ngen auf 
Nfatitrgcsetzc vertundern, so ist die phinomcnologische Jlieorte etn 
NolbcheJk der rm Hinbtick auf die praktjschcn An wend un gen schr 
wkhtig und niitzlkh sc in karm. Intcressaiucr isi a her dcr zwritc Fall, 
in dem die zugrunde liegenden Naiurgeseizc nocli gar nicht bekauni 
sind. Hier wird man hoffan. daO diu phanomenologischra Theorien 
den Weg zur riehtigen Formulicnmg der Naitirgcsetzc wei&en kStmlen, 
und man w ird an dieser Sidle nach dem henristischen Werl der ptiinu- 
menoiogischen Thcorie fragen. 

ZtmSobsi wird man fast Bid ten + dab man zw r ec deutltch gelrcnnie 
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Aricn von phynomenolDgischeu Theorien unterScheiden kann* Die 
eifttin, die im wesenllichen form&Je ZusammcnhiinGe aiisniltzen, und 
die anderen, die qnulhativ mid oft m>ch unklar da* JorniLdieren, was 
man - mil einem bewuBi uribestjmrmen A usd ruck - ah das ,.phvsi- 
kali sell Wcsmtljehc” bczcichneF Die erwsihnt* Vorgtsche Thearie des 
annnialen Zeiman-Effeltts liat rein formalc ZusammcnMnge au^ge- 
niitzt, alEerdmgs mit erstnimlicfoem Rrfblg; aber sic hot die Fhfinpmene 
nicht erkl5.ru Ein andere* Beispid von sehr viel grdlkrem Gewidu ist 
zwei Jahrtfcusedde frUher dk Astronomic des ProlemFuis gewesen; siu 
hat die rein formate Moglichkcit umsgettuu; period ische B^wegungen 
durch Fourieirdhen dar/ustdkn. Die phimmicnologi^he Themio- 
dynamifc des 19, Jahrhundem dagegen haue mil der FornutLieniug 
des EntropkbcgriJTs elwas ^physikalisch Wesemlidies 1 ' gdunden. 
ebenso die Chemie nm der AufsEcllutig der Valcnzregelii. Offenbar ist 
der heuristischc Wert dcr Theorien der erst en Gmppe v^rhaUmsmiBEg 
gering, da der formate Zusammenhniig eben das WesenlEiehe oft nicht 
erkennen lUDt. Dagegcn ssnd die phiinomenologisehen Theorien der 
zweiten Uruppe in dcr Regel die Vorsluferi /um endgilkigen Ver- 
standtii;^ A us dcr Dariteltung der Planetcnbewegung durch Zyklen 
imd Epizykltn in dcr Astronomic des Prokmius komite man iiber den 
inneren Zusammeiiha p g dieser Bewtguiigea fast nicht s temem Die 
Keplerschcrt Gcsctzc jedcxrh sind dk uramitteibrtre Vorsiufc zur 
Newtonschen Meehanik. 

Man erkenni an dieter Sidle aueh, da Li der Physiker oder A sin mom 
schots unbewuDi plianontcmrfogiiehe Theoneji recht verschkden be- 
wcrten wird. jc naehdcm er in seinerphilosophischcn EinstdJungdiirdi 
den Pragmatismu& geformi oder voei andcren G;akn ken gang cp. dw j 
dcr Ideeolehrc Pktos p bseinrtulk ist. Wcr itn Pmgmaiismns auf- 
gcwiichsen ist, wird cine phanomcnotogi^dic Theorit um so libber 
be\vertcii r jc me hr Erfolge sic autwtbcn kmin, je geriauere Voraus- 
sagen sic zu geben gestaUcL Wcr jeduch schoii frtih von der t)ber- 
zeiigungsfcruft des plaionischcn Den kens ergriffen worden ist, wird die 
phinomenoIogESclieni Theorien vor alJem danach betmeiten, ob und 
wieweiE sie zum Veftsandak der eigenliichen Zusainmenliiiiige fiihren 
kdrmen. Die Entwickiung der NatiirwissenscitLLJ't wird also an dicker 
Stehc entveheidend von dem in dem bctrcfFcnden Zvilalter oder 
Kulturkreii herrschenden plulosophischcn Den ken best im ml. In dcr 
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An: ike war die V'or-i tell Ling* daJJ die Sonne im MitteLpunkl d e*. Pla* 
netensy*tCTn* stdit, sehon mchrfach aasgchpmchen warden. Wcnn 
sicii irotzdem in dcr SpatanlEkc die PtalcmBische Lchre durchge^izt 
hal. so kann dies wo hi niir hedcuieru daft in der pJviliHnphischen 
I jaltungder Mensdien jentt ZdL das pragma LiscJte Den ken gegeniiber 
dvm prinzipidltn Den ken dcr frliheren Jahrhtindcrte die Oberhand 
gewon fieri haue. Eine erfblgrcichc, uber doch nm formate phlno- 
menologtschc Theoriu hat in dcr Poke damn fur auderthaEh JalutflLl- 
sctidc den Wcg zu eintm edited V'enstandni-. dcr Planetenbewegung 
vmperrL 

Wendet in an solehc 0 berkguaigcn aui'da: hcuiige Physik an, im'- 
hrsomiere aufdie j-zw im Mitidpunki des Impresses sk'hende f'h-eorie 
dcr Element artdlchcm so Jcmt man au, den genarmlen lk^piden t 
wie wichlig es ht t den enEsicJisnden oder whon entstandenen phano- 
menobgssehcrn Thcoricn aimtsehen, oh sic den Weg m rinan Vcr- 
slundnis dcr dgmtlichcn ZiiiarnmenUaiige wejsen, oder ob sic itidtr 
formaler Natur xind. Dafur gib: es allerding^ keme nJIgemeiti brtuiriv 
baren Kriimen, und bis zurendgiiltigcn Waning dcr ZusairmicnMnge 
wcrdcti ver chiedisfie PfoysLferr die utnzdnen phitnDmcnokigtahen Ati- 
biil/.e versehieden bcundlcn. Es sollte an dieser Slelle nur nodi einmil 
aiif die Bed cut nng jenc* vom Prngmaligmiis etwas veniadilissigien 
Berciehen dcr iheorcifectien Physik hingewiesen werden. -dcr mu dem 
Ausdruefc ^phpjkalischas Vmtandnis" nur seltr unvoilkomiticti 
charnktemim werden fcann* Er hi bier hervurgehoben worded, well 
er atich von Wrisskopf oft mm Ausgangspurtkt seiner phyiLkalisdien 
Lbcrlcgongen gemaehl worden jet. 


THE CONCEPT OF MAXIMAL CP VIOLATION 


LINCOLN WOLFENSTEIN 

Carnegie Institute of Technology. IHtlsburffh, Pennsylvania 
<Retired May 5. /«£> 


The observation [11 tlmt the long-lived K fl meson decays into two 
pions provides ,in apparent violation of CP invariance in weak inter* 
action*. While The magnitude of (he observed effect seems to indicate 
that Ehc violation is small, it is not really possible to relate the obser¬ 
vation in any quantitative way to the CP violation in the interact ion 
Hamiltonian. In this respect the situation resembles I he first case of 
parity violation, which amusingly also involved the plonk decays of 
the K meson. There was no way (and indeed To Ellis day is no way) to 
relate the observed ratio of 3k to 2 jt decays of the K " meson to the 
amount of parity violation in ihc weak interact ion Hamiltonian. Th^ 
difficulty arises from the fuel that in j Transition to a state of strongly- 
interacting pari teles (here is no direct simple relation between The 
observable decay amplitude* and the interaction H ami Etonian. For 
example, (he observation of a maximum value of a parity*violating 
effect, as in I be decay asymmetry of X — ff 0 +p, does not indicate 
a maximum violation or parity in the HamilIonian any more than the 
smalt values of the asymmetry in the decays X A -*n + + n and 
X —* 7 i" - L ii indicate that parity violation in Lhc HamilIonian is 
small. When processes involving leptons were considered* however, it 
was possible to develop a clear-cut concept of maximal parity viola- 
t iom which has proven to be a good description of the observations on 
muon decay, pi on decay, and nuclear ft- decay. We wish in this note lo 
develop ihc concept or maximal CP violation defined as similarly as 
possible to the accepted concept of maximal parity violation. The 
purpose is essentially didactic since we have no reason to believe that 
ihe model of maximal CP violation discussed bears any relation to 
reality. 

The discussion will be limited to the single process n -+ /Tv. [he 
decay of a spin-zero meson into two spin-1 leptons, and the cor- 
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responding anti particle decay f -*■ J + v* In the hclidiy representation 
[2 j the tin at & taEe in ft decay must he a 1 incur combination or the states* 
RR) and \LL}> The corresponding states En if decay will he denoted 
'M- and i LL}, The effoc is of charge conjugation Cand parity Pare 
given by 


P\RR> = |£L> 

(la) 

C|/?«> - |*Jf> 

fib) 

CPiRRf = \LLy. 

(lc) 


If H (AM) is the probability of the final stale |^4if> then a measure of 
parity violation which can vary in [Lb sol ate Hiagniludi: from ^ero to 
unity is given by 


W(Rf£)-W{m 

mRR)+W{LL) 


provided the musem n represents a single non-degenerate state. 

We discuss first the usual concept of maximal parity violation con¬ 
sidering the interaction Hamiltonian |3J 

Him “ + ayi),+ n*v(l (3J 

where Jr is the meson field operator, t and v are the two lepton field 
operators, J = !*y t< )' 5 is Hermit ian, flttd a is real. Il follows from 
Eq. (3) when wo write 

U+sy 5 ) = jr( |+u )U+yj) + i(l-ff)(l-Tj) 

that 


prosided (i) tiiat one of the two particles l or v can be considered us 
bavins zero mass so Mint 10 + vO find 1<I -y } ) are projection opera¬ 
tors for hclicity states and iii) ihut lowest-order perturbation theory 
can be used. The maximum magnitude |p| — I for the P violating 
absenahte then corresponds directly to the choice 0 = ±1 in the 
ffwnili'anion. This is the essentia! feature at i)te eoneepi of ntiixiinai 
parity violation , For later purposes it should be noted that it is ob¬ 
viously sufficient to measure the helicity of either l or v to determine 
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jf and Lhal the possibility of Mich a measurement \& assumed. 

The decay of ft can be calculated similarly from the second term in 
Eq, (3), 1 1 suffice* for present purposes, however, to apply directly 
l be CPT theorem since we have no bn a I slate interactions. Since 
hcliciticri do not change under T we find *hai independent of our choice 
of M int 


W{IL) - W\RR) 

(5a) 

m&R) = WILL), 

(5b) 


Thus if £i ^ -hi we havi: n decay yielding only left-handed l and i> 
corresponding to the n decay yielding right-handed / and v, Therefore 
noting Eqs, i lb) and (lei we see that there h a maximum violation of 
C invariance but no violation of CP in variance. Indeed it ^ clear from 
the CPT theorem that the observation of CP violation must be related 
to the observation of a T violating effect - 
To obtain maximal 7' and CP violation we replace Eq. (3) by 

Hi* = 9[nt 0 +T7ih-+it*v{1 +iy s )|], (6) 

The final siati’ Tor s decay is now given by 

iro = <|A*>-i|ZX»/ v 2 

and for 7i decay by 

f?,> = (iifi>-iicr»,vi. 

It" w? consider as basic slates where |V'j) = (|flfl}-5- 

v 2, and sjniiturEy ¥ 2 ) wc i»vc from Eqv i.l i 

= -ilYV 
Qfi> - I?',) 

CP|V' i > = 

Thus if wc choose as a measure of P violation 

wc have /(' = I and maximal P violaiion. Similarly we have maximal 
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CP violation measured by 


HlIPjKfP,) 


(7b) 


since v = I for this interaction, On the other hand we dearly have C 
in variance - 

The Utsl paragraph, while formally sufficient, leaves as rather cold. 
We wish Io study in somewhat more detail the nature of the spin cor¬ 
relation v in this crumple and to understand the T violation that occurs. 
For this purpose we first consider lire possible observable * lot tile 
decay rc ■ / + v independent of any assumptions aho i // 1R| . This j& 
most easily done by looking at the density matrix p in the composite 
4^4 spin space of / and v. This may be written {4j 

P = I m 


where the S, Form a complete set of 16 ! k-rmIlian bnsu matrices usually 
chosen to satisfy the ortho normality relation 


Fr Sj S k = 43^ 

Then the possible observables are 


(8b) 


i$jy = Tr (pSj)jTr p 


t8ci 


which is proportional to a,. Ignoring the unit matrix there are con¬ 
ceivably 15 observables. Our base matrices may be chosen as direct 
products of the matrices (l t ff J( ffj for / and (1 \ tf*, ffj> c f E ) for v. 
We choose the - axis along the direction of / r whkfc is opposite to the 
direction of v. In expressing the density matrix in terms of these we 
make use of relations such as 


|RR><LL| = - 

Because of the axial symmetry of Lhe final state there are only five 
observables with non-vanishing expectation values. These are listed 
in the Table and expressed in terra* of k< the unit vector along the 
z axis [5]. By inspection each of these observables may be listed as 
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conserving or violating P or T. The property under C is then deter¬ 
mined by CPT invariance. 

These eonsiderations are now applied to the more general inter¬ 
action 

W| nL - 0[irJfc<_is fl+sm ffc l- 7j)v + s*v(eo4 9—sin 0e _k 7 3 Ji] (9) 

of which Eqs. (3) and (6) arc special cases. A straight forward calcula¬ 
tion gives the density matrix of the final slate in n decay 

p = 1 — a * ff cos 20 - 2a ■ fctf ■ k sin 2 0 4- 

+ (ff ■ fr-ff" - A) sin 20 cos sr+(t ■ a it at) sin 2$ sin at}. (10) 

For ?i decay with the r axis along the direction of | T representing /. 
and o' representing v s we obtain the same result except for a reversal 
of the sign* of the third and fourth terms m accordance with the 
Table. One measure of parity violation m givers by 


(tf ■ &y = sin 2d cos 3t, 


01J 


This is Indeed identical with the parameter ft of Eq. (2), anti Eq. 0 1) 
agrees with Eq. (4) for the choice oc = 0 and the substitution a - 
tan 0. For maximal parity violation as measured by this parameter 
we must have i = 0 and H - ± Jj?, which just makes Eq. (9) equi¬ 
valent to Eq. P.) with a — ± I. Similarly we can choose us a measure 
of CP violation 


<]k ■ fff' x cf j> = sin 29 sin os. 


( 12 ) 


This may be shown to be identical with the parameter y of Eq. i7bl- 
For maximal CP violation we musi have ac - U ami 0 = ±i* which 
makes Eq. (9) equivalent to Eq. (6) (or to Eq. (6) with i replaced by 
-i). Iftii i 31 xampte pins maxitmi CP violation on the .tame footing as 
the maxima! P notation discussed ahare. Of course, Eq. (12) gives a 
measure of P violation as well as of CP violation, corresponding to the 
parameter 0* of Eq. (7a) rather than jS, Requiring either ]/I| or |/i‘| to 
eq ual unity is a sufficient condition for maximal P violation but neither 
is a necessary one. Wc may say tliai ft measures P violation associated 
with T conservation while ft* measures P violation associated with C 
conservation. On the oilier hand we have found for the process 
" /-hv i here is only one CP viola ting observable and that a his. h 
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associated with C and FT conservation. U is possible in general to have 
CF v id] at ton associated instead with P and CT conservation but noc 
for the process discussed in this note. 


Tahue 

Obsrrt dblei fof tj -I- r which cnFrcs.fmnd to conflcrvutidn (c> or violation fvj 
of parity P, tirw-rGvteal T, or change conjugalioo C. 




P 

T 

C 

CP 

[A) 

■ o' ® 

c 

e 

c 

c 

(Bj 

<r\n t — o' - ko k 

c 

c 

c 

L 

(O 

cr B (t k 

V 

G 

V 

C 

<DJ 

a f M - tJ Jt 

V 

t 

¥ 

c 

(E) 

i(ff M n 9 -if v a^ = jrft ■ <cr ■ crj 

V 

V 

C 

V 


In words the observable (E)given by Eq. (12) corresponds lo v and 
/having transverse polarizations at right angles to each other defining 
a screw’ in tile direction of motion of /. CP invariance would require 
that in the decay of n t the v and J spins form a screw in the opposite 
sense to the direction of motion of I, In fact in the decay of ir m dis¬ 
cussed above tile sense of the screw' h in the direction of motion of J. 
It is thus in this somewhat com plicated way that CP violation mani¬ 
fests itsdf. It is important so note ihui i t is assumed that the transverse 
polarizations of I and v are both observable. This would not be the 
case if one of the particles were 3 zero-mass neutrino the interactions 
of which were given entirely by a single current of the form of Eq. 

The present discussion, in particular Eq. (10). parallels closely the 
consideration by Bernstein and Michel [71 of possible T violation in the 
decay rr 0 y H-y + This is to he expected because of the formal equi¬ 
valence between the Stokes parameters used to describe photon po¬ 
larization and the <<?} used to describe $pin-| particle polarization. 
It is important in Comparing the two eases to realize that it is the 
appropriate Stokes parameter and not the linear polarization of the 
photon that is she direci analogue of the ‘"transverse polarization" 
of r and i discussed above. 

To what extent might the maximal CP violation discussed here be 
related to reality? Observations of n decay, jx decay, and fi decay lead 
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us to believe that leptems and neutrinos arc primarily coupled in weak 
interactions in ihe CP invariant manner of Eq. (3) with a = L One 
cannot rule mil a new class oF interactions with a coupling weaker by 
.3 factor of at least 10 to I DU in Which leptons and neutrinos are coupled 
as in Eq. (b). Suggest ions of this sort have beer discussed by Hiida 16] 
and LotsofT [8J among others. It is nho possible to imagine a neutral 
lepton current of the form 15) in which v ~ L Evidence on strange 
particle decays and elastic neutrino scattering, however, scents to 
indicate that if weak neutral lepton currents exist they are coupled 
much more weakly than I he usual charged currents. 

In submitting this contribution to a collection of papers in honor 
of Professor Wejsskopf, I wish to express my appreciation of many 
friendly and fruitful contacts wilh him and lo express my gratitude to 
CERN for the opportunity of spending the years I457-5K and 1964H35 
in its Theoretical Study Division. 
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The wl]I- known muss formula or Gell-Mann and Oku bo [1] for 
panicks belonging to SUj super-mu It ipkis has been experimentally 
verified in gmd accuracy, 9n this note we point out That the usual 
derivation for it is incomplete, and that its validity seems to indicate 
the existence of a mechanism that regulates the masses of funda menial 
particles. We suggest Thai this mechanism mi gilt be the so-catted 
“bootstrap^ 

In the usual derivation of the mass formula* one assumes that the 
Hamiltonian H for the fundamental particles is of the form 

H-H*+H u (I) 

where f f n is invariant under SU 3l and H x is a small perturbatign lliai 
transforms under Sli 3 like the hypcrcharge. If H l were absent, all 
particles in an SLi 3 supcr raultiplet would have the same mans. 
Calculating the mass splitting due to H i in first-order perturbai km 
theory leads to the GcEL-Mann-ORubo muss formula. The calculation 
is analogous to that of the Zeeman effect. in atomic spectra, though 
less trivial, because one is concerned here with the group SUj instead 
ofSUi. In Ihe atomic Zeeman dicer. the use of first-order perturba¬ 
tion theory is justified because the system has discrete energy levels, 
and the energy periurbations arc small contpared to level spacing;*, 
Tire situation is different in the SUj problem, because some of ihe 
particles are not discrete states hui resonances. As we turn on if ,, 
two effects contribute to the mass splitting: a direct effect of H x that 
is similar to the Zeeman effect, and an mdirect effect arising from shifts 
in the thresholds of scattering channels. The usual derivation of the 
mass formula takes into account only the ""Zeeman effect r . 

For concreteness let us consider the mass formula for the baryon 
dccuplet of spin 3 T whose members are the isoapin multrpkis {Nf, 
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Y*. E* f flg}, where the subscript & refer to the isos pm. The GcIRvlartn- 
Okubo mass formula predicts that these isospin mid lipids have 
equally spaced masses, a prediction verified by experiments to within 
2 V We note, however, that with the exception of 0* these particles 
are resonances occurring in various channels of meson octet-bury on 
octet scattering. Let us try to compute theEr masses in a simple mode] 
of resonance scattering, lo see whether the mass splitting induced by 
St !_j violation is purely a ' l Zuemaci effect". ns the usual derivation of 
the mass formula implies. 

The muitiplets {NJ, Y* s 3* h fi*| are distinguished by their isospin 
/and hypercharge Y. They arc resonances or bound states in all ^al¬ 
tering channels having ihc specific 1 and Y t (mid total angular mo¬ 
mentum J — i) r As such they arc represented by energy poks in the 
various scattering amplitudes, With the neglect of all hut strongly 
interacting two-body scattering channels, (he positions of the decuple* 
poles in relation to tlie thresholds of the relevant channels are js shown 
in Fig. i. where relevant energies arc given in MeV. If //, were zero, 
all the thresholds in Fig,, I would occur at the same energy, and so 
would all the decuple! poles* For our purpose it is not important 
whether in this hypothetical limit the decuplel should be a bound stale 
or a resonance. Whatever the case T it is dear from Fig. I that when 
// t is [arned on, some decuplei poles must cross some thresholds so 
that what might originally have been an open channel becomes a 
dosed channel, or vice versa* The mass spacing of the deoipkt is two 
to three times smaller than the spread of thresholds for given (/, Yy 
We should i here fore cspecl (hat the splitting of the thresholds ha- 
an important influence on the decuple t masses. To calculate the Ia(ter 
we use the simplest theory of many-channel resonance sea tiering, Ihc 
ft-matrix theory of Wigner and Eisenbud [2]. 

The S-mairix for a given set of quantum numbers (/, } r ) is an .'V x ,«\ 
matrix, where .Vis the total number of channels having those quantum 
numbers. U is Id be obtained from the fl-matrix, w hich is an Nx N 
real symmetric matrix that in principle can be obtained by solving an 
eigenvalue problem involving the Hamiltonian. Fnrlhg present proh- 
lem we use the onc-Ievd formula 
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where £ is the coin! c.jtl energy, and y is an A r -componcni vector* 
whose component are real and positive. The number e is an eigenvalue 
of H under a specific herniitian boundary condition* which mates all 
us eigenvalues real and discrete. The S -matrix is ihen given by 


S 


l-bi BRB 
m 0 -co* 

l-WRB 


(3) 


where m Lind B sire diagonal jVx A matrices, with 


«V - «*P (ifl.ffJ- 


(4) 






i 

n s 


where w rti is ihe channel radius of the V h channel, and iy n is the relative 
momentum in the n th channel ai total c,m, energy £ Thus q* is real 
for open channels, pure imaginary for closed channels. Substituting 
(2) inly (3) we obtain 


S = 


e-fi-hii k p 
to 

z - E - \p x p 


m 


where p = By. Next we note the identity 


1 t 

l ■ c# ■ ^ l + cp 2 


^ = Z ■ 

A 


(7) 


which can he verified by multiply tug both sides by I + etjj x tfr. Using 
(7( to rewrite the denominator in (M, we find after a few algebraic steps, 
that 


S = 


“[' + 




W 


which is u one-level Breit-Wigner formula * U shows that, for given 
U, 1), all the jVxjV S'-matrix dements have a pole at £ — t-i <i>\ 
which represents a bound slate with the quantum numbers (/, J' I if 
ip' is real, a resonance otherwise. The mass of the bound state or 
resonance is given by 

& 

* F.q. (K) i.1 essentially E(|, 14.2*J m Chip, 10 of BLnU and Wcii&lcppf, cjieept 
Uwt in the Inner Re ti^ a l is lumped inu> 
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where the second term is evaluated at total curt, energy m. We see that 
closed channels, with a pure imaginary q„, contribute \n the mass, 
but open channels do not* 

Since e is a discrete eigenvalue of //, we calculate it for tlw different 
members of the decuplet by treating W 3 in first order perturbation 
theory* with the result that c obeys the Gell-MannOkubo mass 
formula, ex., it is equally spaced for | NT. Y *. J?. iJ D ; This is the 
"Zeeman effect” referred to curlier. 

The second term, in (91 depends on Uie detailed form of the Hamil¬ 
tonian. and wc know of no general principle dictating thul il too must 
be equally .spaced. Wc may calculate il, however, eis follows. To obtain 
i$ na we use the observed mass values of the decuplet, the meson octet, 
and the baryort octet. Further, we cun determine one of rlu- y», say 
that for N* ttN*. by Lhe experimentally observed widlh of NT. 
All the other y n ? are then proportional to it through SI. ^ Clebsch- 
Gordan coefficients if we assume SU 3 symmetry for this calculation. 
The calculation* [3] are straightforward and will not be described in 
detail. The result, in lhe context of this calculation, h surprising: we 
find that the second term in (9) f> also equal]s spaced for |N*, Y*. 
5*, D 0 l Numerically tins lerm is an important contribution. For 
example, for N", it is about twice the decuplet mass spacing. 

The same conclusion is arrived at in more sophisticated calculations 
us[rsyz a Chew*Low type theory [3], and a relativistic .V D method [4]. 

Thus, beginning by questioning the QcEl-Maun-Okubo mass for¬ 
mula, wc end up verifying it. In the process, however, we have lost the 
theoretical understanding thal we thought we had originally. For il 
seems to be pure accident that the number of closed channels, and the 
masses of the octets, are just so arranged as to yield Ihc eqio['spacing 
mass rule. On the other hand, it is hard to believe that the result, so 
simple and model-independent, can be purely accidental. It seems 
plausible, therefore* that there is \i genera) mechanism, so far undis¬ 
covered, that requires the result, lit the calculation described the me- 
chan ism must be buried somewhere in the experimental numbers fed in, 

A natural candidate for this mechanism seems to be the 
the idea behind which is that the masses of alt the fundamental panicles 
arc related in some self-consistent way. According to this idea, the 
various thresholds in Fig. I, which determine the decuplet poles, can- 
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riot occur m arbitrary positrons, but are in turn determined in some 
manner by the dccuplet pules. It is conceivable that Some Midi scheme 
may lead to the equatepacing rule as a consequence of a self-ODd- 
HLstcnLy requirement. A step lowurds such an explanation is the recent 
work of DashEin and Frauischi [5] t who show how ihe bootstrap 
mechanism may in "octet dominance*', which means that the 
mass splitting transforms under SUj like the hypercharge. However, 
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they treat the mass splitting as a first order "Zeeman effect"* and do 
not touch on Lhc threshold effects discussed above. Thus, although no 
reference k made to u Hamiltonian, the result is equivalent to ihc 
statement iliat H L transforms like the hypercharge. A more realistic 
bootstrap scheme! must include the threshold effects. If the “"octet 
dominance" proves to persist even when threshold effects arc taken 
into account, one would have a more satisfactory understanding of the 
mass formula. 
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ARE WAVE FUNCTION’S FINITE? 


F_ E. LOW 

Wij£.ujrAiVYi’ , J/i fttittiruU <u/ Tet'lawta^ Ceffihridfff. Ma.thurhits^m 

{Rteeipsd Affj.v ft, JufiJ? 

Wtr ask ihe Following question' is there a principle in nature which 
requires ihat a wave function ij ! >cr f) which is finite (for all r) at some 
time t 0 remain finite for all 

It is obvious that in the no si-relativistic approximation no such 
principle exists, since we know that a free particle & function spreads 
into a finite wave function (and conversely, therefore, a finite wave 
function can contract into a 6 function), Relativistic kinematics does 
not appear 10 permit this to happen, because of the relation between 
energy and momentum. 

Consider now the center of mass wave function for a two-partide 
*vAtem r with an mcidcnl plane (hut not monochromatic) wave in the = 
direction. We write, neglecting spin r for large separation of the two 
particles. 


Mr. f) = J ' dfcct^Je' 1 * 10 1e lfa + ~ e“7(fc, fl/j (I) 


The first term in Eq. (1 i is the incident wave. We have inserted the 
factor e - " 1 ' 1 to imply that at t = 0 it is centered near z 0 (a I urge 
negative number)- The second term is the scatiered wave which at 
/ = 0 is presumably zero. The function/(it. 0) is the scattering ampli¬ 
tude: 



( 2 ) 


and lm/|A, 0 ) = for, (A \ 4n where d»„ dO is the clastic differential 
cross-section, uitd <r T the total cross-section. 

Our principle may now be formulated as follows: if cr(A) is such that 


= finite (all z) 
■ 83 
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then 

| E iEMp-f ^-^d.tc a (k)f{k t O) = finite (ail asymptotic t%f), (4) 

Evidently* by choosing z = r iP , tf(jt) real and positive in Eq, (3) 
and f = r—z$ in Eq. (4), wc must have, since w —- k as k x P 
iTu fik.O) bounded as k — x. it I hen follows front Eq, (2) 

A r a T < to* (5) 

The present trend of high energy experiments appears to contradict 
our conclusion, und thus invalidate our suggested principle. Of course* 
the mathematical formulation we have given is at best so mew ha I 
dubious, Nevertheless, wc believe the original principle must he aban¬ 
doned. 

One might ask whether the principle might hold only for physically 
realizable states, possessing normalizable wavc-funciions. In the latter 
case our example would be ruled out so that the bound on/(fr + 0) 
might be expected to he less stringent. 

Using a similar argument to those given above one finds in this 
case the bound 

lim f f{k . f)di < go (6) 

a. 0 

where i = 2fr ; 11 - cos fi), and f, is a fixed momentum transfer. Eq. (6) 
is also in disagreement wish experiment. 


AN ELEMENTARY NOTE ABOUT “MIXTURES” 


B. D'ESPAGNAT 

Univtrtity of Path 
i RdCtirvti Uni 1 7, MS l 


I. INTRODUCTION 

Let v,,,, + 71^ be specified coordinates and let us consider an ensemble 
/; of system* S depending on these variables. If all these systems have 
the same wave function u. K h called a pure rase. If E is made of sub- 
ensembles E tr E ly r *. E t which are pure cases wish wave functions 

u _ __ u rw E is called a mixture (we assume i hat u l ,... u r are different 

from each other). 

The word "mixture'* is also used In a somewhat different context. 
Let .v r+1 e .., x u be other, specified coordinates. Let A be a system that 
depends on these coordinates and let us consider the interaction of a 
system $ with a system A. It Is convenient for that purpose to introduce 
the “larger” system 1" = £+ A. and to consider an ensemble of systems 

1. If. initially, n.e. before the interaction) both the constituent ensem¬ 
bles of S systems and of A systems are pure cases,, described by u 0 
and i\i respectively, then obviously the ensemble of E is also u pure 
case, corresponding to the product - r 5 . After the interaction of S 
wiih .4, that same ensemble is still it pun: esse, which is deduced 
from ifq ■ r v by applying to it the time-dependent Sehrddinger equa¬ 
tion. IF, however, one considers separately the ensemble of systems S 
and the ensemble of systems A alter the interaction has taken place, 
one immediately sees that, m general, neither of theirs k a pure case. 
One then usually says that they arc a mixture. 

The purpose of the present note is to stress that these two aeeeptions 
of the word "mixture" do not really describe the same kind of situation 
and that therefore out language should distinguish them. 

2. A SIMPLE EXAMPLE 

Follow ing Bahm fl ]„ we shall first consider a very simple example of a 
situation where two systems have interacted in the pax!. Let us imagine 
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ihul j spin zero molecule decays into two spin i objects S und A with 
conservation of the total spin (we consider of course an ensemble of 
such molecules After the decay has (alien place the ensemble of large 
systems I =? S+/I is a pure case described by the spin wave function: 

Hfr = («+('--U-P+)/V2 (1) 

where u . arid r , are the eigenfunctions of Lhe spin component along 
the third axis of S and A respectively. From expression (I), statist icul 
predictions concerning results of observations arc easily derived. In 
particular one finds that (in accordance with intuition}; 

at the probability (statistical frequency) for observing = +1 

is J 

the probability (sianslicat frequency)for observing a T {S) = —4 is + 

hi Lhc probability (statistical frequency) for observing trJ.S) = \ 
and = — i is J. 

cf lhe probability (statistical frequency) for observing cfj5) = 4 
anti a r {A) - J is 0, 

d) exactly the same results hold also with tr B replaced by a K . 

If we focus for a moment our attention on the predictions above that 
hear on system S alone, we immediately see t!\at these same predictions 
would also hold if instead of (l) the mixture: 

jfi+ for one half of all the systems S (2) 

\u- for the other half 

had been considered. 

This is a mixture in the first sense given in the introduction i.c. it 
splits into two subensembks £+, £- (corresponding to u „ and u_ 
respectively) that arc put e casts *. Let us mow ask the question: is it 
possible to describe the systems 2' of the ensemble £ in such a way 
than a ) all the predictions ah bh c J. d ) hold, fi) each system S is 
eiiber in £. or in £' 1 Now. if a syslem S is in E + r a measurement of 
[is ff_ is predicted to give 4-4 and therefore, through ci a measurement 
of a„ on the system A which is associated to $ is predicted to give with 
certainty a t \A) * in other words the system 2 - S+A is part 


* Such mbtuircs could be called “proper" mi mu res- 
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oi the ensemble (pure ca.se> described by: 


v+(t±.» 

Similarly if a system S is in ZT„ , 11* part of the ensemble described by 

Thus, if ibe ensemble of systems S is in a mixture in the first sense, 
namely {2), ihe ensemble of systems I is abn in a mixture in the first 
scrtiic, namely 

fif + e_ for one half of all she systems I ^ 

lu_t-+ for the other half. 

Now the prediction* a), b). c) of (I ') are also predictions of (3). Some 
Of the prediet ions d) however, those that bear on correlations, arc 
incompatible with (3). For instance (3} prediets that the probability 
of finding aJS\ - + 4 and nj i) = + l is {- whereas ( I) predicts 
ibat this ^me probability is zero. 

If Ehe systems S were objectively well described by a misiure in the 
first sense or "proper" [lc r if half of them really had { and 

half of them o z = - \ ) all the observable predictions litas one can 
derive from ibis description by using the usual rules of quantum me¬ 
chanics should obviously be correct- This, as we have seen,is not the 
ense- li is therefore not correct to say that each system S has an ob¬ 
jective reality of its own which is an individual element of an ensemble 
described by (2) (nor of course by any other mixture in the Jioi sense). 
The ensemble of systems S is on the other hand correctly described as a 
mixture m the second sense by definition, As a consequence the con¬ 
cepts of mixture in the first sense and of mixture in the second sense 
(or “improper" mixture) are not identical with each other. 

3, THE GENERAL CA^F 

The general ease can he treated in exactly the same way as the example 
above* Let S and A be tw r o systems that have interacted in t he pasi. Von 
Neumann has shown tha( it is always possible to find two systems of 
ortho normal wave functions, ui and t\ of ibe variables of .S’ and A 
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respectively such that the vt :ivc fund ion of I - 5 + .-J takes the farm: 

^“Iw* (4) 

k 

Let U and V be the CQirespondijig observables. The duly ensemble in 
(lie first sense that reproducer all the predictions of (4) as regards 
possible measurements on S aEorie, possible measaremenis on A alone 
a ad correlations between U and V measurements is 

f * 11 1 

■ u k v k for a fraction |rj" of all systems I (5) 

V**■» 

As shown by Furry [2 ], this mixture does not however reproduce the 
prediction of f4| as regards the correlation between measurements on 
one variable of 5 uthor than (J and one variable of 4 other Hum r. 
Using these results the extension of the argument in section 2 is trivial. 

We may point cull at this stage that if one wants to express the 
difference between the two meanings of the word mixture ill terms not 
of ensembles but of properties of individual systems one has simply to 
state again the rather well-known fact that if 5 and i have interacted 
in the past and have now ceased to interact there is no state vector - 
known or unknown - that correctly describes the "physical reality' 1 
of -S' alone, whatever this expression means. The reason for that is 
again that, if such a picture were a true description of reality as ft 
really K all its consequences, and not only those pertaining to system 
S, should be correct, which is not the case. 

4. THE DENSITY MATRIX FOR MAI ISM 


At Instead of describing a pure case by its state vector [h> one can 
also describe it by means of the so called "statistical operator'" 


M - |*X«] 

(6) 

or by [he corresponding “density matrix": 


M mw = <m|.V]ff> 

(7) 

which satisfies 


Tr M = l 

m 

and 



M z = M. 


( 9 ) 
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i m 

The mean value W of an observable .# described by the Iicrmitian 
operator R is, as immediately seen: 

3t - Tr [MR]. (10) 

Bj Similarly let us consider a mixture in the first sense* made of 
systems in states |u,) with relative abundancy - l). This 

mixture can also be described by means of the statistical operator: 

M> -X^JwiXwiI (ID 

or by the corresponding density matrix 

- <m|M» (12) 

which satisfies 

TrAT - 1. (13) 

The mean value 3 of an observable .# in the ensemble is again given 

by: 

m - Jw ( <tf l |V?Sit t > = Tr [M'Jtl (14) 

Thus the density matrix forma I ism provides a compact expression for 
interesting physical quantities such as mean values, even in those eases 
where the systems are in a mixture in the first sense. The only difference 
with the pure case is that now 

,ir J * m '. (is) 

C) Let us now consider a mixture in the second sense. For that pur¬ 
pose we expand the wave function of the large system S considered 
above in terms of the eigenfunctions ly of any variable V of -S' as: 

i»(xi ... ay) = IpX(*t - • ■ x p )Ajx r * , ... (16) 

where the A„ arc cadfidcntip depending of course on the other vari¬ 
ables in £- We then expand A m in terms of Ehe eigenfunctions v M of a 
variable V* of A and carry the result into (16). This gives 

a?) 

or in terms or state vectors 

l*> - i-cyoiO- 


(is) 
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|^> is the slate vector of the ensemble (pure ense) of large systems 
I, Let now .# be an observable pertaining to S. Its mean value on £ is: 

»- <*!«»> - ^clc^ult/^i^x^lO 
= r_dc„<>4iJt|u;> 

-Tr[Ar'K] (19) 

wiih (using this special basis for H) 

M' m =XjC'jCZ f . ( 30 ) 

The conclusion is that also in the case of a mixture in the second sense 
the mixture of subsystems S - formula 113) holds, provided thai M ' 
is defined by Eq. (20), which is independent of #* Ai* thus defined 
satisfies moreover tl3) and (15). This is ill fact the reason why the 
’“mixtures in ihc first sense*' and the "mixtures in the second sense 1 ' 
have both received the same name "mixtures". 

5. CONCLUSION 

Let. again, S be a subsystem of a larger system 2 = S+A and let <? 
be an ensemble of I. As has been recalled in section 4, as long as we 
consider only future measurements on quantities pertaining to systems 
5 alone, the ensemble of systems S can be viewed us a “mixture in 
the first sense", i.c. us composed of subcnscmbles that are pure cases. 
This does not mean however Lhai the ensemble of systems S ,i> physi¬ 
cally identical to a mixture in the first sense for, if this statement were 
true, nit its observable consequences should of course be correct and 
not only those pertaining to measurements on systems S alone. This, 
we know, is not the case. 

In the elementary description of the theory of measurement it is 
sometimes said that when the state vector of the corresponding system 
2 is Hj the corresponding ensemble of systems S is a "mixture" and 
that therefore a particular system S has either if, or u 2 or + k , u 3 . .. 
or if,.. i tor its wave function, the eo etc % ponding wave function lor .4 
being of course the r with the corresponding index. This then is used 
ns an argument for showing that a measurement of U , using A as an 
instrument-, induces no physical change on.? and represents simply an 
increase of our knowledge (for, it is said, it is just tuicertaining that the 
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wave function of S h one of the particular u k , which ii was already 
before) The fallacy of this argumentation is dm; to the fact that it 
use* e lie word “mixture" in the two different senses. From the fact that 
the ensemble of .systems .S’ is a “mixture in the second sense"* there is of 
course no reason to conclude chat it is a “mixture in the first sense' 1 , 
and [ fiat therefore its constituent systems are in one or other of the 
sutler described by the different \t^, In fact the true conclusion to be 
drawn is exactly the opposite. 

AH that is said above ts elementary and, undoubtedly, generally 
known, The only point we want to stress h that* since the two kinds 
of “mixture" are realty d ifferent concepts, it would be both convenient 
and appropriate to distinguish them in Hie language. This would make 
a description of the real problems involved in a theory of measurement 
more transparent and would therefore be a mu able approach to the 
various efforts* that have been made at solving them. 

■ Fur a. hitiliogmptiv on ihks subject vee for instance, ret. [JJ- 
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BOSON BETA DECAY 


D C. PEASLEE 

AnsifttHw Silifomi Univmity, C&nbtmti Autirw'fa 
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The Ibllowing not£ Considers Icpionic decay of bosons in lhe doses! 
possible antilogy with ordinary beta decay. Each boson is represented 
as a sum over ''nuclei" composed of N baryons and N anubaryons* 
Conserved vector tureen: iCVC) for AS ~ 0 i s I tic 11 just Lht well 
known rule that I he Fermi matrix element for superalJowcid nuclear 
1 runs is ions is unity. 

If one repeats this approach for _J5 # 0 transition-'., no CVC theo¬ 
rem appears: nor is ii possible to make general statements about axiaJ 
vector transitions, erapi within pipermultfplets* In this connection, 
the interest is noted in measuring K — c +t+2jt decays. 

t. BAR YON-A NT1 B ARY 0 N MODEL 

Represent even boson as a sum over baryon-antibaryon states, 

4> = %{?#)++ - ■ j 

Z l%Arf 2 = It = 0, 

For present purposes we can regard the anlibaryons as real panicles, 
so that Eg, (■ J» an expansion in states of 2.4... baryons. Each such 

state can be approached in exact analogy to a 2-* 4-_body nucleus 

in low energy nuclear physics. Even the inconst tuny of bnryoti number 
2A' is already encountered in calculations on the collective model, ah 
though in that case lANjNj is generally small. 

On this basis, il is easy to “derive" the conserved vector current 
hypothesis as equivalent to the superaltowcd beta decay of nuclei. 
Consider first the non-relativist ic approximation: Fermi feel a decay 
operators for the successive terms in Eq. (I i arc [1 j 

?».± -ZUU.±* 
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tf two hoson states ${T, l z ) and 0 J (/» l t ±Ij arc members of un iso- 
topic multiplct, the Fermi matrix dement between (hem is 

<# if t i*> - i i*> - i K[ j <it x i> (2) 

- <1T ± !> 

where the relation [2] 

it 

<l2X±l>-<iT**t> <*> 

holds independent of N'. 

Equation (2) is the same as fur a single bury on and is essentially 
the CVC hypothesis; [3]. Is only remains to supply ihc relativistic 
form ff one writes {y 4n > y M ) in Lhc expressions Tor F 2N and takes tiic 
non*rclativj.!ttic limit under =t E. tls<- matrix element becomes 

U.i(j Hp')liE] * ti4EET t {{E+£ , ),\(r+p')) 

in a to variant held theory. The complete interaction form is then 
g{W*T ± $-V*T ± B t 4>)% ( 4 ) 

where /„ is the lepton current. There arc ilo approximations here, and 
ihe only obvious source oT failure in practice for Eq. (4) is the usual 
isotopic spin impurity of 4‘ induced by Coulomb interaction. 

The argument above holds for all vector currents with dS — 0; for 
sl range ties 1 .-changing transitions the Fermi operator involves 

L 

for which no theorem like Eq. (3j exists. The weak iiiteniclton itself 
therefore seems to preclude a CVC theorem for dS = ± I, or at least 
a derivation along the present lines; this conclusion is independent of 
any symmetry features of the strong interactions. 

What about the Gamow-Tdler matrix elements? When AS = t) 
they can irt principle be specified independent of ;V for decays within 
the same nuclear supcrmulliplet [4J. Tins was also true for the Fermi 
matrix dements; the difference is that while <F> depends only on T. 
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and is otherwise the same lor all supermultiplets, the value of <G'-F> 
varies with the supcrmdtipkt. No statement so universal as CVC can 
thus be made. Unfortunately, the moil obvious boson supemnultiplet 
transitions seem likely to have <[G— T} = 0; t\g. f rj p \ $ r ' f 
and to n ' . 

Gamow-Telkr transitions with AS # 0 sutler from a combination 
of the above difficulties, and no predictions can be made on the above 
basis, Bc?a decay transitions tt \ K’ — \ vacuum I depend on the 
G-T interaction but correspond to first forbidden transitions involv¬ 
ing orbital coordinates. The apparent success of a scheme [5] for using 
SUj symmetry to extend the genera] notion of CVC to all kinds of 
leptonic decay seems ah the more remarkable in the hghi of these 
comments. 


2. FLRM1 MATRIX ELEMENTS FOR JJS 0 


We calculate *ome examples of F t as a concrete illustration of the 
preceding remarks. Write a 2N — 0 for .V > I, so that 

vpajpTO+^aff-o)} 

n + = i +i{J“(l)A(2.H-2 + (na<2)KU^2) '*d 

a l\ )n(2j—p{i)p(2) + S' 11)»-<!) -= 0 (l U°(2>} 


7t 


= i 

= * 


+A{I D (IM(2t + r , ttMt2>!+«l ~2) 

_+f{ril)^a)-£~0)r [2)\ 

;-tftp(l)n(2)+£-(l)S # a)i 

.+ f {r»ci)f + C2)T s (i)i~(2)} 




% 


where ^ h a scalar function (symmetric antisymmetric) in £ space, 
spin) coordinates of baryon and antibury on. It is normalized to unity 
and hence (u a H -h^+c 2 ) = I. the phases alt being real by charge con¬ 
jugation in variance: the relative signs of the (J ~2) terms are fixed 
to satisfy the PauEi principle. Here fi means ami neutron, cic. and I he 
relative signs Within the •[ } art chosen To make .lit = — tz under a 
standard convention [6j« 

Note that oruMo-one correspondence docs not obtain between the 
sign of A and the choice of/or d couplings in SUj. 








Bown hem tkc&¥ 


195 


If tine Fcnm coupling for p -* n is r tfl then AP in variance requires 
it to be l j for S° — £~ as well; of course it is - V u for n -* p And 
^ In a similar way we complete the tableau 

K: fp — n. ** (n - p .£’ -* £°) 

v'iik (r + -* a, a -+ 1 ~), -0 - z + . r - - (&) 

^2V/. (i* - z°, f" - i fl ). -<r - r _ . I fl - 1 + ) 

The nora-rdutivistk matrix element follows at OHCC’ 

<h°i/Uii + > ■- <*nF-i« a > 

= ^ 2VJH --2M HfO-{* ) +e t X»*‘ 1 K ->J (?) 

This can be independent of /? and r only if 

FI = o, V, = K («) 

It is therefore not sufficient ju-,1 to say loose]} that ■'!") is proportional 

to isotopic spin; for when Y ^ 0 there arc two possible isotopic spins 
in the octets: T{ I ~* IJ and T'\ I *-* 0). The distinction in Bq. |H) must 
be an explicit feature of CVC and should repeat itself for bosons; 
taking 

_ J_ raiwaj+p(ijii(2)-3f(ija , i2)-r'(i.)e-(z)'| , (9) 

2 V '2 L +(1 **• 2) J 

we find 

= 0 (10) 

as expected. Any other form for rj would have yielded this result, but 
Bq. (9) is the only one lor which Ar\ = —if. Although Eq, (1C) is 
hardly accessible to experimental test, detailed measurement of 
I -* ,1+e+v will show if P* = 0, 

For K mesons write 


K - i 
K°” = k°* 


(2)) + (l ~2> 

+ e{ v -2 X-(l)n(2)-r°(l )p(2j - X '2I'(1 _ 

-r(l)5“(2)J 

d0O)«a) + A(U^(2» + {l«2) 

+e{I t> (i)nC2) + v '2 t *(1 )p(2)-I°(l^ D U) 

+ v /2I-(Ua‘(2)J 


K' = -K + 


% 

(H) 
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where = J. Then 

<K-|/"_iK n -> = <K* + |F_|K*> 

- V a [\-AAt(VjV')-At l {l - VJVJ] (12) 

trading again to Eq. (8) ami CVC if independence from */ and e is 
required. 


X OTHEit MATRIX ELEMENTS 

Now try the Fermi matrix elements for AS - + I decays. Here the 
tableau corresponding to Eq. |.fi> is 

V 4 : [p -*> .4, i" - ,1). ™(/l -» p, A -*■ 2~) 

Ki (p -4 r. X* -* i"). -(P - p. S' -» ( 13 ) 

72^; (JT - 5°, I~ - a), -(£“ - I + . h -*r| 

Then 


< re -|F_1K°> - 

= ^<ji°|F-EK + > - (*f-^W+(«+ v ''2M+.lv1«)»; £ U) 

v ' 2 <jj!F_|K + > - l*Y r -dVt 


Any systematic relations based on Lq {14> must involve [he coeffi¬ 
cients f? through ? and cannot be expressed exclusively as conditions 
on l j and I,. Furthermore, these conditions would be different for 

/■% and for t\ .so that no universal relation seems feasible. 

As an example of n G^T matrix dement, consider p ' rA ] for 
N = I. Write 


p 




i 


+ fi{r~(IJv!(2)^I + a)A(2ji-{l 

,+c{r"(i)z fl i2J+r + d)W)} 


-2j 




(IS) 


where is a symmetric {*?!£*,£"“ I function of the iwryon and anti* 
baryon. The non-relativistic G-T operator iu terms of real and iso¬ 
topic spin operators is 


m 1 )+ff(2j j [T! I)+t <2)1 +i Iff(l) - a(2))[r(U -1(2)|. (16) 

Only the second term in Lq. (16) can flip the spins necessary for 
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P -* because of the opposite symmetries of p and i; on 1 2, ihe 

associated charge operator is again equivalent to T. The covariant 
form undci £ a £' ^ m f the “basic" mass for aU 0" and I " mesons') 
is thus 

(¥==\ tm 

V4££V 

This looks surprizingly like llie CYC form but does not represent 
conserved pseudovector current. The arguments are special id those 
bosons with u 2 * Q. although all the a tH terms for such bosons follow 
f:c[. (17); and the factor (Af+mj obtained as normalisation ro the 
Dirac wave functions and ^ is larger than the value 2m appropriate 
to an interaction between elementary bosons. 

According to Eq r {I7j the matrix elements for p + * ji° t etc,, follow 
by putting (A* B. C) for one power of a, b r r in Eq, 17): vtz+ 9 

<n*[G7|p + >- <^|OT|p«> = (p D |C?m + > = <p"|Or|**> 

= V2Mfl^-(*+*C)K; + (W + eQK'J, (IS) 

This may be cheeked directly with Eqs. {5\ and (If), remembering to 
make appropriate corrections to the tableau of Eq, (6) in the caie of 
axial vector interactions TJ, etc* There is clearly no possibility for 
Eq. (181 to be independent of ARC and a : b : c. which is a 
necessary condition for current conservation in the present approach, 
El would be of interest to compare ihe GT matrix element between 
bosons with a : = 0. An opportunity may ame in K -► 2 tt+c + v: If 
I he 2ji arc in an / = I state „ the transition is jus l k -► p h given by 
appropriate substitution in Eq, [18)1 but the / = 0 state of 2 tt has 
ideally ci 2 = 0, since the baryon-antibaryon ^P,, slate has A = — I. 
Without pretending to calculate the matrix element For tins second case, 
we may assume it to be small because of poor overlap of wave fune- 
cions. Coupled with the 1 / = \ rule, thb, implies approximate equality 
for the rules K* e *-i-v H-2 jt and K° -+ e + 4-v^2jf; and the in¬ 

hibition of 2 tt° relative to rr tt in the first process. 
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ON THE LOCALIZATION IN CLASSICAL 
FIELDS OF ENERGY, MOMENTUM, AND 
CHARGE * 

GREGOR WENTZEL 

Thu F.t\rtco Fermi Itistiinie fur Nyctenr Sfiuiiits 
ifmf the Btpmimrnt vf Physics* Tit * Unit'crUt}- a/ Ckkapo, UUnint 

iRtrthvd May 7 V 1965) 


l GENERAL CONS I DERATIONS 

Hie object of ibis study is a classical field, with components i^txj 
[er = I. 2. . , . fi; v - | p ... 4]. Hie field equations are supposed to 
be given in terms of a Lagrangian density L which is a given function 
of the and their first derivatives ^ rti , - For simplicity* 

we stipulate that L should not explicitly depend on the coordinates 
y t : the fields are source-free, Lor emz-m variant Lagrangian\s lead to 
ratalivisticaJly covariant field-equations, and a (symmetric) energy- 
m omentum tensor can then be constructed from / [I}, Among other 
possible invariance properties of L. we mem ion "gauge-invariance 
of the first kind ' which allows to define conserved currents. Such 
“derived 1 * quantities may have physical significance as potential 
sources of other fields (gravitational, electromagnetic), but such other 
fields need nol be explicitly invoked for I he sake of defining the con¬ 
served quantities. 

One aspect which will concern us here, has been extensively in¬ 
vestigated by Be! inf ante [2J: I!' one changes the Lagrangian density 
by adding a divergence 

L-li-L+l> L = £ dAjdx,. (I) 

V 

the field equations arc unaltered* but, this may not be so for the derived 
quantities, even jf L has the same invariance properties as L. The im¬ 
portant point js that A tf in (I} may be permitted to depend on both the 

* This work is supported by the LL5. Aiumie Enemy CcmmiSiian. 


m 


200 


Grcfior Wentztl 


*jf x \ Lind their first derivatives i^. T „ without introducing second dcriva- 
lives in L; this requires 


to* + to„ 

s Kn W*,* 


0. 


m 


Then, (he Lagrangians /_ and are still equivalent as ft ir as [he frec- 
fiefd equations are eon corned, but they usually lead to different ex¬ 
pression s for the energy-m omen turn tensor or the current don si tics. 
This ambiguity, as Bo I infante has proved, does not a beet the integrated 
quantities (integrals over 5-space h viz. total energy + total linear and 
angular momentum, and total charge. But their densities, i.c, their 
localization in 3-space, cannot be uniquely specified in terms of the 
Lagrangjan if suitable J>transfoimaiion« of the kind (I), (3) can be 
set up. 

There is* then, a family of Lagningian densities, none of them pre¬ 
ferable with reaped eo the Tree-field equations, but suggesting different 
possible infractions with gravitational and electromagnetic fields. 
How does "physical reality" make a choice? Or, to ask a more modest 
question, is it possible to single out a specific L r by an objective criterion 
which promises to be of general validity? The interactions derived 
from such a distinguished L ' might then deserve the epithet "minima!" 
(which has been much used recently in a rather haphazard manner). 


2, SIMPLE EXAMPLES 


We first dtfCLLss current densities* as the simpler objects. The notation 
,v 4 = ict wit] be used. 

With the use of complex conjugate fields L ti writ ten as a 

bilinear expression invariant under the “gauge transformation of the 
first kind ,,, : 


- e'V, ■ ** -* fit (* - c-onsl). (J) 


As is welt known, a conserved current j, is then definable (for lhe limit 
of vanishing electraoagoetic field) by 



( 4 ) 
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(jfV-ir - charge density}. Now, we subject L in the traniFofmation 
\ 1 i. with (2.) assumed valid fur y* us well as Moreover, ihe gauge 
traasformatiDn (3) should leave A v invariant. Then, the change in¬ 
duced in (4) by the ^-transformation h Busily found to be 


A -» A = A +/%. A = I vPJdx^. (6) 



The skew-symmetry of follows from (2). The current density j* 
may be attributed to an electric and magnetic polarisation, y 4 is a 
3-spaee divergence and therefore does not change the total charge. 

For the srafar field, there exists no 4-vector A w obeying (2). and the 
definition (4) is then unique. But already For the Dirac spinor field 
(spin Yh we may introduce 


A, = X V $[?,, y,] 


Vijf 

Sx M 


(A = const), 


1 = I~ v = ;.v^[ r „ y ]£!t 

- a*. ^ 


(S) 

E^> 


(in customary notation, writing out the derivatives of the spinors for 
clarity h Then, according to (7): 


Not surprisingly, this is the polarization caused by a “Pauli magnetic 
moment," with, its arbitrary factor A 
Another instructive example is the (complex) vector tie Id (<x 
1.4; = i^ 0 .^p* = — c.e, of We start from the Lagrangiiin 


L = 


iZ(^ ~ c ir')[r~ r 

p* \ dXp BXyJXvXp 



ill) 


A four-vector A,., obeying (2) and invariant under (J). i* 


■A 




+ e,e. 


( 12 ) 
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Then 

r ; V i £ t* ^ _ ^2 

' £ U.T, 3jf, $x M 0*J ‘ 


(13) 


The resulting ambiguity in the current density i> well known also in 
ihi* case [3], Indeed, 


*V,= (14) 

js again all rib Liable to an excess magnetic moment of the vector 
me son. 

Regarding Bd in fame's. reiLsor 7^,, form, a lac 

similar to (fik (7) t valid for general iidds T can be derived; they involve 
the matrices which characterise the transformation properties, under 
infinitesimal LorenU-tninsfo mat ions, of the i^-hdd, Since only the 
special ease of the vector held will be relevant for the following dis¬ 
cussion, we merely State the result for this ease. Taking again the 
e?i press ion (13) for L we find for the change in T^ v , induced by the 
transformation (I), the following value 


T 




i y + ^ 

I T Ldx^ cX} eft, d$ f 


+ 


3x* dXi 3x j, 3xJS 



U5) 


l# means "real part”, or more precisely: fflA - Terms 

vanishing according to the field equations (in particular ^ 

= 0> have been omitted, ] The tensor (F 5) is symmetric and obeys the 
continuity equation = 0. One can also verify that the 

components 7^ are express!hie u* 3-space divergences, so as to give 
no coni rib at ion to the lota] energy and momentum. 


X WHAT IS A MTNEMAL 3NTTR ACTION? 

First, we want Ep point out that simplicity arguments are of dubious 
value, Such an argument may have some justification in the ease of 
she Dirac electron (Pauli moment - Oi, but already in Lho vector ease 
it become* a matter of taste. Looking aL 7/ = /.+■£, with L and L 
given by (11) and (13), what L f ss she "simplest"- 1 Certainly, l - 0 
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is simple, but A = J seemH equally simple since the second term in ^ 13) 
just cancels the corresponding term in i l l), A general criterion for 
till Fields can hardEy he esiablished in such a fashion, in Lhe framework 
of Lagrangjan theory, 

A more promising suggestion comes From Ehe energy density 
I — 7 4 . 4 ] of ihe reefer field (charged or neutral i. It is well known that 
this density as constructed (following Itelmfante) from the Lagraugian 
/ (U Jts liiitmft'stly po.ufivu-defmiiv. l-q. (Hi shows that this property 
is lost if/ - L + L with an arbitrary value of L We do not here discuss 
the question what values of A might be allowable under the require¬ 
ments of physics, I lowcver. the case A = 0 is here clearly distinguished 
and may serve to define a “minimal"" interaction with the gravitational 
field. It is plausible riiat ( he same value /. = 0 should be demanded in 
(14) also; this would give the Lngrangsan density a more than mathe¬ 
matical meaning. 

Tins criterion, as ii stands, if of course not applicable to the Dirac 
spinor field, with it** i laics of “pu si Live and negative energy"'. Two 
possibilities suggest themselves if one wants a criterion of (he same 
general nature as for the vector field. One might consider she theory 
quantized according to the Pauli exclusion principle, which is well 
known io make the energy positive-definite (and tlte charge indefinite i 
Bui even within the unquanlrzcd (“r-numbaO version, a particularly 
simple (though rather mathematical) criterion can be set up. In Dirac ^ 
original theory, a density which is manifestly positive-detinue es (he 
“charge density” y litis property es however immediately 
lost if one adds the divergence of a polarization* according to (ft) and 
1 30). The absence of a Pauli moment would then naturally characterise 
1 he “minimal*' interaction with electro magnetic fields i.in agreement 
with common usage"). 

Are these criteria, based on the signs of r*, and i>Vt gencralizable 
to fields representing particles of spin > I (integral or half-odd 17 
This is very doubtful because, in spite of wider possibilities in defining 
T ^ and j v [41. no positive-definite densities have been identified. 
All hough it may be worthwhile further to explore (Ifis question, it 
must he said that this approach can hardly be expected to lead io an 
entirely satisfactory definition of nraimatiiy. 
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BOTTLES FOR NEUTRONS 


LESLIE L. FOLDV 

C«,w fniuitiitt of Ttchmluay, Clevefand. Ofrlii 
|j?r ctirrd May 17, 1965) 


One can conceive nf many experiments ini tiucleur and high energy 
physics where it would be desirable to have available a cas of free 
neutrons of appreciable density. Many years ago the author posed to 
himself the question whether jt is at least theoretically feasible to 
construct n '■'bottle" to hold neutrons. Rather remarkably. Withm the 
context in which the question was asked, the answer turned out to be 
affirmative, although this is not to be taken to mean that the technical 
feasibility in the future, if not the present, is assured. As will bo evident 
in what follows, many of ihe principal problems ore cryogenic in 
character - and (he author is certain!y not sufficiently informed to 
discuss these in a knowledgeable way - so that it may well turn out 
that the mhnhat solution of these problems am be demonstrated to 
be impossible on theoretical grounds. But in any ease there is some 
interesting physics in the question and this is a pleasant opportunity 
to commit some of the ideas involved to record. 

One must first define what one means by a neutron "bottle". It 
will be considered here to consist of a cavity in a material substance 
such thin neutrons filling this cavity will, under appropriate dtcum* 
stances, be unable to escape llirouglt the walls at least fora time of the 
order of the neutron beta-decay lifetime which is 12 minutes. Thus we 
are indeed considering a bottle in she ordinary sense of ihe word, and 
neutrons spatially confined by the action oft heir own mutual gravita¬ 
tional field (neutron stars) will not be considered to be ’"bottled" as 
far as the arguments to follow are concerned. 

The first problem Is dearly to find a suitable material from which 
to construct the walls oT the bottle. Nature seems to dictate virtually 
a unique choice for this substance. Any material which captures 
neutrons will in general lead to a lifetime for radiative capture which 
is much shorter than the beta-decay lifetime of the neutron unless the 

205 


206 


Lesilt L. Foldy 


botile is enormous in stee, The only known stable substance winch 
does rot capture neutrons Es He 4 so that this must be our choice, t'n 
form a cavity surrounded by helium I he latter must clearly be in a 
condensed state, and since no substance cun be used inside ihe cavity 
to maintain pressure on ihe helium, one is limned to liquid helium, 
and superfiutd helium at that. Our bottle, and hence the neutrons con¬ 
tained in it. must therefore be at very low temperature*, below the 
condensation temperature lor helium at low pressure which is 2,2 K, 
Actually considerably lower temperatures arc required as wit] become 
evident below. 

The next question is clearly whether helium will form a harrier to 
neutrons or whether neutrons will simply pass through walls composed 
c?r it. The perltTu-m datum here is the potential energy of a neutron 
inside liquid helium. or H what is equivalent, the Hides of refraction of 
liquid helium for cold (long wave-length} neutrons. We ignore the 
neutrun-electron imemclcon which is negligible for this consideration, 
in which, case this index qf refraction is determined by she scattering 
length of the He 4 nucleus for slow neutrons. This scattering length is 
known lo be [ I ] 

ci - 2,4 x 10“ JJ cm+ (f) 

which corresponds to a repulsive potential In laei, the s-wavc scatter¬ 
ing of neutrons by He* nuclei up to energies of several VIev is identical 
with what would be calculated if the audei were simply hard spheres 
of a radius given by (1). Now neutrons whose energy in free space is 
E = fa~k □ 2J/, where M is ihc mass of the neutron» will have a wave 
number k inside helium substance given by ]2| 

* 3 = A"5 H- 4^^ (2) 

where 

n = !.{f2xlQ ::z aiomsiCTn 2 (3) 

is the number density of helium atom* in liquid helium. Eq„ (2} is 
just the usual expression for the index of refraction of ihe substance 
since Et relates ibe wavelength of neutrons of the -same energy (fre¬ 
quency) inside and outside the substance. Rewritten it provides the 
energy-momentum relation for neutrons in helium: 

E = AV/ivlZ-h V 


( 4 ) 
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where 

V - 4nmifi 2 : 2\f - 1.12 k W* eV s (J) 

is then ( he potential energy of a neutron in helium. Since F is positive 
neutrons with kinetic energy less than V cannot penetrate into liquid 
helium from free space, except, of course lor the exponentially damped 
qua (U urn-mechanical penetration into classically forbidden regions. 

In view of (4) a degenerate neutron gas wjLli Fermi energy less than 
I i li absolute /cm v<ill be ^contained” h\ a holtJc with liquid helium 
walls. Even at finite temperatures, provided that they are substantially 
less than 10 -J K. tins containment wilt bo still possible bui with 
some evaporation of neutrons over Ehc barrier potential associated 
whh the iait of the Fermi distribution. 

The limitation on the Fermi energy of the neutron gas imposes an 
upper limit to the density of neuir-nris which can he contained in the 
bottle assuming u temperature much lower than 10' 4 K. The Fermi 
energy of the gas is equal in I at a neutron density of 

N = (4flw)*/6ff * = 2.2 x I0 1 * neutrons-cm 3 . (6) 

llili is quite a respectable density being about 10“ 5 that of ordinary 
gases tit STP, and about It) 5 times the neutron density in a high flux 
nuclear reactor. In Fact it is amusing to note that as a consequence of 
the beta decay of the neutron, such a gas would have a specific activity 
of tG* CurieS/em\ 

A further question which requires consideration is the required 
thickness of the helium walk in order that there is not loo high a rate of 
leakage of neutrons ih rough the lid i uni wall by the process of quantum 
mechanical tunneling through the potential barrier. We may estimate 
this for a situation in which the Fermi energy of die neutron gas is 
one-half that given in Eq r (5) which corresponds to a neutron density 
about one-third that given by £q (6). In Ihis case the neutrons ai the 
Fermi surface have a velocity or' about 100 am'see and be nee, for a 
bottle whose internal dimensions arc of the order of centimeters, these 
neutrons will make of the order of 300 collisions with the walls per 
second To keep the lifelitnc for leakage through the barrier of the 
same order as (he beta-decay lifetime of the neutron then requires that 
the probability for a neutron penetrating the barrier on :i single cn- 
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counter wiili the wall he less Lhan SO s . This will indeed be ihe case if 
the wait thickness d satkftes the condition 

d £ = tixHT 5 cm, (7) 

One should also consider the question of thermal evaporation over the 
harrier as described earlier, but this can always be kept to a sufficiently 
low value by reducing the temperature sufficiently; o temperature of 
ihe order of IfT 5 K Would suffice- Or course, the lower the required 
temperautri [he more difficult is the practical achievement of an op¬ 
erational neutron bottle but is not necessarily relevant to its theoretical 
feasibility. 

Certainly an important further consideration is whether there is any 
way of actually enclosing a volume with a liquid helium film of the 
requisite thickness demanded by (7), One's first thought might be to 
employ ihe well-known phenomenon that any surface in contact with 
bulk liquid helium is covered with a thin film of the liquid p]. Un¬ 
fortunately observations on such filing indicate that their thickness at 
a few centimeters above the balk liquid is only of the order of cme- 
temh that required by Eq. (7). Other (very uncertain) possibilities 
might consist in attempting to increase this film thickness through the 
fountain effect (ihcmio mechanical effect) by maintaining a small posi¬ 
tive temperature gradient in the upward direction along the walls of 
the vessel in which the liquid helium is contained, or by Lhc use of the 
hydrodynamic phenomenon popularly known as she ^leapoi effect" 
[4], The latter effect, if it occurs in superfluid helium at all, could he 
exploited by allowing the helium liquid to flow downward through a 
tube which eo nut ms two constrictions, the enlarged pon ion between 
them serving ns the actual cavity. The teapot effect would then mani¬ 
fest itself in the fact that below ihe upper constriction she fluid would 
continue U> adhere to the walls and flow down in a film covering the 
wall of ihe enlarged portion, instead of separating from the surface m 
ihe form of a jet or droplets* Perhaps more ingenious methods may 
be devised to solve this difficult problem. 

I t es easy to think of many other problems which would arise in the 
practical construction of a neutron bottle, not least of which are the 
cryogenic problems involved in the dissipation of the very considerable 
heat deposited in the walk of the cavity by the electrons emitted in the 
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beta-decay of the enclosed neutrons. 1 lowever. we [save Achieved some 
measure nf the conditions which must be attained. Briefly summarized 
w c may .say ihat a cavity in liquid helium with helium wait thickness 
greater than 6 k It) - - cm and maimaitted at a temperature below 
10" 5 would be capable of holding a neutron gas with a density 
of the order of I0 14 neutrons cm 1 with a loss rate which is comparable 
with that arising from spontaneous neutron decay. Could ibe.se con¬ 
ditions be achieved one would indeed have a neutron “bottle". This 
says nothing about how such a neutron bottle is to be “titkd'y but 
this must be left us an exercise to the interested reader; this is nut 
meant to imply that u is a trivial problem. 

REFERENCES 

\ ! See, 1‘or example. EV k. Hodgson,, Ad-L^nm m Physses. 7 EfcV5H> 1. 

2i bee, for c.\jmpfe T L, L. Foldy, Phyn. Rev. 67 (1945) 107. m E. L'ermi, Nuclear 
PhysLcH, Uwi-rfd Edilion fThe Uiuvttrsity Chicago Press, Chita^v, 1950). 
A more rigorous e&ku Union haw recently been carried our b* M. Coopergmith, 
"Multiple SculEertn^ and Many Body Theory E'ree Lnerjiy nf IdecLrociH m 
Helium”. to be published. 

3 1 K. R. Aliens, Helium. Film*, in: Progjtsji in Low Tcmpcraiune Physics, edited 
by C. I. Gurter (Iniencimce PBfrliihMS* Inc., New York, I'Wj: 

K MondebnoUn, Cryophysics (Interacicnua PubtiHhers, Ine., New York ly^u, 
p 147. 

4i M. Sdiief, Physics Ttidiiy 9 (1956) m, 9„ p. Ifi. 


MULT I POLE RADIATION 


KURT GOTTFRIED 

Ctiffiett Uittversriy. Itkne.a, New York 
( Ret fried -Vfujc 17, IWS) 


1, INTRCH>[JCmON 

One-photon states of rather large angular momentum play an impor¬ 
tant role in many nuclear phenomena. Formulae fur transition am¬ 
plitudes Involving such states were first derived by Blatl and Weiss- 
kopf [I ], and by Wallace [2]. Innumerable applications nf these tech¬ 
nique:* to a wide variety of problems in nuclear spectroscopy have been 
made in ihe past fifteen years. One of the earliest Lind most significant 
results was the Weisskopf estimate [3] of the one-parridc transition 
amplitude for multi pole radiation of arbitrary rank and parity. 

The original derivations of the multi pole fields, and moments arc 
other lengthy and depend on a number of special devices [4]. In [hi* 
note we wish to show that a fairly concise and straight forward develop¬ 
ment h possible if one use* the notion of he I icily states introduced by 
Jacob and Wick [5 P 6]. Needless to say. we have no new results in 
report. This, therefore* is an ^Afterlude^ and not a Prelude" in 
physics! We hope that some readers will find it to be an instructive 
exercise in quantum mechanical engineering. 

In order to make the discussion reasonably self-con mined, we begin 
by reminding; the reader of some important properties of rotations, 
and then derive the basic formula of Jacob and Wick. It will be noted 
ihai the actual derivation of the mullipolc formulae and angular distri¬ 
butions, which begins in Sec. 5, is really quite brief: much of the follow¬ 
ing is devoted to a resume of standard results. 

2, ROTATION MAT lUCiS 

Let |<i) be an arbitrary state, and |h; if) the same state rotated through 
if. The rotation ft may be parametrized by three Eukr angles a, fK 
and y, These states are connected by a unitary operator £/(if): 

mm ” la; ft). (1) 
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In terms of Ihc Euler angles £/ - e“ fc *Jr e -s^ e -ST/^ where J es lire 
total angular momentum of the system [71 The matrix dements of C/ 
between total angular momentum eigenstates are 

dL(R) = (Mumjm'y. ( 2 ) 

In the sequel we shall only require the ^-matrices withy = 0. For 
ilie sake of brevity we then designate the remaining two angles by a 
unit vector ^. "1 he oriexilutiun of k is given hy the polar angle /J and 
the azimulh a. Thus we shall write (/(p/JO) = and ako 

oLim) = Kmiki 

TItc ZJ-matrices satisfy the following important identities [S|: 

I d£ DUS)*»i &) - %<W. (3) 

J 2jf+1 

| 6fiDUt)*Di-$)YZAh ~ - v '~- ti> a'm'LWj'nKJ'imjX}. 

J ^ + 1 (4) 

Here J d£ indicates an integral ion over the unit sphere* and wc use 
1 he Condon-Shortley conventions, for she Ciebsdi-Gordan coefficients 
and spherical harmonics, 

T ONE PHOTON HELIC1TV STATES 

Wc wish la build om^photoii states having definite total angular 
momentum quantum numbers j and m. Following Jacob and Wick, 
we shall CLMvsErud ihesc fmm n-ne-photon states | kz: A) nf linear 
momentum ki and hdicity 4 (/, — + E), where : is li unit vector along 
the redirection. This state is already an eigenstate ol J z with eigenvalue 
A, Because of this die decomposition of \kz; A) into angular momen¬ 
tum eigen states only contains terms with m = A: 

lkz-,jLy = i\k:jkXk-Ji\kZ;A). ( 5 ) 

j = i 

A one-photon stale of helicily j. propagating in the direction k can be 
obtained from |Ar; 1) by the rotation £/(4), Lc,, [A; 2) - £/(£)|A5: i>. 

( Recall that the hdicity U a pseudosc&Jar.) When wc apply ibis rotation 
to (51 and use <2J wc obtain 

|fc;A> = V 
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Wc may now extraa ihe soughL-iificr angular momentum eigen sidle 
with the help of the orthogonality rclaiion (3): 

\k jml> - [<2/+ I)/4?t] i | d&DUkf ik; (6| 

Tliis sLiilc obviously has helirity and wc have therefore inserled this 
quantum number into the ket symbol. In writing (6) wc have adjusted 
<Jt; j).\kz\ J.) to conform with the normalization conventions 

( 7 ) 

ik JmXW, fm a‘> = M-A*- (S) 


The amplitude For finding a photon of linear momentum k in it state 
Slaving specified total angular momentum quantum numbers is there¬ 
fore 




&{k-V) 

kk' 





4 TJiF YECTOR POTENTIAL 

We can now construct an expression for the vector potential in terms 
of operators that destroy and create the helictiy states ittyttM). Wc 
begin once more with the linear momentum representation. Here the 
vector potential assumes the form 


M r) = (Sir 3 )- * I* ~ |V“ ’ tax.], (10) 

where fljtk) creates the slate iA; 1} when acLing on the vacuum, and 
e Kk is a circular polarization unit vector. 

We can define operators I that create the slates k\pnX) when 

acting on the vacuum by means of the linear transformation 1.6). When 
these arc inserted into (10) wc obtain the desired expression for the 
vector potential; 


A ir} = v r'^L/^fr.^u^+hc.}, 


'o V : 


(II) 
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where 

/£(*. r)-J d&et^ 'DLify (12) 

Thu vector fields defined in this last equation are closely related to the 
vector spherical harmonics used by Blatt anti Weis&kopf fl ], The 
iransformatipn that take-, us from (ll>) to (II) also provides us with 
the expansion of a plane electromagnetic wave in tcittis of spherical 
waves (sec the alternative discussion in ref. i, p. 5S07, and the more 
closely related treat men l of Rost [7), p. 137). 

} F. MISSION AMPLITUDES 

Let us compute she amplitude for the process where a photon of 
momentum k and hdiefty A is emitted while the source undergoes the 
transition |ay -* [£>, 1 his amplitude is 

A-UM) = -<&; fti *1 | Mr) j(rKl J r|a; 0). (13) 

where/(r) is the current density in the source system, and [«;0> is 
tile product of the source state |u) and the electromagnetic vacuum 
state, Upon inserting the complete set of one*phototi angular mo¬ 
mentum eigenstates into this matrix element, we find. 

A<*m - 

= — Z j o ^ J 

The transformation function that appears here is given by (9). With 
the help of (11) one easily reduces the remaining matrix element to an 
element referring only to the source operators and states. One thereby 
obtains 

AUM) - - —-prr I (V + HDUWWTt - (14) 

16s ^TCK jm 

where 

K - J j(r) ■// r)dV (IS) 

Eq. (14) gives the angular distribution of photons ofhdirity A emitted 
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in the transition |u) -* |£). The angular fund ions. that appear in (14) 
arc related to the spherical harmonics by 


oi.t,i*r-} / JO+I 4 )( , j+ll ( sioe 



Because the separate terms in tl4] correspond to the emission of 
photons into angular momentum states with the quantum numbers 
{J, m), I he quantity must be the m* component of a tensor operator 
of rank /, When the slates of the source are angular momentum eigen¬ 
states. the sum m (143 is restricted by the selection rules i*| 
^ J ^ + Jb . snd i \fb —■ A/jj ni. 


6. MULTIPOLE MOMENTS 

The tensor operators Tj m are closely related to the conventional elec¬ 
tromagnetic multi pole moments. TJie precise relationship becomes 
apparent if one determines tltc behavior of 1 under reflections. Let 
/ J be the unitary reflection operator. L ndcr a reflection the cut rent 
density /(r) transforms as follows; 

P/frJp- 1 = -j(-r). 

When we reflect c 151 we therefore obtain 

rj%P~ l = — r)d"Y, 

where 

//-A -r) = J (16J 

Hut - (-lM, -„(*)- The rda- 

tionahip between t. hi and # kJ h obtained as follows We first dcline 
c kJ for all k by mean* of 

► 

where e a = i T e ± , = T (l±iy),\/2. As a consequence of this def¬ 
inition ir_ fc * - —, A , Returning to (J6j wc conclude ihaL 


l IB) 
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The reflection property of the operators TL is therefore 

?Tf m p-' = {-iyr^ (t9) 

The tact that rj m transformed into T fm ' is simply a consequence of 
the hehciiy being, a pseudoscalar, 

When uric deals with transitions between states of definite parity, it 
is convenient lu have operators Hull transform into themselves 

under reflection. With this end sn view we define two new operators 

by 

Tii = r;.±T^'. (20) 

The reflection character of ihcae operators is given by 

PTjiP-' = ±(-1)%*. (21) 

By definition, the parity chang.es by (-1)’ in tin electric mullipole 

transition of order 2'. and by (-1 3 J+1 in a magnetic transition of This 
order, li is therefore clear that Tf a and arc proportional to the 
electric and magnetic muHipnle moments, respectively 

Eh Combining U2h (IS) t mid (18), we can write an explicit formula 
lor the elect ric and magnelic multi pole moments* viz. 

T,i = ^ ( 22 ) 

J 


11' one expands the plane waves into spherical waves, i,e,. 

- 4^1^^)^), 
tM 

and recalls (17 i. one can carrier oui the integration over £ by u^ng (4), 
The triangular inequalities implicit in the Clebsck-Gordan coefficients 
then require ihat /- = j- L J.j- r I. Because of the last factor in the 
mlegrand of (22), the harmonics of rank /_ = j± I contribute to the 
electric muJlipoks* and the remaining term with L «/contribute to 
the magnetic multiples. 

Whcrt the wavelength 1 jk is Long compared to the dimension of the 
source one can approximate the spherical Ucsscl function by 


h(kr) a 


(2L+1)!! * 


( 23 ) 
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In this situation the electric itmlUpolc moment [s dominated by cite 
term with L = j- I. The Wcisskopf estimates follow more or less 
directly from ihcse remarks. 

Compact expressions for the joultipole moments can be obtained 
when the long wavelength approximation (2?) is valid [1.2]. We first 
carry out the -integral ion in the manner already indicated* and lint! 


TjL 


2(4it,ri 




k - 1 / j 

ii-nnf 2 (2i- 


j + l 


(2j-l)M r 2(2;-lK2j>U 
* I </mlvy-lAf> j j ’ e,V- 1 Yj. lv (f)d 3 r ( (24) 

\fv J 


By using standard results concerning the sphericsl fmrmonics arid u 
table of Clebscli-Gortkin coefficients erne can .show that 


W = -C?/+l)v m- i X $<Jml v|;- 1 Myr*-' Yj. 




IM’ 


This h precisely the sum that appears in (24). After integrating by 
parts and using the continuity equation we therefore obtain 


Tj + m - — 2(4jt}^ 


fcJ -i 




( 2 j+w 


I' 


j+i 

W)+ u 


I Jrjtwypr, (25) 


where p i-s the rime derivative of Ihe charge density. Aside from a factor 
of iA\ Ehe integral in (25) is the electric muliipnlc operator Qj m of 
B]alt and Weisskopf. The evaluation of the magnetic rmiHipole 
moment requires the use of the identity 

jU+\)J,e*A}mU\)M}Y ifi , 

in 


The long wavelength approximation to the magnetic rnulhpuk mo¬ 
ment is then 


Tf m - 3(4*)* 


k J 


(2/+1)!! 


j2«-J+ I 1/ 


2 /( 2 /+ 1 ) 

j rty-irxjtfr. (26) 
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I he inleg ml in this expression equals — (/+■ t) \f Jm . where \f Jm is ihc 
magnetic mu]ri pole mumenT of 13Lull and Weisskopf, 
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INELASTIC SCATTERING AND 
ASSOCIATED GAMMA RADIATION 
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A rytfTwr ftTg ntOfMf Lobomhiry* Htitmfs 

(Rtttirrd May 17 k JP6$\ 


When alphas at n few iens of MeV are scattered b> mcd]iurL-vvei glu 
nuclei. various phenomena suggest that the scattering nuetcus may be 
treated as approximately black, The very ttrikmg dastioindaslic phase 
rule of Blair is an example [ I ]. It mate* that the phases of angular scat¬ 
tering patterns are ad related that ihe maxima of the elastic scattering 
pattern coincide in angle with the minima of the pattern for inelastic 
scattering with no change of parity isi The nuclear excitation. It may be 
most simply explained on the basts of Frauenhofer diffraction from a 
black disk for elastic scattering and from a ring aperture at the edge of 
the black disk for inelastic scattering. I foe ring aperture is a model for 
the requirement that the scattered particle must pass close to the edge 
of the nucleus to excite ii bj mennv of short-range forces. The black 
disk produces the well-known Fmucnhofcf pattern, the variation of the 
scattered amplitude with angle having an almost sinusoidal nature 
(actually a Bessel function). This can be obtained from the Huygens 
KirehhotT integral ion over the plane outside the disk, and the integra¬ 
tion over the ring may be obtained by diHkrentialicm of this with 
respect to the radius [2], The derivative operator puts the inelastic 
amplitude out of phase with the clastic one. 

It would be dangerous to conclude from this that ihe nucleus ]£ 
black. Machine compulations with the DWfiA typically hud several 
sets of parameters for the real well depth and the absorption parameter 
(imaginary well depth) that agree with the scattering experiments. 
Nevertheless, the black-nucleus approximation scents 10 represent the 
essential feature. 

It is of interest to examine Lhe phenomenon of inelastic scattering 
more closely, taking into account I he mechanism of then Lid ear excitati¬ 
on but still ratal ni n gthctimplifi cat io n of an approx i mutely b lac k nude us. 

2ts 
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A particularly snicresiFUg Lind simple indication of the nature of the 
nuclear excitation i& found in the inelastic: alpha scattering yielding the 
lowest rotational stales of the simple deformed nuclei C lJ . Mg 1 *, and 
SrThese 4n nuclei lack the complicating feature of low intrinsic 
excitations, Here the inelastic scattering and subsequent gamma 
emission involves a 0-2-0 transition and the angular paiiern of the 
£2 gammas has the symmetry of a four-pel Li I rosette ora four-b laded 



i\iy: t T'hr lever nrpreriling the direction of the ulpllu counter ptvtusi on the 
same axis os does the Central small j*ear on which the fan ls mounted. Ttie shape of 
itw? Cm teas qw o i inunparenE plastics reprise ms the mienstiy of the come idem 
jg^mmiu 4is a funclhm of tingle m |H« react i-u-rt plan?. The alphti Itiv^r carrier a hujp- 
r ml i ns jtc^r seel ion. Thr olT-^«Uer ftifiidh pear. Wilht ith j\1e also lived Co the tuise 
plate, then ueJS iib a step-up reVerimj |of and. as the clpha direct ton is slowly 
rntuted. the Eammis-oricJilatjnn angie & merits fiipjdJy m (he reverse «n« r the 
rqiift of ftfiffwltif siseeds being a he ratio of rhe Titdii of I Iw larger mid sttiftJlet ton- 

OKLtffc yean. 

fan. The orientation of the pattern shows the remarkable reverse 
rotation illustrated crudely b\ the mechanical gadget sketched in 
Fig. h The effect is observed only for alpha angles between a haul 
2ii and 91 r and The "gear ratio" is. not constant (Fig. 2). but (he rapid 
reverse rota lion h the most striking aspect of the phenomenem, It is so 
striking as to call for a very simple answer to the question: What is 
there in quantum mechanics to replace The reversing gear. 
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l ig. 2. Observed. oriental iun oTIhe samma-rny pattern for Mg 11 , flrcording tn FteL 
4. The Scale i'orih„ ii negative* *0 the positive aLopc of the Limes of poilUl indicates a 
reverse million, The di ngo mi I tine is Ihe recoil direct tun (for k > fc) and replevin IS 
fhc ciporifiunU! trend dtscui&cd curlier 4 Ref 71 beemw hi|di sole nutty nukes the 
poirtis there lewl Uifficult to observe. 


AN INADEQUATE THEORY THE FUZZY-PRUJ lLE MODEL 


For the sake of perspective. Jgi us lirst examine an oversimplified treat¬ 
ment of inelastic scattering one shat is not adequate to account for 
the gumma rotation. The Frauenhofcr theory of elastic scattering is a 
profile theory: ilue absorbing nucleus is represented by its silhouette, 
si black disk with a sharp cul-oJT at the edge. As a slight rdajuilion of 
this idealization, consider instead a fuzzy profile, the edge of which is 
a "grey wedge" fading from w hite |p black. For simplicity of drawing 
and of conveying the main ideas, we shall consider scattering in only 
two dimensions rather than three. The nucleus is then a circle of radius 
ti and its profile is a line segment along the >■ axis from - a to a + 
The transmission through the +l grey wedge" at the edge may be de¬ 
scribed by the function 





for jv| > a 
for \y] < a 


m 


With this as the weighing fuMtion. a FraucnhoJer-KirehholT integra¬ 
tion along ihe y axis gives an explicit elastic scattering amplitude a et . 
For g ■> I n and g K = k sin 6 = kj, one finds as the leading 





Imiwifc fatfferinfl 


221 


terras in the elastically mattered intensity 




sin* Ku cos 2 Ka 


( 2 ) 


A similar integralign is encountered when inelastic scattering is 
treated by the distorted-wave Born approximation (DWBA) to the 
Schrodingcr equal ion. The line-segment obstacle representing the 
nucleus has u small but finite thickness, X. Wi thin it at a given value 
or i' just Jess than o, the incident wave •![, is attenuated towards the 
right and ihe final wave is attenuated towards the left. The product 
of ihe amplitudes of i he two waves is thus nearly constant inside the 
obstacle and roughly equal to fiy), the amplitude of ii;, at the right- 
hand edge, where has uni: amplitude. Thus the same “grey wedge" 



Fjg. 1. Dependence' of the profile i)n the codec live nuclear cdoidinntG it. 


at ihe edge of the nucleus applies to elastic scattering, where it adds 
only a small second lerm in Eq. (2). and to the DWBA, where it pro¬ 
vides a finite amplitude of the wave functions within I he nucleus. 

The excitation of a rotational state of a deformed nucleus may be 
represented in tile profile model by letting the dimension u of i he profile 
be a function of (he collective nuclear rotation coordinate £ as indicat- 
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cd in Fig. 3. The small elliptical deformation of the nucleus from cir¬ 
cular shape is given by 


r(i) = £iQ + tt t ws2(0—JO. 


(3) 


where (he angle 6 locates the major axis. The width or the profile is 
then taken lo be the dimension* 2*1(4* h of the ellipse along the y axis* 
with 


oftt) = cos 2{H~4>) = x 2$. (4) 


In the DWBA, lhe distorted waves are solutions of the wave equa¬ 
tion for the unde formed nucleus, in our case the thin rectangle of 
width 2*J (f and thickness A —► 0. The deformation then provides the 
perturbation term of the Hamiltonian, the short-range (d-ftiactiM) 
interaction ' between (he scattered pari tele and the nuclear matter 
for lack thereof) representing deformation [(he term in ti t of Eq. (4)]. 
The matrix element?, for the in elastic transition contains! his multiplied 
by the initial and final nuclear wave functions and the produce of the 
incoming and outgoing waves. We confine attention to the simplest 
case of small deformation ct, t?" 1 and thus J{y) ^ I in the region 
through which v(4>) varies. The rotational nuclear wave functions arc 
a 1 "* and this is I for the ground state m - 0. A typical matrix element 
is then 


j-a* r rimrn 

<tn\ *'\o> - ± ayS{yV*> 

J 13 L J 




= — u j cos Xiilj. d^c l, "’ ±3 '* - —2ir6(m. ±2}u, cos Ka. 


Thus the intensity of inelastic scattering is proportional lo cos 1 Ka, 
and hence is out of phase in 0 with the clastic scattering (the large term 
of Eq. (2)] in keeping With the Blair phase rule. 

The two degenerate nuclear stales m = ±2 are excited with (he 
same phase in and the complete excited nuclear stale is 

Ui($} m a t cos Ka(e il4, + e ' 3l ^j = 2a, cos Ka cos 2^. 
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Die probability distribution of the major axis is shcn 

a-, ei* 0 f cos' ft a cos" j6J 

This has the shape of a four-bluded fan with the blades along the x 
and v axes. The radiation pal Lem on dc-«c tuition of such a distribu¬ 
tion has the same shape but with Ihc blades midway between these, the 
pat tern being rotated by sr 4, (The radiation in the direction k 
contains a gradient operator normal to k which, for a bulge of charge 
moving around a circle. may he expressed as (1 R\ cos T^-r^jT.rtfL 
i he derivative operator places the radiation pal tern just oul of phase 
with the probability pattern, us in tile familiar case of dipole radiation 
norma! to the dipole.) 

Hills the radiation pattern is stuck between the axes and does not 
rotate. If we modily the treatment slightly by placing lhe line of the 
profile in the direction of [he recoil, h = ft - ft. (which approximately 
bisects the angle between k and k if A 3= A\ yielding the familiar 
relation A r = 2ft sin \0\ the rotation pattern is instead fixed to the 
dowLy-varying recoil direction. 

Another treatment that fails to impart a rotation to the gamma 
pattern for a similar reason is the plane-wave Born approximation 
iPWBAh The nucleus in two dimensions is treated ax a circle pin* a 
slight deformation - not as its profile and fj and £ f are plane waves 
sweeping across the Circle. The product of the tw ! o plane waves is a 
plane wave in the recoil direction and this direction is the only pre¬ 
ferred axis introduced by the scattering process. The result is symmetric 
with respect to reflection in that line, and the gamma pattern again is 
tied to it. Thus Lhc two dimensions of the nucleus and some distortion 
of the waves appears to be needed to imparl the rotation. 

THE BEATS h AT THE EDGE OF THE NUCLEUS 

The incident distorted wave £j, which is a distortion of e 1 * 'T docs 
not stop at i he geometric shadow but instead bends around the nuclear 
surface in the shadow though with reduced intensity. Wc assume 
that its wavelength 2 remains unchanged along the surface (though 
There is probably a fairly uniform reduction of wavelength around the 
lateral edge). The distoried outgoing wave f r has a similar shape and 
has ft' < ft and A* > 1 because of the inelastic scattering. The product 
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of the two waves around the luternl edges of I lie nuclear surface is 
important in determining the relative phase of the excitation matrix 
elements., Thera is always one arbitrary over-all phase having no 
physical meaning, so we may make the product of the two waves 
e’* r and e 11 " r real at the center. 

I r one takes two comhs. for example, the spacing of the teeth being 
slightly greater in one than the other, and looks at a light background 
through both of them placed together, one may see alternate hands of 

: mm 

* A 


***... *_L 



i : ijj. 4. Pc-it-yonrHlr dfimiHtttfitlkm kit Tdr ih* reverse rams km of ihe bnts. 
Instructions Imuftinc she upper parrel drawn cm Uafisparctn papd\ I he tenlt-r €' 
hUJwrpCM.il on C!. and 11 pm Mtick through rh< IWO ttnltiH. Then mUiling k: ffnra 
45 to WS CJIUSCR revere raltftlkui of the beat* between the geqr leptll. Tbfl 
rniJO n-f lire tooth bnutiirtfe of [he upper panel Co that «>f the lower is 4/J. 


light and dark, known as "beats’*. If the comb with the greater spacing 
("wavelength’*) is moved slowly to the right. Lite beats move rapidly 
lu llie left. Similarly, if k is horizontal to the right and k' upward U> 
the right at an angle <■/>., as in I-'ig. I, we consider 8t tile lower edge of 
the nucleus the product of the two waves ^ and A given phase of 
the product moves rapidly to the left as the waves of (j f move lo (he 
right with increase of & (Fig. 4). This, together wnh a similar situation 
at the upper edge, is the signal that is carried to the nucleus to make 
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passible the rapid reverse rotation of ilie gamma pattern, as lias been 
painted out in an earlier letter [8], 

Two lines through the center, one normal fo k and the other to k\ 
delimit a "shadow sector' 1 at the bottom of l tic nucleus (region B ill 
Fie. 5) and a 4i bright sector 1 ’, that is “seen*" by both waves, at the 
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top (region A s, On these two lines the respective waves have I he same 
phase as aE the center (their product being unity), so the phase of the 
product of the two waves at an angle ^ in region FT for example, is 
determined h> the distances along the edge from those lines, i.e., 

P* * (7) 

with 

4>a “ 


The reverse ‘"bear phenomenon may be seen clearly in this factor. 
hi the first term in the exponent - the term giving the phase at the mid¬ 
point of the shadow sector the alpha angle tf> % enters with a large 
positive coefficient (Jt + A,'). The second term, gives the variation of 
phase throughout region B and in it 0 has a small positive codllcicnt 
(A i. Thus large decrease in $ is required Eo Compensate a snialJ 
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increase in fp 9 . In region A + « c have the same phase factor as in region 
B but with ,fl 0 — -^and - In — Air. As for their amplitudes, we expect 
that the products of the Waves reach a maximum near I he midpoints 
of the bright and dark .sectors and assume that this variation may 
reasonably be represented by a Gaussian factor in each case- Aside 
from Lids, we assume that the product tends so be weaker in region Ji 
than in A t and hence introduce a factor H ' < 1 in region B. The prod¬ 
ucts in the two regions are thus 




( 8 ) 


with S - (k + k')i i 0 . i> ~ (k -A and if* - ij* u + n m The signs of 
S and D change between regions A and H because the dtreelirm of the 
radius a Q is reversed. 

THE NUCLEAR EXCITATION 

The perturbation term 1 in the Hamiltonian ft a S-f unction inter¬ 
action between the alpha at r and the nuclear matter in he '"bulge" 
described by the term in ti x of Eq. (3k The deformation a, is small and 
the strength of the interaction m ^ ft proportion a] to the magnitude 
of that lertn, i.c ah to Ihe thickness of She bulge at f The contribution 
of the interuction in [he region B to the matrix element exciting the 
rotational si ate e fcnT * is ihus 


<m|Jf|0>b = a L j dfc !ffl * | df cos. - ip B ) 

= d*V w ^ w ' !%*[ I 

J J TV ~m = + 1 


* II- 1 *= ±1 



(9) 


where 


f C t = w m = flO) 

In the correspond!rtR contribution from region A, is replaced by 
v m which lacks the factor IT and has the reversed sign of D: 



(ii) 
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h is Li *■ be noud that t .. 2 and n : arc larger than r, and u'_ 2 . respective 
L'ly, because the fanner Contain the larger exponential factor. The 
inequality 

> (|2) 

exprcysci a tenikncy for conservation of momentum in the excitation 
process [but not a very strong tendency because the region of integra¬ 
tion is not much longer than X), For example, t _ 2 is large because the 
slate m = —2 has forward momentum in region A lo account for 
pan of the moment uni lost by the scattered alpha. The ratio of the terms 
f 121 is no I greatly di lie rent from unity because the excitation energy is 
much less than the alpha energy. D being only \ to 1 in typical cases. 
Of the four coefficients, the smallest U ii _ 2 because it contains both 
the >mall factor If'and I he smaller exponential factor, so lor simplicity 
we lake ir „ 2 = 0. The excited-state wave function, made up of the two 
degenerate rotational states, is then 

<W = I <#«!■#"|Q>e‘” ™ C, I (*„*’**+ WB e*y* - 

m - ± 1 m ■ ± 1 

= C, * lr [(i> 2 + w 3 + (J_ j e 

with • = Sijij . <j>' = <;> —0 P , mid ‘1>1, = 0 fl —0 ft . I lent we have emphas- 
i/etl i he important relative phiisc of the two terms by setting 

Bi+Wi* 1 ' = Ce _4) *'® (14) 

where 

C = (*f| + 2ifj Wj CoS >■+ Wj)*. 

The probability distribution of the major axis is then .given by 

... - ex.) 

— ff.+Cl’ _ 2 ( [cos 2(0 -0 O ) + i sin 2(0 -0 o )] i +c.c.} 

= fT.+2Crt_ 3 [l —2 sin a 2(0-0o)] 

= A- B' sin* 2(0-0 U } t it’ positive), (15) 

where c.c. means “complex conjugate". Here the cross section for 
inelastic scattering of alphas, obtained by integrating ever all nuclear 
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orientations is 

ff r - C l + V -2 =■ i?J+wf +»-j+2 pjWj cos y. (16) 

As aLteady mentioned, the gamma-emission pattern is just out of 
phase with « ilE iiJ Kt with maxima Lind minima interchanged by chang¬ 
ing the sign of the term in B: 

ff y (0 T ) x A ±3 sin 2 (B positive, B > B' K 

and this corresponds to the used to express the experimental results, 
The striking reverse rotation we are after conies out of the determi¬ 
nation of from the real and imaginary parts of Eq, (14); 

sin 4^0 w 2 Sin y 

COS 4^0 t?2 + w 2 COS "/ ' 

* m/ — . (17) 

Pj/Wj+COS'/ 

The behavior of^ 0 then depends cm the magnitude of the ratio rv w A + 
If Vi''w 2 > 1, the tangent is never infinite and Ihearctan varies period¬ 
ically within narrow limits. The approximate conservation of momen¬ 
tum, however, tends to make v 2 small and w 2 large. If t 2 jw 2 < 1, Ehe 
tangent passes through infinity twice in each cycle of y, Tlie reciprocal 
of the denominator alone goes through infinity with the opposite 
change of sign on successive passages (+ to —, then — to +): but 
between successive passages the numerator changes sign so the succes- 
sivc passages have the same change of sign and there is a secular in¬ 
crease of the arctangent (Fig. 6), Thus the arctangent increases by 
2?r, making decrease by Jir, for each increment 2^ in y. In typical 
eases is is of the Order of 10 so y sc I0^ a and the reverse rotation ts 
rapid, as observed. 

Particularly in the excitation of M — 2 P we see that there is compe¬ 
tition between the momentum-conserving integral over the shadow 
region and the ‘"brute force" integral from the bright region and only 
the momentum-conserving integral h sensitive to phases so as to com¬ 
municate to the gumma radiation the reverse rotation of the “beats/* 
Qualitatively, then, here is the quantum-mechanical reversing gear. 
While the profile model, which neglects the dimension of the nucleus 
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Fife!, 6r PeKl-mmalwn of the reverse- rotfl[ion by the [actors of Eq. f ITh for r*/ k'j = 
The curve labels are as fallows; £ = mn?. A is the deniimiruitor. A = f-|~CoS V. 
I? ii :'s reciprocal and. pqssefl through infinitely successively in cuppas! te directions. 
® - T -i. €7 is at>rqiiwd by multiplying 17 by S. and, passes through infinity always 
in the same direction. D - lap j C and coutinullHy increases h is plotted modulo 
2si a mi m keep it between — mind r* B corresponding to the way th^ cxpflrifDcnml 
jioinls ure plot led in Fig. 2, 


rouglity parallel to the beam direction, accounts for the Blair clastic- 
mdaitJc phase rule, we see that momentum transfer in this dimension 
must be considered in order to understand the nuclear excitation 
process. 
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ON SYMMETRY TRANSFORMATIONS 


G. C WICK 

Ctilitmbfa V it terry* iv wtd Br iwkhaern Naiianal Lahoratury 

(Rmitwt May 17 y 1965 ) 


In the theory of symmetry transformations in Quantum Mechanics* 
Lt central role is played by "Wigner'i theorem" which states IKai every 
transformation of the 4 *rays ,% of a I filbert space, which preserves the 
inner product of rays, can be regarded as the result of either a unitary 
or an anti-unitary transformation of lire vectors of the space. This 
theorem is important, because, although one often says that Quantum 
Mechanics describes physical states by means of vectors it more 
correct statement is that it assigns to each state a definite "ray*’; in 
other words the vector assigned to a stale is defined only up to an 
arbitrary multiplicative constant A [if Thus, from the assumption 
that it should be possible to translate the mathematical description of 
a stati;. given by an observer, into a description meaningful to another 
observer using u diflercnl reference system, one can only infer the 
existence of a correspondence between "rays" in Hilbert space. It i* 
therefore important to know' lhai such a correspondence can always 
be described in terms of a mapping of vectors into vectors, and that 
this mapping is furthermore linear or antiltnear (more concisely; 
semilitiearj. 

Wigner‘s theorem* which provides the necessary link* is proved in 
hhr well known book [2]. The proof is somewhat involved although 
each >Lep is really quire elementary; furthermore, a really complete 
proof i* even more involved than indicated in the book [3J. Various 
learned papers have been published, containing real or alleged im¬ 
provements of the proof, or giving stronger theorems [4j. 

The aim of Lhe following considerations not so much Lo give a 
new proot of the theorem as to make it more plausible by relating it 
to certain faci* which are very familiar to physicists* In addition, this 
will provide an opportunity for some scattered remarks on ray^pate. 
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L INNER PRODUCT OF RAYS 

We shall indicate unit vectors by kets, such as |a), 10? etc. In particular, 
in an /r-dimensional vector space, the kets 


ID, |2>.|*> 


(L) 


will designate an orthonormal &et, The corresponding rays will he 
indicated by the corresponding letter: a, f B etc, or number I „ 2, , , ,, n r 
Of course the vector |a> specifies the ray x completely while ? spec¬ 
ifies the vector js) only up to a phase factor. 

The inner product (a/J) of two rays is by definition the absolute 
value of the scalar product of the corresponding unit vectors. 

We also define a “distance 3 ’ between ihe two rays by the formula 


™ (i .P*?) = (0) = l<*lfl>l 
o £ p.t £ IT. 


m 


One easily sees that zero distance = 0) implies that the r:iys are 
identical (|a) = /j/OT while maximum distance ("/i f|1 = je) means that 
the two rays arc orthogonal The physical interpretation of the square 
of [he expression (1) as a transition probability is too well known to 
require special comments, bull we notice that it is because of [his inter¬ 
pretation, that the hypothesis of Wigner's theorem restrict* attention 
to ray-transformations “which preserve lhe inner product of rays/ 1 
In the following, this qualification will be tacit Iy understood whenever 
u ray-transformation is mentioned. 

2 TWO-DIMENSIONAL VECTOR SPACE 

The main idea of the following proof is, that lor the rays of a two- 
dimensional vector spice "Wigner's theorem” is a direct consequence 
of the elementary geometrical pmposi lion that every transformation of 
the surface of a sphere, which preserves the a re -distance between poini s, 
is either a rotation about the center of the sphere or a pscudarotaliom 
The latter is, of course, a rotation accompanied by a reflection in a 
plane through the center. 

The connection between this elementary fact and Wigner's theorem 
rests on the foil owing familiar notions. A unit vector in two dimensions 
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may be written: 

»-*(•£*)' oscs ” (3) 

In discussing the corresponding ray £, the phase factor in front may 
be ignored. The ray may, therefore, be represented by a point on the 
surface of a sphere, with polar coordinates fl* or, alternatively, 
cartesian coordinates: 

«I=<CHD d = 1,2,3) (4) 

where the c/s are the usual Pauli matrices. The correspondence is 
one-to-one. 

The expressions (3) and (4) arc quite familiar to physicists; if (3) 
is ll "‘■spinor 1 * s he unit vector n gives the “direction of the spin." They 
are also familiar in classical opiics, where they are used to describe 
the polarization state* of a photon by a point on the 'Totncare 
sphere/' 

As is well known, a unitary irans form acion of |£> correspond* to a 
rolasion of ir: on the other hand, changing ]£> to its complex conjugate 
corresponds to the \ ransformulion: 


«l — «i. “* flj -* fl 3 (&) 

i.c, a rejection in she "13" plane. More generally an a mi-unis an 
transformation of |0 ( a unitary transform at ton accompanied by 
complex conjugation) corresponds to a pseudo-rotation of the vector 
is '3s is well known, the cmrerse of these smtemems fx also true. 

An elementary calculation, starting from (3), shows that the are- 
distance between the representative points of two rays, or in other 
words (he angle between the corresponding two spin-directions, is 
equal to the ray-di stance ft, as defined in Eq, (2), 

Fora two-dimensional veclor^puce p therefore. Winners theorem h 
the exact equivalent of ihc elementary geometrical proposition men¬ 
tioned earlier 

It is now easy to base the proof for the general case on the result Just 
obtained- For convenience, let us state this result as follows. Let The a 
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distance-pruning transformation of the rays of a two-dimensional 
vector space. Let |1> and |.2> he orthononmal vector*. |0 a general 
unit vector of lhe space: 

iD-i*it>+A 2 f2& is) 

The theorem states that. For a suitable choice of the phases [5] of 
the unit vectors |1 r ) s |2'> representing the transformed rays I = T 1. 
2' = 72. she ray {' = 7J is represented {for nil values of a 4t X 2 ) 
cither by the unit vector 

(linear case) |Q = AJl>+Jyr> (6) 

or by 

(antilinear case} |Q = Aj|jfr+Aj|2'>. [6a) 

It is easy to convince ourselves that these formulae wpII also describe a 
transform at ion of the rays of a two-dimensional space into rays of 
aimfher two-dimensional space. 

3. THF GENERAL CASE 

It is now easy to extend the proof to vector spaces of higher- dunon- 
sionaliiy. We begin by noticing that the idea of linear dependence 
applies to rays as well as to vectors, Ob\iously the state mem that m 

unit vectors |*>. |/J>.i;> arc linearly dependent, remains true 

after each vector is multiplied by an. arbitrary phit.se factor. It is there¬ 
fore meaningful to say that the rays ft.. ., ^ are linearly dependent. 

The rays corresponding to vectors of a iwo-dimcnsional subspace 
spanned by two vectors |?> and |ft will be said m form a linear sub¬ 
space of ray-space |6). Any two distinct rays of ihc subnpatze 

will define the same subspace. 

If. in particular, we choose -sc and /j to be orthogonal to each other: 

m = o a) 

then any ray v of the suhspaec satisfies the condition 

^) a +tfvj* -1 m 

and conversely conditions (7) and jK) arc sufbetent conditions p] for 
linear dependence of y on a and ft The comesponding rays sl\ fi\ y* 
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ta a ray-transfcrcimtioR will obviously satisfy the same conditions. 
They will therefore be linearly dependent. This argument is cosily 
extended to a linear combination of m orthonornaul vectors, at? that in 
conclusion our ray iram/orttilafom map linear suhspaces into suhsparcs 
of flu- same dmensiormiity. 

Let now a ray transformation T be given in a vector space Jf\ Ln 
the following: |£> -► |T> indicates that |Q and fC) arc representative 
unit vectors of corresponding rays: T - 7T, without implying that 
their phases are chosen in some particular way. We need not even 
assume that ID and IO are unit vectors, but we shah always assume 
ihey have the same norm. Thus> if ID belongs to |C> = 

A1*>H- ^E|j6f> 1 and 

w> -* i^>* m - i/o 

we can write 

M*>+m - m 

From the conservation of inner products [IS] one has: 

|A| = in m - \n% (9a) 

Notice thaL this is a weaker statement titan F,q, {6) or I hah but on 
the other hand it does not requite a particular choice of phase for 
|i'> and | ft% and it does not distinguish between linear and arUilineur 
ca^e. in Eq. (9), the phase of tile coefficient a may be chosen arbitrari¬ 
ly ihat of/ is then determined by the my transformation. 

We construct the semilincur vector transformation in corre¬ 
sponding; to T as follows. We select, as one usually does, some unit 
vector |l) and determine once and for alt in some arbitrary way the 
phase of the corresponding vector | F). Then if|fc> is any vector ortho¬ 
gonal to |J). and |A> -* |A H >* the phase of |Jt') may he fixed by Live 
observation that T transforms the subspaec into R(l\k ): 

the remit at the end of Section 2 indicates that the phase of|k'> can 
be chosen in such a way i hat for R( l T k ) -* R{ S k') the Irans format ion 
i< described by a formula analogous to either (6) or (6a 1- This leaves 
the possibility open that the transformation be linear for some value 
of |A>. anti linear for some other value, We shall see thui this cannot 
happen. 

Consider a combination of three orthonormaJ vectors 
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If) = ;.,!!> + A,|2> + W. (10) 

If one of the three constants A, is zero, Z helotifis to one of llte sub- 
ipaces 11(1.2), *(2,3>. The phases of |2‘> and |3*> in: 

12) - W>i 13) - IT) 

have already been lixed as described above. Let us assume, for exam¬ 
ple, that [tie tram form Alton has the linear form, Eq. (6) for 17(1,2) 
and likewise for if(l,3). There is A remarkably simple connection 
between the transformation of the genera! ray Eq. 1 10) and the 
transformations of the subs paces The following calculation is 

based on a join! application of (b) and of the weaker form (9) (9a). 
In the first line for example wc express £ ns a ray of 1 ?(k, 3) where s is 
a ray of A‘|l n 2)- We usj.- (6) in 17(1,2) and |9| (9a) in R{x, 3). Thus 

10 = (2 1 |1>+1 J |2»+^ 

- <Aiir>+4Jtf»+Ai|3'>; [ill = Uj). (llaj 

Similar ly: 

ID = (A,|I> + A j 13»+^P> 

(Mb) 

I he two expressions nn live rrght-haiid m de must represent ihc same 
ray, hence i t : X x = A, : l r t - iYr (for i t #0) 

10^10-AjIO+^+AaP') 01c) 

a linear law for rhe gencrtfl rector [£>■ 

Tlic r^mainiric calculations are obvious modifications of the preced¬ 
ing one and will be left ioihe reader. First Eq. (lie) may be rduted, 
by writing |£> = Aj|l>-h(A ] |3^ + A 3 |3)) etc. to the transformation of 
R{2+ 3). The result, as expected, is Mini (lie) holds also lor 2j — D, 
In a similar way, if wc assume an anliltnear law in A( K 2) and 
R( I, 3) we lind an antilinear law in the whole suhspace. Bui the as* 
sumption that Ri 1„2) transforms,sayJinearl) and R{ I, 3) aul [linearly, 
is incompatible with any transformation law of A(2, 3}. 

We sec, therefore, that there is a simple connection between the 
transformation laws in alt the sub spaces R\U k) considered before; 
for every J¥(3* k ) will be a subspace of some ihree-dimensiona! space, 
Eq. (1QK where 2 may be kept lived while k b varied. It follows that 
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/((l, transforms in the mine way us fi(l.2). I? may be easily *ccn 
I tun our const ruction de lines uniquely a l runs form liI ion 

!£'> = mo 

of the vector space JP . For any two vectors |i> and |rj>, we may choose 
|2> and |3> in such a way that |£> and. |»j> belong to the three-dimert- 
’n.il subs pace considered there. Ji then follows from Li[. tile), or 
the analogous equal ion Cor the an til incur case, that U is semiimear, 
lor example, from Eq, (lie) 

t/uia+d# = in) 

This, then, completes the proof of the iheorcm. 
i St) Mi. REMARKS ON RAY-SPACE 

As we hate seer), the metric deliiicd by Eq. (2) is such that a two- 
dimensional my-spaoc can be mapped faithfully on the "Poincare 
sphere/' In this mapping, two orthogonal rays a and JS are mapped on 
opposite poles on the sphere. It is then obvious why any ray >' which is 
linearly dependent on * and fi (and which can be represented, therefore, 
by a point on the sphere) mast satisfy Lq. (ft) or the equivalent sum- 
rule for the distances memioned in [7). See Fig, l. 



t ip, t. When tajh - 0, a und ft me reprrtertU.'d by opposite poles on the sphere, 
Any point y on (he sphue sutisilrs llq, (13) with 

If x and ft ere not orthogonal (. p^ < -) a condition for y, stronger 
than, linear dependence, is that y should, lie on the geodesic arc con¬ 
necting * to (f. In this case, of course, the distances satisfy the condi¬ 
tion: 
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Prr 4" ( S3) 

See Fig, 2. Conversely one can sliow, by means of the Gram deter¬ 
minant of the three vectors |at), |JS>. and |y) that condition (13) implies 
linear dependence |9). Since then y belongs to Jit*. ft) ihe three rays 
can be represented by points on a sphere, and Fq. (131 implies that the 
situation is as described by Fig, 2, 



Fig. 1 When (s/h 0, only die penult -■ on ihe are tif |iesi circle from * io 0 

Uillify Eq. 115). 

These considerations obviously lead to the notion of geodesic arc in 
a multidimensional ray-space, If at and jS in Eq. (13) arc kept fixed, and 
y Es allowed to vary, the equation forces y to follow a one-dimensional 
path contained in Ri far, /J), This path is a L 'shortest path/ 1 in the sense 
ihat for any y noi on the path one Jus the inequality: 

P*p < P K j+Ptr (14) 

The notion of geodesic arc could also be introduced from a differential 
point of view, by noting that Fq. (2i defines in particular a Rjemann\in 
metric d s 1 for infinitesimally close rays. Calculation shows that the 
finite distance, Fq, (2), is simply the integral 

f>» - f dj (15) 

calculated along the shortest path from y. to ft. 

When the two rays a and fi are not orthogonal to each other, there 
is, as one often says, a certain "coherence 1 ' between die physical States 
represented by a and fi t in the sense that the relative phase of |i) and 
\fi) may be fixed in a natural way by requiring the scalar product 
<m to be real and positive. IL is easy to verify (hat. when this is dune. 
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the rays y of ihc geodesic arc from a in }t correspond to vectors of the 
form 

]y) * 4*>+^l/*> (i&> 

with Aji real and positive. This shows that Ihc geometric notion of 
geodesic arc tn ray-space is connected with the physical notion of 
coherence of quantum-siaies. 
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6) This subspatie is two-dimensional in the sense that two fc;jl parameter* are 

needed to specify a ray, 

T| Compare Oargmann, loc. clL, lj 1. hialhie that in terms of distances between 
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Pair ~ ^ -ftiT^PirP “ ^ 

The meaning of ihcsc equaEiony i* apparent in the geometrical picture, see 
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Molt and Massey [I J have pointed out that the scattering of electrons 
of medium energy (I00-1BGQ cV) by atom;* shows a strong maximum 
at small angles \2\, The scattering at larger angles can be calculated in 
the Born approximation For light atoms hke He r and by calculating 
phase shifts in a static potential For heavier atoms [3], This corresponds 
essentially to the Hartrec approximation: the atom is supposed lo be 
unalTectcd by the incident electron. To explain Ihc strong Forward 
maximum, however, Mott and Massey invoke the "polarization" of 
the atom by (he incident electron [4j; when this is included, good 
quantitative agreement with experiment is obtained for He, 

The calculation by Massey and Mohr [41 leads to an effective 
“polarisation potential" acimg on the incident electron, 



(0 


where is the Bohr radius. The term of order r ~ 4 is real. The leading 
term, being purely imaginary, was interpreted by Mott and Massey as 
follows: If ^corresponds to an absorption potential. It may, perhaps, 
be interpreted as due to the loss of electrons From Ihc incident beam by 
inelastic scattering". 

We want lo show here that this interpretation is not just “perhaps" 
but is correct, and leads to tin easy undemanding as well as a simple 
calculation of the forward maximum. This maximum, then, is the 
atomic counterpart of the well-known “shadow scaiEerinsd* in nuclear 
physics. 

In the presence of inelastic scattering, ihc elastically scattered ampli¬ 
tude is given by [5J 


/ = ii? (2/+lxl “ ,,,mcos 0) 


( 2 ) 


1*0 
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where 17 j is rhe amplitude gf ihc outgoing. wave with angular momen¬ 
tum f We may write this 

ft = *«**. (3) 

In the absence of inelastic scattering, the real factor a f is equal to 
one, in the presence of such scattering, a, < 1. The contribution of 
the partial wave / to the inelastic cross section is 15] 

* la(Li (4) 

Now it is well known that electrons may cause excitation and ioni- 
KUtion of atoms even if they puss at large impact parameters b = 
namely at b -a where a is the atomic radius. The reason for this is, of 
course, the very long range of the Coulomb interaction between ex¬ 
ternal and atomic electron. Therefore ff JnHrJ will remain appreciable 
for very large /. for which $ t is negligible. Therefore, for 


we have essentially 


/ = bk > a 


ft = ft- 


(5) 

( 6 ) 


Their are typical conditions for shadow scattering. Moreover, since 
ff, < l up to very large i, this shadow scattering is concentrated at 
very small angles, 

A good estimate for c may be obtained by Williams’ classical 
method [ 6 ], Since the impact parameter is large, the incident electron 
may be treated classically, and its trajectory as a straight line. Its inter¬ 
action with the atomic electrons is 


y = l 

t 


kc - '.I 


sc e 


, r 0 

rl 


In 

* 


if) 


where r 0 is ihc posh ion oflhc incidciu electron and i labels the atomic 
electrons. Wl' write 


r 0 = Hrr 


(«) 


where h is the impact parameter, h • r = (). Only the component h 
in (he numerator rt, of t?) contributes appreciably to the transition 
amplitude [7]; choosing b in the Jf-direetioo, (7) becomes 


V = 


e*h 


(b 3 + nV)< 


A; A' = Vx ( . 


( 9 ) 
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The transition amplitude from the initial atomic stale 0 to the final 
state » is, apart from a factor of modulus I, 

<»|T|0> = h m 1 I" <n|VlOJc^dt (11)) 

*■35 

Where 

hfti = £„-£». 01 ) 

lilt eg rati on river I gives in sufficient approximation 

(fllTiO) - — <n| *|G> if b < tfta 
hub 

= 0 if b > CM (12) 

The probability of &U inelastic transitions is then 

I -u? “ T K«1 TOI 1 - (~) I <n\Xm\ (13) 

1 \hvb/ T 

For a fivcn h, the condition ! I2 |i 4 f/j < r ft, permit only excited states 
up to a certain energy. However, the matrix element |G> in very 
smaJI for high excitation, therefore the sum in (13) may be extended 
over all slates n and evaluated by closurc t 

£< n |X|O> J -<0fA'-|0) = i<0|^|0> 

-KflZlf+'ISvrjKO (14) 

£ i j*t 

assuming that the ground state is isotropic, Neglecting the correlation 
rj ■ r Jt and assuming that Lite state of the atom can be described by 
electron orbitals f we have 

£-4 ( 1S ) 

* 

Here z, is the number of electrons in shell a. and r* is the mean square 
radius of that shell. The atomic radius may be taken to be equal to (lie 
largest r, which we shall call r lt thus: 


(15a) 


«= i-1 ® (a..- 
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The impression iw the right hand side of (15) is proportional to the 
diamagnetism of the atom. In any case, it is clear that for the impor¬ 
tant values of fr (fe a), (IJ) will be very small so that we may write 

i-flj * Hi-®?) ■ 4 fr-r) Z s « r * f 16 ) 

\hsbf =. 


or, in terms of / = kb: 


1 —- iE— 1 “ C 


(IT) 


a\ I 1 1 1 

whore tt Q = h : me : is the lh>hr radius. This ls n very simple result; 
it ss remarkable that it is independent of r. It is valid, for the contribu¬ 
tion from shell sc,, if 


kr a < / < 


kv _ 2E 
hu># 


^ h 


( 1 S> 


up. 


where hm* is the average excitation energy of those exciled Mates 
readied by the matrix clement which involve excitation of the 

orbital j . It b reasonable to take 


ficu n 


2 m rZ 


(ISa) 


this relation is connected with the oscillator strength sum rule. Then 
the upper limit in (IS) may he written 


i 2 - 2k 2 r; g 2fc 2 ti 2 


(19) 


The lower limit m (IK) conies from the fact that for h < p, the expan¬ 
sion of [|r 0 — r |] ! in (7) is no longer justitied. The transition prob¬ 
ability 1 — af is then smaller than (17); probably* a good estimate is to 
substitute kr a instead of 1 in (17), 

Fortunately, the inelastic effect for A *. a Es relatively unimportant 
because there the phase shift is ex peeled to he larger than I The 
VVKB approximation gives 


<*i = 1 |_ VUlr + t*)*^: 


m 


where b = .i/und V(r) is the potential. Roughly, (201 gives 
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6 t * b \ { $'zZ r (b)l-=Z r (b)ttu t9 (21) 

ftp fir 

where Z r {r) \s ibe "effective uncle nr charge far liie potential” used by 
Hartmee, IT the "atomic radius" is defined as r % t the radius of the 
outermost shelt, we expect approximately 


Zfr) - i*. 

(22) 

where r, i> the number of demons in this shell. Then 


5(1 = kej) * - r ,2A'(j 0 

(23) 

On the other hand, if we take only the term a — 1 tn (17); 
the outermost shell), then 

(t.e.. only 

1 ~(>V = *w) * 1 ,’ l -j 
(fcflu) 

(24) 

since we assume 


ita a > 1. 

(25) 

Thus for b < a, the phase shift dominates, while for b > 
rapidly to aero, We may then write (2) lit the form 

a, it goes 

/=/t+/*+/i 

(26) 

JtiT 

/1 = k ' T (21 + Tl sin fl J e Mr J J l (cos 0) 

» 

(26a) 

/i = (fWlci“^Maj+i)p^osfl) 

ka 

(26b) 

L = (tflk) 1 (21+ 1X1 (». 

(26c| 


o 


(26a \ is the usual elastic scattering without absorption. (26b \ is the 
absorptive effect due to distant collisions, and (26cJ that due to close 
collisions. Wc shall show that f\ is unimportant. 

Wr now insert (17) into (26b). Since Alt = f t ;:■> I, we may neglect 
1 compared with t and replace the sum by an integral thus pi] 

/.=t r ^ fl ) 

k^h i 


(27j 
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Since til] /’s are Surge, this integral will be appreciable only for small t>. 
St is therefore a good up proximal ion to write 


J> r (eos 0) = J Q m 

(28) 

so that 


, iC f 11 tLv . 

fi - - — W 

kJm 1 x 

(29) 

= 1,0 = kaO 

(29a) 

-tj = liO = 2 

(29b) 

Sinci t he energy is high, Eq, (25), wc have: 


Xj .T( . 

(29c) 


We have then 3 regions to consider 
ta) v, 1. In this case, the integral (29) is small. In other words, 
the absorptive scattering is small outside the diffraction region, i.c. for 

0 > I jka, (30) 

Thus we have a typical case of shadow scattering. 

ih> t, l ■K v-. In this case, we may replace ,v 3 by oo in (29i. 
the error being or order xj*. Then 

I** d_v C M i d V 

— /«(*)= -ln*«0+ 0,11593+ -0-Jo). (3D 

J* t X Jo X 

The number 0,11593 represents In2-C. where C is Euler’s constant- 
The East integral is very small. 

(ci Xi < I. In ihis ease, we may replace J 0 (x) by I, i.c, we have the 
constant, forward cross section. 

/i(0) = (i Cfk) In x 3 - (idk) In 2 ka. (32) 

In /j, wc assume, as previously discussed 

I -a, - C/{Aa)*. (33) 

An upper limit will be obtained if we replace &, in (26c) by 0, In cases 
(b) ttnd (c), i.c. if jt, < 1, we may replace P t by l. Then 

- 1/3 < C/2 k 


(34) 
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which amounts to adding ] to (3E) and to the log in (32). Thus/ 3 is 
indeed not very import am, However, if (23) is small i Born upproxima* 
lion good), (hen the right hand side of (34} is a good estimate of -i/ 3 , 
Wc shall now investigate the importance of this “'atomic shadow 
scattering". For this purpose, we consider the imaginary- part of the 
forward scattering amplitude which is given by the optical theorem 

Im/(Q) = (fe/4*)ff*|. (35) 


Wc *hnll therefore compare the total cross sections for elastic and 
indiastiL- scattering. 

The total inelastic scattering cross section is from <4 5, ill}. (IS) 
and (33) 



+ 


yOi+ Ul 
o (t«r -I 


= %C(la 2/f<i + l). 
Jc 1 


(36) 


Inserting C from [ 17). and replacing ins ids the In hy r JP as we should 
according to UK), (19), we gel 

=* r^ri I +|). (37) 

3^*u; * 

The total e la sue scattering is somewhat more difficult. In the Bom 
approximation* we have the well-known formula [9] 

«.-Sr- m 

t Vo uStf 

wile re the form factor is given by 

m - 09) 

J qr 

With our assumption of separate electron shells 2 , we have upprosi- 
mately 
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* \ qr a ! 

I or any given q. usually one of the sJicLJs a dominates. viz, i hat for 
which qr : =s 1 10 3, Accordingly, we evaluate (38) by adding the 
squares of the terms * in (40), leaving out the mixed terms: tills under* 
estimates (38), but probably not greatly, Then the integral In (3S) can 
he evaluated and we get 

*.1 = 7?-* 1*1(1* 2+^1 m 

JA Bo I 

The outermost electrons (z = l.r* = fl) give the main contribution, 
both here and in (37), 

For any given /. or given impact parameter h — It. the Born approx¬ 
imation is fairly good as long as the phase shift is less than one. Ac¬ 
cording to (21), thi> means lor u given b 

ZJb) = hK(fr) < Ad,,. £42) 

For 1 4|) to be a good approximaliotl, It is necessary that 1.42) be fulfil* 
led for h -= r t = a: then the contribut ion of the outegfBOS!shell, a - t. 
to (41) is correctly given, and those of the inner shells are small by 
comparison. Therefore wc must have 

Z^a) < fra*. {«») 

It 1 42ai is not fulfilled, a rough approximation is obtained by the 
assumption that all phase shifts Up to / = At? are large: then sin 7 (J is 
on the average j for / < fra, and we obtain 

ff,, * 2 jtq ! . (43) 

This includes the shadow scattering due to the elastic collisions. An 

alternative criterion for the Born approximation is that (41) should be 
|«-s than (431 which requires 

kii 0 > Tj (44) 

a condition very simitar to (42a). 

Taking just the shell of largest radius, a = l, in (41) and (37), we get 

?!,«■ = 5 -^?(|n 2fcfl + iJ. (45) 
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The ratio of inelastic to elastic scattering increases slowly with energy. 
However, it h never very targe unless the number or electrons in the 
outermost shell, is very small. Therefore the shadow scattering 
discussed in this paper should be most import uni for H and He. Indeed 
it is for He that Massey and Mohr noticed ihc large forward scattering, 
and interpreted it in terms of their imaginary patent iaJ + Le. as shadow- 
scattering. 

Our theory is particularly simple for H and He* These atoms have 
only a single electron shell* so that the estimates (41 i for the elastic 
scattering, and (45) For the ratio, are both good (better expressions 
could easily be obtained for both, using explicit wave functions for Lhe 
atomic electronsV. Moreover, (he Born approximation is valid already 
for very tow electron energy. Them the contribution / ( in (26a.1 is 
purely real (ordinary elastic scattering), while ^ and arc purely 
imaginary (absorptive scattering). The cross section is simply 

(46) 

mi 

The forward peak due to fi+fj appears isi its purest form. For the 
quantitai lvc results, see Massey and Mohr [4], 

For alkalis and similar atoms, the contributions of the two outer 
shells must be taken into account in (37), (41) because the nexHo- 
outcr shell bns many more electrons (81 than the cwittrmost one. For 
noble gases other than helium, z t is large i = W}, so - rr Dj . Thus, 
for experimentally important energies, the forward scattering is mostly 
due so ihc clastic iota I cross section. Nevertheless, the narrow peak, 
of angular width t ka. which represents the “'shadow" of the inelastic 
scattering, should still be noticeable over the smoother background 
of the "(purely elastic" scattering 

A rim iter effect should exisl in (he scattering of electrons by nuclei. 
The excitation of the giant resonance is a dipole interaction which cun 
therefore occur for relatively distoni collisions of the electron, This 
also should give rise to a sharply forward-peaked shadow. However, 
because of the strong direct Coulomb scattering this is probably 
difficult to observe. 
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C VIOLATION IN STRONG INTERACTIONS 
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Once more physicists are feeing site break down of a principle, namely 
CP invariance* w hich was Supposed io be generally valid. A* is 5he 
hallmark of a general principle, the consequences are simple to under¬ 
stand on 1 he one hand, bin far reaching on the other. II just these 
features which make the subject so attractive for study both theoreti¬ 
cally and experimentally; we are therefore happy to dedicate lhis ac¬ 
count to Professor V, K. Wcisskopf. whose deep imprest in such mat¬ 
ters, and whose warm personality and high standards in science and 
scientific lift have made such an impact on CFRN. 

In this discussion we will limit ourselves to the question of possible 
C violation in strong interactions and where ii may manifest itself in 
an observable manner. As yet it is still an open question whether the 
CP violation observed in R t . -+ 2 jt decay [1 ] is due to a perturbation 
by a rather strong interaction [2]: moreover, even if we assume that 
such is the ease, we are still in doubt about number of properties of 
this interaction. The first question that arises is; does there exist a 
class of interactions to which wo can attribute litis CP violation? To 
this purpose we must first establish what we understand under a 
"class of interactions*’. Three notions arc important in this respect, 
namely symmetry properties, ihc involved part teles, and strength, und 
interaction classes arc distinguished from each other through behaviour 
with respect to one or more of these qualifications. Thus. a class of 
interactions may distinguish itself from another class through different 
behaviour with respect to some symmetry; a good example is the so- 
called medium strong or 5U a breaking interaction whose existence 
became significant only after the discovery of 5U , symmetry* These 

m 
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SUj breaking interactions Lire not yet shajply defined through a 
strength of coupling constant; this is in contrast to the weak interac¬ 
tions that always have been characterised by their small strength, 
whether they are leptonie, nondeptonh'. strangeness violating or 
^rangencss conserving. Thus, when parity violation was used to ex¬ 
plain the famous ff —t puzzle, without any further ado this parity 
violation, was generalized to all weak interactions. The elect to magnetic 
interactions are characterized through the photon being involved, and 
also by i heir strength and behaviour with respect to Jospin, which is 
used as identification if the photon ri only virtually present- Indeed, 
n would be very difficult to distinguish m t spin breaking interaction 
among strongly interacting particles of a strength of about 10 \ and 
unless, some further observable ds(Terence is. delected ii remains a 
question of semantics. 

Let UN now investigate what properties we reasonably can attribute 
id the C violating interaction, First wc must discuss somewhat in de¬ 
tail she K meson system, One knows that the At — J select ion rule 
is broken in K ' -k" - It decay, a 5 At = | or -j amplitude ad¬ 
mixture being observed, This is □ somewhat stronger breaking than 
expected from electromagnet ism, but there are some argument that 
explain this discrepancy [i] The possibility that these AI - 3 or j 
amplitudes arise from a C violating. / spin breaking perturbing inter¬ 
action ( 4 ] is not very plausible, because one would expect in .-web a 
case j 5 effect in Kj *2n instead of the observed 0.25 ", [5]. 
Thus, we will continue to assume (he J/ = j *'t 5 amplitudes as re¬ 
sulting from c.iti. perturbations, ilial conserve C\ If the C violating 
interaction breaks i spin also if must thus be of strength l(r J --IO~ \ 
and give rise to a d/ = J or l amplitude small with respect to the 5 % 
electromagnetic amplitudes, .Although this is not experimentally ex¬ 
cluded it it clearly more at tractive to assume that the C violating 
interactions conserve / spin, fills lifts also somewhat the restriction 
on ihe magnitude of the coupling constant [ft]. 

Thus we assume the following selection rules: 

1) At = 0; 

2 ) parity conservat ion. Pcirily non-conserving effects seem to appear 
only at the level of weak interactions. An example of a test is the ab¬ 
sence of an electric dipole moment lor the neutron [7]; 
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3) AS = (L A glance in any table on properties of elementary 
particles show?, shat strangeness is broken only at the level of weak 
interactions: 

4 | obviously, to be able lo act in the k ’ system the interaction mu-jt 
involve strongly interacting particles. 

Allogeiher we have an interaction between strongly interacting 
particles with strength 10 AI - D P AS » 0, and P conservation. 
Within the present possibilities for distinguibliing claves of intcr- 
jUcctOBis we arrive ;il the conclusion that we are dealing with strong 
interactions ihni may or may not break SUj, 

From some general eoEtsideraOons we may further arrive at certain 
limitations. On the basis of a simple theorem due to Soloviev, Pais 
and others one may find it plausible that no C violation occurs in the 
SU 3 conserving interactions.. Recently this point has been analysed 
Ltnew by Cubibbo [ft j h who has been able to suite a number of theorems 
of this nature for matrix elements rather than lot interaction Lagrtm- 
gians, and it appears reasonable that in many cases C violation even 
in strong ml cruel ions only shows up at the Level of SUj, breaking 
interactions For the time being the SL* behaviour of a C Violating 
interaction is quite academic, bill ultimateLy \:>\ indeed the C violation 
is to be found in the strong interactions I this question must be settled. 

In ihc following we wilt concentrate our attention on the detection 
of a AI =5 0, C violating interaction, occasionally mentioning tests 
for Af / 0, C violating interactions* Lcl us discuss some interesting 
reactions- The ideal systems for direct observation arc (base systems 
that are eigenstates of C* and we wilt limit ourselves here to such sys¬ 
tems, eve!tiding discussion of possible C violating dffotLS, for example* 
in collision processes* 

From the table of elementary particles and resonances [*?] we find 
as candidates (with She esdu-vion of or K" and .some doubtful 

cases}: 

*° t Ji*X n t = nlx)*P*, & 

Fun her we have the_{by far the most interesting) p rot on-ant iproion 

system. 

n Q decay. The only particles lighter than the pion are leptons or 
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photons. The C violating decays are; 

tt° “* (v) -* e + +e~ 
tt° -* 3y, etc. 

The Hr-.i. process is forbidden in lowest order of electromagnetic inter¬ 
act tons because of parity, and also gauge invariance. Of course, this 
transition may proceed in higher order, see the hgure, The process 
t?" -* 3y ha-; not yet been looked lor with an interest ing accuracy, 
An estimate of the rale on the basis of simple phenomenological con¬ 
siderations has been made h\ Gerunds [10] t and the conclusion is that 
this process is probably ^ury rare [II]. 

PJ di'cay. The tj decay into n*ir"jE° offers the extremely interesting 
possibility of an interference between an electromagnet teal ly induced 
and a C violating transit ion. As has been noted however [12] angular 
momentum barrier effeeis play a very important role here, and it is 
not easy to estimate possible effects. T he decay modes in question and 
their estimated strength are {e 1 = I >137 *> e.m. coupling constant): 


Mode / spin viol. Strength C behaviour Wave function 


0 JF =■ 0 Jsfc* or jfc 3 A 3 

1 AI = I e' f 13] 

2 Af i= 2 ge 2 k or g'k 


C viol. n J jr t 

C cons. 

C v sol. ff$ H x'x 1 jt¥ j * 


Only the wave functions wit h minimum of derivatives for a given / spiel 
mode are considered. The uninteresting AI = 3 mode has been left 
out. d p stands for S(Sx^ 

In here g i - the coupling constant of the C violating isospin conserv¬ 
ing interactions; for Completeness we added also the ease ihai the C 
violating interaction break., / spin also and called that coupling 
constant g Latin indices indicate / spin components, k represents 
angular momentum barrier effects; 


k 


m * Q 

M 1 


where Q fe the average kinetic energy of the pious, si bout SO MeV, and 
)f is some unknown reference mass, certainly larger than the mass of 
the pi on. m, is the r} mass. 
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As has been pointed out [14] interference between u C conserving 
and a C violating mode may result in that the ratio 

Number of events with a* energy > a~ energy 
Number of events with it~ energy < a energy 

is different from 1. Study of the fXtliiz plot may eventualI) reveal 
whether mode 0 or 2 is the interfering one. It may be noted that the 
known dominant S wave structure of the Dal itz plot implies the dom¬ 
inance or mode I. 

Let uv write down the energy dependence of the malm element Tor 
the different modes. Denoting the energy (including rest mass) of 
a", s - and n° by JT t . £_ and £ q we have: 

Mode Energy dependence of matrix element 

0 t’ ( El(£-- E J + £ J .(En — E. HI* (E + - £„)} 

1 Const- 

2 EJ£ + -E.)~E n x 

where x = E+-E-, v - E&~ Jm,, The mode 0 matrix dement is 
a ntisym metrical between I be three pions. Neither mode n- nor mode 1 
give rise to the decay jj 3 k** [15J* 

Another q decay mode is q — n'E*y. In this decay C violating 
interactions can interfere, but they would suiter quite strong angular 
momentum barrier effects. Moreover, lire C violating modes are sup¬ 
pressed by an estra factor g as compared to the mam elect mmagnetic 
mode. 

X° decay. As the X 0 lias the same quantum numbers as the t} r 
everything said above is applicable to A" 0 decay also. Thus the 3 j: mode 
(not observed yet) is of particular interest, especially because barrier 
effects should be less important. Here we have the drawback of a 
competing strong process, namely X 1 ' -* rpta. The decay X Ll -* iptre 
is G parity conserving and any interfering, C violation must break jso- 
spin also. Thus this decay is suitable for detection of C violating inter¬ 
actions with d/ = h 

p decay |16|. p" — qn ty h forbidden if C is conserved. - qn 
may proceed through C violation or (electromagnetic ally) / spin 
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violation. The brandling ratio expected for the C violating case could 
be at most g 1 10 ' : with respect to the main mode p ■ 2 n. the 
e.m, decay should be down by a factor c* — 10 -4 . It is interesting to 
note (list p° — jj 3 r u could simulate a resonance of' f spin 0 in (lie p 
region. 

co and decay 116). Thu decays m -* pjit, (t) -* 3 b and -* i/a. 
( .'j —i 3 it conserve G parity and can therefore be used only to detect {' 
and ! spin violating interact ions. Note that the normal 4> -* 3j= is 
.strongly suppressed (by SU 6 ) so that ary irregular decay could show 
up stronger. Barrier cITkIs are very import a til here, too. 

Very interesting are to -» any and $ — airy. Depending on the picn 
configuration C is violated or conserved (as Jf — 0 or I there is no 
limitation from isospan | Thus interference may show up as asym¬ 
metries between the n ' and n~ distributions, A favourable circa in¬ 
stance is the possible enhance merit of the C violating inode through 
die p meson: <u * py (</i -* py) is forbidden by C As has been noted 
elsewhere 1E 7 J this decaj may be used for completely different pur¬ 
poses. namely the detection of S wave mr resonances, 

The pp system 11H |.. The above-mentioned decay modes may all be 
used to detect the existence of C violations, and eventually we could 
get information on t spin behaviour and also on the strength of the C 
violating interact ion. But as no strange particles arc involved it is not 
easy to see how information with respect to SU } could be obtained. 
For these purposes the pp system is well suited: K and K" mesons 
tire quite copiously produced and if C violation shows up here a system¬ 
atic study could reveal properties with respect toSUj, In itiss ton- 
text also tests of the kind as proposed iri Ref. [19] !pp — .1.1.1 may 
provide very useful information. 

In the following we will not try to give a general discussion. We 
merely note the following interesting fact : if C is conserved the energy 
spectra and total numbers of K' and K' in the reactions 

p + p -» K' + tinyllung 

must be identical (in the pp ccntre-of-mass system), 11 ' € is not con¬ 
served this need not be the case, which we will demonstrate cm a simple 
example, namely the channel: 

p + p -* KKa ■ 
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with pp annihilation al rest. There are two reasons why we take tkh 
channel;: fir si. k has beers demonstrated \2Q] that with certain as¬ 
sumptions L?( 12), one of the relativistic gcncralfcaiioiu of SLL. forbids 
this transition, which we interpret that it could be that the SLL, 
invariant transitions are somewhat suppressed so that other effects 
may show up more easily; and second, because the isotopic spin 
structure is Very simple, which saves US writing. For a proton und an 
anti proton at res! in a state of zero angular momentum the only 
non-zero spinor combi nut intis Lire 

mjAp ant| Wp? 5 « P 

J.C.. Lhu 11 S, and l S- rj state, respectively. Both have Lhe parity minus, 
the % state has C = -J (like e.m, current), Lhe 1 S 0 state has 
< - + L We wilt limit ourselves to the s S 0 stale. 

With respect to isotopic ^pin the pp system is an equal mixture of 
iso topic spin 0 and 1 

(PP) = i{(W)+(NriN)J. 

Thus the 2 S, :i state contains an equal mixture of ^Eates with /spin 0 and 
J, both with parity - and C + „ Lc., of y and ^ like states. Thus the 
1 S,-. state is a mixture of two suites wish different 0 parity. Clearly 
ihen any final state with a definite 6 parity may be reached by both 
the G comcnring and the G violating (= C violating if / spin is cen¬ 
served) interactions, and interference effects may show up. 

Another possibility is that two final slates, with different G parity, 
are reached from the same initial: suite byC violating and C conserving 
interactions and interfere in an observable way. As a lirsi example we 
consider the case where the K mesons are in an S wave with respect to 
each other. As we consider only Lhe K *K H and K n K“ combinations 
only the / spin t combination of the kaors is important, and litis com¬ 
bination has the G parity miniLs (being an i«jvcek>r with C = 4- t). 
Together with the pion we have a system with G = -F I, mid 1 he C 
conserving (violating) t run si lion proceeds from the / spin 0 (J.) state 
of pp. The general mairix clement is 

.11, = fl{(KN y (K r'K)J + * {W N)^ t K r k J *} 

where we indialcd only lhe Jospin structure. If b is non-zero C is 
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violated. lr the absence of final state interactions u and b have the 
same phase (are real), blit (he final state interactions destroy this prop- 
efts. 1 he ratio of pp — R + K°n - to pp — K Jv°jr' is given by 

rate (K'K^ir') _ a+ib 1 _ la^+lbj*-21m(db*) 

rate (K‘XV + ) ” a-i& “ |d|’ + |fri 3 +21m{dft*) 


which is not necessarily I. 

I’n demonstrate the other class of interference phenomena lit this 
particular channel sve may consider interference between systems 
Wlwrc I lie K mesons are ill an S or P wave, respectively. Hie latter 
combination has the G parity pins, and the general matrix clement i> 
the -urn of the S wave nutirtJt dement \f L above and the P wavc matrix 
clement \! s 

. 1 / — M, + M 3 

Mi = d'UWN^^ p i r K)} -f-b'UNt'N^triOC^K^} 


where 

EK^f'R) = (d,K)t'K-ivr J (^K). 

In lf : we have C violation if a' = 0. Interfere nee between a’ and ti 
may give rise to different energy spectra for K* and K t hut after 
integration over all energies these interferences drop out and total 
numbers of KL’ and K ‘ are not influenced by this effect. This type of 
interferences may he more easily accessible to detection if lor some 
reason Lire C violating Iran;,[lion is enhanced or the C conserving one 
depressed (angular momentum burners, resonant states, etc,), 

Thus v,e arrive at the conclusion: if the energy spectra and total 
numbers of K,' arid K are different for any one channel C is violated, 
Obviously similar statements can be made with respect to pions or 
resonant states instead of loons. 
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In the not too distant future, we cj.it look forward to ihu poAbility 
of K meson beams wills sufficient intensity to do precision measure¬ 
ments on the production of hypernuclei in the collision of a kaon with 
a complex nucleus. Some of the possible nuclear and clement ary par¬ 
ticle Information obtainable from hypernucki properties were dis¬ 
cussed by D, H. Wilkinson and R. Dalii? in two conferences held m 
CERN early in 1963 [3, 2J. In this note we shall be particularly 
interested in those hypercharge exchange reactions in which the liny I 
state consists of a hyper nucleus and ft n or K meson. For example, 
single hypernude i can be produced in the reactions #t T 

K“ + (m Z* 0} Jt -+( N- -1, Z r l ) n 

K ‘+(M Z, 0) a a + (iV. Z-L I). 

It if important to realize that by choosing the appropriate energy Tor 
the kaems, it is possible to minimize the momentum transfer which 
the large! nucleus must absorb. For example, if the kaon has an 
energy of about 210 MeV T the collision between a kaon and a nucleon 
at rest will, in the forward direction, result ip a A hyperon at rest and 
an energetic pton. In the neighborhood of this energy, the form laciar 
involved in reaction (1,1 will have its maximum value, and it becomes 
very likely (hat the A hyperon will be trapped in a bound state. In 
contrast to this K~ mesons captured at rest give a momentum ol 
If 1 to the A n so that it becomes more probable that the final state will 
be a star rather than a two-body system as in reactions (1). 

* ThJs’wor'k tl supported in part through Funds provided by the Atomic Etiency 
Commission under Coninaei AT(JU-I f-2^8. 

** The nOLution. (-V, if, wJ represent* it nudruH with. V neutrons, 7- protons, 
jivl liyprronl 
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Among she reactions which wall he weaker became of the larger 
mo me mum transfer h the Intriguing possibility in which a doubly 
strange hypcrauclem is formed: 

K" + (M Z) + {N V Z-2. 2), (2J 

This reaction involves at least a double scattering with two of the 
nucleons in she target nucleus. For example, in the first scattering n 
cascade particle can be produced 

K- + p ^ K+4Z“, (3) 

Since the of a proton plus a cascade exceeds the mass of two 
A\ one can expect + Shut the I~ will scatter with u proton to finally 
produce two A\i 

Z‘+F-> A+A w (4) 

This state can also be produced by two successive interactions in 
which a n 1 ' created in the first collision of a kaon with a nucleon in the 
target nucleus buenicis with another target nucleon to produce another 
A Itypcroii and a K ". In either event it is clear that the target nucleus 
will undergo a considerable momentum transfer. Tire probability For 
s he production of double hypemuclci via reaction l'2) -should therefore 
be considerably smaller than the probability for single bypemudeus 
production via reaction (I). 

In both ream ions 11) and (2), it rs possible to demonstrate the enist- 
cnce of the hypcrmicleusi and to determine its energy spectrum by 
measuring the momentum (magnitude and direction) or the emerging 
meson. If such experiments could be performed, they would be useful 
For both light and heavy hypemuclei, since the hypernucleiu is not 
delected as is presently the case by its decay, and one nu longer need 
require that she mesonic decays be a detectable fraction of all the 
decays. 

WhuL special features of the energy spectrum of a single hyper- 
nucleus are of interest? In a single hypemucleus t one might try to 
distinguish I he excited slates formed by the promotion of a A to excited 

' -Since dm mass difference is cnnipamUvcSy small [—2$ MeVh Et If possible 
Though, not bkoly ihul stales exist ifi which the (-T , nucleus) svsLetEi Li sluble uitU-inst 
deea> into the . l 1 eraftpimtioJl. 
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single particle levels I: Pint hose arising from nucleon excitation. The 
former would be expected to have a characteristic angular distribution, 
since it can occur in a direel reaction, whereas mid con excitation re¬ 
quires a more complex process. One can also envisage that the nuclear 
core associated with each single particle hype remit state mi gilt exist 
in a number of collective excited states. 

In nuclei above Be the A is bound by more than 8 MeV. As the 
energy of excitation of the -1 increases above roughly S MeV, we enter 
u region in which the hyper nucleus is unstable against neutron emis¬ 
sion. The n meson spectrum resulting from I he forma lion of she hyper- 
nucleus, which below this energy is. in principle, discrete, now becomes 
a continuum. However, one cun expect sharp peaks in the cross-sect ion. 
Their energies would roughly be til those values where the hyper- 
nucleus would have a bound stale if the neutron channel were not 
open. Of course these energies will be shifted by the coupling lo the 
continuum. The peaks will have a width which will depend upon the 
neutron energy of emission and the coupling between the excited A- 
nucleus channel and the open channel. Indeed, depending upon the 
nature of this coupling, one may find narrow widths for these res¬ 
onances very much like those which exist for neutrons incident on 
ordinary nuclei. These may never be detectable with the kind of res¬ 
olution conceivable at 200 MeV, hut the strength function associated 
with single particle slates of the .1 might very well be visible with 
I MeV resolution. 

For the case of double hyper nuclei* much could be learned about 
the forces between two /Ts in the presence oft he nuclear core* especi¬ 
ally if the spectrum of single .1 excited states were known front the 
single hypernucEci. Double hype r-f rag menu could provide a lest of 
statistics of the A hyperons* since the spin of the ground states of double 
hypernuelei would be sensitive to tins feature* 

A particularly interesting subject lo consider is the possibility of 
hyperonic analogue states similar to ihe iso baric analogue states re¬ 
cently found in ordinary nuclei [1J. ho baric analogue stales are Formed 
From the nuclear ground (or a low lying) slate by substituting a proton 
for one of the neutrons in such a way Us not to change the space-spin 
wave function. Such states are never * the ground slate of the nucleus 
p L,\ccpl fur the ipcfaiJ CiiSe- of f = J, 
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formed, since the latter has a different symmetry, but they have 
been found to be extremely pure, indicating that isnbariespin is a good 
quantum number in spite of the action of the symmetry breaking 
coulomb force. 

We envisage i similar considerations have been put forward by 
L. 5, K.rsiLinger, private communication) the formation of a hyperonic 
analogue state by replacing one neutron in any nucleus by a A in such 
u Vijy as not to change the space-spin wave function. One might 
expccL that such a state of the single hypermideus (of course one can 
saeaesi analog states in the double hypermiclei a!so!> would be pre¬ 
ferentially excited by reaction [ I i because of the similarity between the 
initial and final spin-space wave function and so produce a peak in the 
cross sections. The width of such a peak and its very existence provide 
a iect of the extent to which ban on wave functions possesses a certain 
symmetry, According to present-day thinking that symmetry is pre¬ 
sumed to be that of SU 3 , although the existence of the hyperonic 
analogue state is not inconsistent with any symmetry which considers 
die proton, neutron and the lambda hype run to be initially degenerate 
states .if .< dnglc particle. It may very Well be that the existence of 
hy pernnic analogue slates is a very telling lest of such symmetry in the 
baryon-baryon interaction. Thus, it is well to remember that the light 
nuclei and the existence, energy and width of the isobar analogue stales 
provide the best evidence for the charge independence of nuclear forces. 

If SUj symmetry were perfect, th.c ground stare of each of the or¬ 
dinary nuclei would be associated with a definite represent at ion deter¬ 
mined by V and Zand the fact that its hyperonic charge is Y = liV+Zl 
;md its isotopic spin / = i(iV-Z). The dimensionality of the repre¬ 
sentation is 

DUW Z) = (1 + tV—ZiU + A'+2Z)( I + JV+$2) 

and the nucleus IS at the lop left hand corner of the isobaric spin, 
hvperehargc diagram- The analog state of the single hypcrfragmenl is 
supposed to be associated with the second row of the diagram which 
has hypercharge i" - Y— I and isobaric spins of /' = I± j. Because 
L ,f the large -I, i‘ n mass splitting (on the nuclear scale) wc can only 
have the I in our single hypcrnuclcus, so that it cannot be pure 
£>(.Y, Y\ hut mu>l be a mixture of representations with the same per- 
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mutaiion symmetry. This Symmetry is diffcrem from that of the ground 
Stale of the Single hyperfragmen!, since the .1 lias no Pauli forbidden 
stales and drops down to the bottom of its average well to form the 
ground state. We know that this well is the order of 25-30 MeV deep, 
because ihe A binding in heavy nuclei seems to level off as a function 
of A to about 20 MeV. 

If SU i symmetry were perfect, the binding of the hyperonic analogue 
stale would be the same as that of the nuclear state from which it was 
formed, i.e. a bon I & McV. However, it is not perfect. We have already 
seen in the above paragraph that because of ihe difference between ihe 
A and 1' masses that ihe hypemnic analogue stale involves a mixture 
of representations of SU,. The shift in energy, i.e, the mass splitting, 
and i lie width of the analogue stale depends upon ihe strength and 
range of symmetry breaking forces which originate in the difference 
between the pion and fcaon mass. This means that the long range pan 
of the baryem-baryon potential, the OPEP part of the midcon- 
nuclcon potential is symmetry breaking. An indication of its magnitude 
is given by the comparison between He* and it hyperontc analogue 
1 Hc ,|r . He* has a binding energy of 2ti MeV, ,Hc 4 only 2 NfcV. Thus 
the symmetry breaking potential gives rise in this case ■ to a mass 
splitting of about 20 MeV, If this value is maintained in ihe heavier 
nuclei, the hypemnic analogue would most probably be in the ccn- 
Linuum several tens of MeV above the ground state. The width will be 
determined hy the non-diagonal matrix elements of the symmetry 
breaking force. We estimate that the resuhant width will be of the 
order of nucleon energies. i,c. of the order of one MeV. 

In the experiments suggested above, the .1 hyperon bound in the 
hypcrnueteiLs probes the properties of the nuclear core. It differs from 
other probes in that it has the barytan mass, the baryon ?pin, and the 
bury on strong interaction, but since it is not a nucleon need not satisfy 
the Pttuli principle. The energy spectrum of the Itypemueleus, the 
energy and width of (he hyperontc analogue states if they exist as a 
function of mass number would furnish data from which the /l-nucleus 
interaction could be abstracted and from which some of the properties 
of the nuclear core with which the A interacts can Lie determined, 

* Thr fiicl thiil .8He 1 k nearly cto I bound will cause an addirioit:iI shift in ihe 
limiliir to the ThotTUU-Rrmiiii yhift for flic Isobill dHiil3$uc case. 
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I. IH PRODUCTION 

In lhe stundand texlbooks jE] cht- Theory of conductivity is usually 
developed from The Boltzmann equation. This is somewhat irritating 
since we know that electrons obey Lhe Schrodinger equation and it is 
not trivial when the latter implies the former **. A more satisfactory 
approach has been initialed by Kuhq |2] where a formal expression 
for the conductivity o is deduced from she Schrddinger equal ion. 
Unfortunately lhe exact evaluation of <r requires a solution of ihc 
niaraybody problem for which in general only approximation methods 
of unknown validity are available. It is the purpose of tills note 10 
investigate two systems which are simple enough so that they admit a 
complete mathematical treatment and yei show the relevant features, 
in particular a finite d.e. conduciivii}- The simplification consists in 
neglecting the interaction between theeEedrons which is not the rele¬ 
vant factor for the conductivity, in skis way the many body problem is 
reduced to n onc-elcctron problem. One itughi worry whether the 
Mull Sties nf l lie electrons may introduce an essential complication 
because of the exclusion rjncipte. However, it turns out that the con¬ 
ductivity of several electrons without mutual interaction is just the 
sum of the conductivities m the occupied stales. One also finds that Lhe 
thermodynamic complications are not the pertinent Feature of the 
problem, indeed it is possible to define The conductivity of a single 
electron in a quantum mechanical state. For a thermal ensemble the 
conductivity rs u weighted sum of these. By restricting ourselves to the 
one-electron systems w e disregard certain problems. For a homogene¬ 
ous isotopic system the linear response to an arbitrary electromagnetic 

- This work was per formed ds cpnBufant le General Aiamies Europe. 

'* A i-c-tsc-rit tut un Lilia que^um i* k^Lnuiv jntl Ekiym, Quunturn BUitlilkul 
Mechanic* fW. A. Benjamin In?-. £942j. 
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field is express 'Me by two complex functions of frequency and wave 
number [3]. They arc the dielectric constant and the magnetic perme¬ 
ability. We shall study only the former in dependence on the frequency 
for infinite wavelength. Although there is some si m pi ideal ion in the 
zero frequency limit u ]s ridvistblc not to lake this limit loo early since 
ie i* highly non-uniform. In particular the limits volume -#■ -3C and 
frequency ■■ 0 do not commute with each other and with the various 
integration processes involved [ 4 ]_ Thus we shall calculate what hap¬ 
pen* if we subject a finite system loan external electric field - e -Jurf 
and then discuss ihe various limits. 

The first model we shall study is an electron bound lo the origin by 
harmonic forces to the electron coordinate q(n arid coupled to a 
sector field n at the origin. The held could represent phonons 
■where we disregard the distinction between longitudinal and trans¬ 
versal modes and the atomistic structure of ihc Lattice. That the par¬ 
ticle as coupled So ihe field al the origin (or an average value of the 
field around lhe origin) corresponds to the dipole approximation in 
decs rods- n arnica We shall rant offer any physical argument for ii bin 
our motivation is just that it renders the problem soluble. The bar- 
mo me forces are only introduced io he renormalized away, that is to 
say lo compensate the harmonic effects of the field. Finally the particle 
i> subjected ii> an arbitrary external electric field E(0- Thus the system 
is characterized (in appropriate units) by a Lagrungian 

L = $ | + + 

-tin I d J x &**}?(*}+*!.£, (1) 

where c is a suitable averaging function. We shall ask for the expecta¬ 
tion value of / — t\( for a state specified at a lime before EU) was 
switched on. Since L leads lo linear equations of motion the initial val¬ 
ue problem can actually be solved and this expectation value turns out 
in be a linear functional of £\ ll leads to the standard formula for the 
dielectric constant of an oscillator with a frictional force. The latter is 
obviously due lo the emission of phonons by the oscillating electrons. 
If the irenormalized) constant of the harmonic force is made zero 
one obtains a finite d.c. conductivity. One often meets ihc question 
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how lime reversible equations can lead to a relation/ = <r£ between 
quantities which transform differently under time reversal. Tlu? answer 
is that by specifying the conditions at j — - v. rather than ? -* oo 
a time asymmetry is introduced. In this model the time asymmeiry i> 
directly relaxed ro the one expressed by radiation reaction which is 
—i} if there arc no phonons ai the beginning and — q if there are 
tire none at the end. Correspondingly & is positive in the former filia¬ 
tion and negative in the lacier. Whereas ihi! lirst example provides a 
model for the classical discussions of conduciivlty the .second show's the 
typical quant tun aspects of the problem. It con si sis of an electron 
interaction with scattering centers which jre in some way randomly 
distributed [5], h is known ihai For a regular arrangement oFscattering 
centers the conductivity is oc or 0, depending on whether the energy 
of the dec irons is in an allowed hand or not. This is a typical wave 
phenomenon and depends on whether the scattered waves interfere 
constructively or destructively, IF 1 her cenieri are 1101 completely re¬ 
gularly arranged one rnay obtain a finite d.c, conductivity. In this case 
one cannot obtain the complete answer of the current as a functional 
of the electric held and we shall restrict ourselves to an expansion with 
respect to (he external field up 10 linear terms. Correspondingly the 
question of the energy balance is not as transparent as in the first case 
where the Joule heat appear^ in (he form of radiated phonons, Ht!Fe 
the static scattering centers cannot absorb energy and one wonders 
where does the energy go. However the Joule heat is quadratic in the 
external held and does not appear in the linear approximation This 
question is only answered easily for a regular arrangement in the 
effective mass approximation. There the external field accelerates the 
electron until ns effective mass becomes negative then the quasi- 
momentum decreases again. This means that eventually Umklapp 
processes occur and the electron is re Fleeted back. Lf the electron was 
initially at rest this happens only after the held has acted for a while 
and does not appear in Lite linear response which gives c(tD — 0) = x 
in this care, 

2.. THE PHONON MODEL 

Our system is characterized by the Lagrangjan (I) which implies the 
following commutation relations for equal times: 
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k< it ) = Ufa . rw*>. J - iMt* ~ x '> 

to.-*,I - H,. 4,1 = [«*). 4W*')1 = [*.<*tf,l*')l = 0. (2) 

[*„*/*’)] - [<L^{X')] - k, « t(j„ <f,U)J = 0. (3? 

At the beginning wc ishalt assume a finite volume with some boundary 
conditions which select certain values for the wave vector & in the 
homier decomposition of tp{x). The equations of motion originating 
from, (h are linear equations with constant coefficients und can be 
solved immediately* IT wc indicate ihc Ftiuricr Iran storm oft he various 
quanbitcs by replacing the urgumiznl x by ft Lind t h; to the Eukr 
equations of (1) are 

to) - (4) 

(<4-«> 7 taJN = £ tp,{k)c{k)+eE{G>)< 

h 

We shall be interested in solutions of these equations satisfying certain 
initial conditions. Jit particular we shall express ;tl] operators in terms 
of the field * for t -* — ao </i lH and go u> infinite volume so that all 
A-values become allowed. Then (4) becomes 1m) ■» ii{k 3 -tu 3 ), 
t - tn+ic) 

ft — f/J + 

D{ vj 1 k/(wj = (u>3 - - I d’ 1 k - C --*, q M (5) 

J ft “tut 

m 

« j d J M(W , "(*)+* £ i t 4 


The function D still depends on our choice of the cut-off function e. 
for c ! (t) =■ •f 2 M i HM t +k 3 ), for instance wc have 


D(-) 



fd 3 Ac J (fc) 

J k 2 -z 



.Vf — i sji 


(*) 


If M 3> tj we have 


* AcELLiitSy nne nun also CApm? everything 3n terrrti of *J. and xticir time 
dcrivEitivm j.E Lin jrbEtriiry Wtwi ymi derive (5j m limiting expression, Sec f.i. F\ 
Sdiwftfcrt, W. Thirring, Quantum Theory of Ijtsex R^dinAion, ErgtbnUie dcr e>ta5si«ti 
Nilturvriiseiisill, W (1964) 219-142. 
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D ± (tu 3 ) = 0((«±«) 3 ) — nr -vi 2 ±2iFm 
# = ffl|-2B a y 2 M, r - a 3 ? 1 


(?) 


which show* ihni q obeys an oscillator equation with a friction 
force ■*'- —<}■ 

An explicit expression of the operators at any time in term?- of 
is jdven by 

UK 0 - | d J fc{(ft|fl„ | W+ttf, t)} + (H) 

i*d«? c’ l “ f 

J 2 a Djeo 3 ) 

QW- fd a fc{/4*)^m.rH/.(fc^L"(fc.in + 

J J 2* D(ai) 

r/j l . n is the positive arid negative fm|LicTicy part of tp ltl respectively^ 
The wave matrix Q und [he wave Junction / arc given by 




S(k~k')+ c J k)c ^ k) 


1 




( 9 ) 


/*(*) = 


m 

f !.(/..,■ 


Q is hulfsided unitary and / is normalized and orthogonal ** to Q\ 

- i. - i-AA 


/= 2 : — fJ-j/V 


( 10 ) 


These equations insure that the commutation relations {3) are satisfied 
if <fi"' satisfies the ones of a free field 




01 ) 


m*. 4 *>]-g 

Thus we have a complete solution of the quantum mechanical prob¬ 
lem, The Hilbert space is spanned by states of a definite number of 

" Thin i* Where an esBtnE ml di&Elercrict helwetn thly caK und LjuantLim eJeClfu- 
dynamics in the dipole approximutioil appears*, There this term Is ■— i/. 

** Far ii proof af ihis. kind of reEaiiurts see (6), 
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phonons at r = — gq> ['he ground state is defined by 

tfRfc #> - 0 (12) 

Lknd the phonon statea are mated hy applying 4>- onto \'*}, They are 
eigen slatc5 of the HajnilloniBn for £ = - od. The electron is not 
represented by indepcadcnl variables. 

After these preliminaries we are in the position to deduce the con¬ 
ductivity directly from (SL Since $1" has vanishing expectation value 
for states with u definite number of phonons or a thermal distribution 
of them we get for the electron current in these case* 

* 


<Kto) = - —” <r )- 

£»K) 

If the renivrinalijietl frequency (5 of ihc oscillator i>- zero eg. tu,] = 
= 2s J y a W. we obtain a finite d_e, conductivity: 


m - 
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Lf tt> -C A t our approximate form of D gives the elementary ex¬ 
pression of a with the polririr ability of ait oscillator with damping 


<r(tu) = 




m 1 -<•>' +2irfo 


(15) 


11 is easily seen that by integrating the equations of motion with 
advanced Oreen-funct ions and calculating <rwith lout) states <r|co) goes 
over into and thus 0 (G) changes sign. 


S. THE IMPURITY' MODEL 

In this case the dynamical variables are just the electron coordinates g. 
As potential we take (attractive) separable potentials at positions a 
wiih strength /«. 

V(x, *') = “ X 0$) 

4 

Now <j> will be a nonlinear functional of £ but wc restrict ourselves 
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to linear tcrmi. This is done by a perl urbii Lion ircaimeni of H' where 


H ~ W G 4W r 

H^ip'+V ( 17 ) 

H' = eq - £(0 or — ep A\t) 


depending on whether the electric field is represented by a scalar or 
vector potential, a can then be calculated in a fashion familiar from 
the Heisenberg-Kramers dispersion theory* 


(tf cply> = Im ( 1 } > 0 ) 118) 


r 

®,(“) = - <Vlp» 


or 


= Ir-OP-p. 

3ro rf Q — Ej— «» 





1 


H - E, + ui 


p.Jy> 


P*~Pw 


H q - £■,+to 




The two forms of a originate from the two forms uf /T and are equiv¬ 
alent of the following slim rule holds 


Kg **<?lfc „ ' Pt+Pg 1 - p, I7> (15) 

** 0 “ t y ft □ “ 

which follows under certain conditions from the canonical eormnuLa- 
Lion rules 

L?ui f Pff I = ^ (30) 

For periodic boundary condition (20) ami (19) fail to hold since q Is 
not an operator in Lite Hilbert space of periodic functions. In this case 
(he second form of //' and <r has to be used #+ , 

From (IE) it appears timt c?{oj) can be continued analytically into the 
complex m plane with poles on the real axis. Furthermore wc see from 
the second form of (18) 

«■(«) «= ( 2 tj 

However in Ehe limiL volume -► 30 ihc eigenvalue spectrum of // 0 may 
become continuous and a will acquire a cut along ihc real axis. Then 

* Actually, since for our norttueiil polnliil [if, V\ ^ there are other contri¬ 
bution^ io live Current. Howsvter, the* no Lu 2 ctu m ihe hmit of smith range oe‘ ^ 
which u-c will consider. 

** In our previous model (39) holds and bush forms of >7 0ivd (13). 
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fur t'j iti the lower hull plane e given by (18) may not be ihe analytic 
continuation of (f from the upper half plane, In this case e(c») = 
-e-f—te) is no longer true fur the analytically continued function anil 
wl‘ may have ^ {). If (19) holds we find 

The evaluation of (Vi) can be carried out with the aid of the Greens 
function 


G^x, x*) = <x| —!—>'>. (23) 

rf d — £ 

On expanding this into powers of V we arrive at a geometrical scries 
in j provided p is a step function in momentum space. 

p l ip) - pip) m 


Pip) - 


for p < A 
for p > A. 


In tMs> case we find 

G(X. x 1 ) = G 0 (x-.V')+ l G 0 (x -aW„. G„[u -*'} (25) 

*l r 

with 




2nx 


G t ,tx) = | dx'iOO 


= V~2E 

-« t*- *‘l 


2rcU~y| 


(26) 


The matrix .U is given by 

m = (r'-fir 1 

X M . - <$„ R^. = C fl (<i - <0 


(27) 


and it is this matrix inversion where ihc difficulty is hidden. If all A are 
equal and the a\ Form a cubic lattice with lattice constant unity and 
A'fl's in a row we Find in Lhc tight binding limit * £“* I 

# in Ms ease C looked he from a birds rye view is (7* for ii partide with an ciTcr- 
live muss ie“\ 
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,Wf ^ +M / 2 V*r A*"* 

= A £ —) i — Aie^#c)— -—(ooi s, Hhcos (28) 

w+1/ L ?r 


1-J 1 

H-cos jj)J ■ f j sin a x s K r sin v x $ a : 

c(k) - n~ 1 [J - k arctg i4/«]. 

The next quaintly we need far calculating is (for A -+ oo) 


M - j ZML-E^pJiiv-E.+oy'pJyy 

7 

- ~ {t ■ P^P. p'}Gr.-Jp \. P) 

3nJ (2wf 

1 fdV<>V,_ v- f,f2^(P~p J ) , (29) 

pl J„ r + 

f p 1 +if j Xp' j +£*)/ * (p J ++« 4 ) 


wiih 




Is 2 — k’-Iui, 

M 


;-(*/(£+if)-A/(£-iij» m 

2i 


in ihe limit j; -r G. 

The sum rule (19) implies 

/<o)-4!<?(£-£,) W) 

t 

in which case wc have 

f^^E-E,) = 1 (/(+«,)+/{— m )—2/(0)). (32) 

V iw 

Since ihe general evaluation of M is impossible we specialize now to 
one typical situation, Wc take the as again lo form a cubic lattice 
but let the be distributed in some manner. Thus the bound state 
of a single separable potential will be spread out into an impurity band 
and we shall wort out the conductivity in this band. For this purpose 
wc decompose M 1 into a dj agon ally part D iUl = uw-n«)i 
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and a nondiagunul part A and expand in powers of K 

At = ID-fir' = D~ l +D~ l KD~ , +D~ i KD- t Kl>- , + ... (33} 

In this manner we obtain 


Jtf. 


-5 w i. 






» rr. m' “ 


1-JS.e 

4k \}-A M t/ a 1 — A ff4j| C 


- = W-VH /‘V :■ 

^ -.rr m ^„+ n ) 


(34} 


* (5(1 - A i -J-, + .0). -.)+»„■ 14 3 4. n . 

4jt - 

■( , f3 1 5-^-1 + 


Here always means sum over the nexi neighbours* sum over 
Mte second neighbours, etc, Our expansion is essentially an expansion 
its e~\more exactly it makes sense in. a light binding situation Ef the 
/, 4 are distributed such that 



ftHUJ 

£ 


(35) 


One readily verifies up to order e'that 43L > is indeed satisfied and 
i bus (33] can be used io calculate ff. If/(«J) were analytic in eh near 
ihe origin it is clear (hat for small oi we would get c to, e.g. there 
would be no d,c. conductivity bill only a polarizability. From (29) we 
see that/depends on u> via K which appears in the denominator and in 
,1/. For small <n the com bin at ion (/>■* +k : — 2ut) 1 is perfectly analytic 
and it must be through that we gel a ®(0} P Thus for a small uj 
the leading term of / will bc p 


16 ^pdVO 1 

3h J (p i +*K 1 )V T +^) r 


u,.Xk)mm m 


■ The tffher pari LMVfs. mainly the pp|ari/-qbilit> of the electron in l he separable 
fttiicji tin'll. 
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where in the denominator we dropped the <a. Hecause of 
|*d 3 pdV (p- ^ (jg* je r j c ~f ||j| + |i 'i | 

J (2jt) 4 (p i + k 3 ) j (p'* + k 1 ) 2 WW/W 


it turns out that the contribution of lowest order in e * appears if 
a = a' anti b = ti are neighbours in which ease we obtain 


V 


1 IT If" 


I2fl n m a l— 


m 


To recover v we have 10 write the ^function in the form *}{£—£ F } = 
(filrt){K—K y This is done if wc remember ihal for . L k. 

•to * — +* -1 , r(s) - roc) + “ m 

In 2 sk 


k{a) bring the eigen value of the separable potentials with strength 
This gives us finally 


/nH 


1 I 1 

6 K *. H K 






O^tailnK 1 


m 


Thus if we want o' in n certain energy region J£, c.g. T t .: ii£ ff y we 
have to sum in (JO) over those a where produces a state in AE and 
of all neighbours of these a We shall assume that the a‘s arc concert- 
(rated around an average value /. 0 according u> a distribution 


m = 


*/* 


f4l) 


In a macroscopic piece of our system (N -» the sum. in (40) will, 
consist of so many terms that we can replace by 


6 |_ 

There is jusi one complkuiion owing to condition (35) outside of 
which our expansion is useless. It requires |4“A B+ J £ <> with 
5 - c~\ Thus w -c cannot lake J.„ +Tf independent of k a but have to take 
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Instead of f 1 . d^*.. With the distribution [411the integrals in (40) 
arc tic men tun and we identify rf as the coefficient of the ^function 
on inserting (40) into (32) 


e~ ! Rc ff(r.'j) 


for „«■>, 

X [fo-iof+f? 2KK r 

0 for < (5, 


(42) 


Here again the value of is such that M/J corresponds to the energy 
[he Slate for which we calculate ff. Because ofo-fu) = er*(—for 
* , = o r7 will N real Im <r being - o. Owing to our limitation (35) 
got <t(0j - 0. Hu we ter, in the tight binding limit A can he made 
arbitrarily small and thus our result is* 


iiiTi lim lim £r 

B-o V-*T 




(43) 


The significance of the various factors in (43) is Lite following. Since 
we put the lattice constant = I ot it = (Distance between atoms 
atomic radius) the factor e _ * is related 10 the fact that the electron 
ha-* it? tunnel from one atom lo ihe next. More in detail we curs argue 
as follows. 

We expect <r to be 

e 3 

initial 1 


wiilim* = effective mats, r = velocity, |u| : = scattering cross-section, 
bor the scattering of a particle of mass m* on a separable potential 
with strength A,-2 0 we have a - (j(,-i 0 )in*. Since m* - o K WC 
get cr ^ c 2j£ provided we keep m*v = k = q uavimoiT] cm urn con- 
13 iant. The denominator in £43) shows Ihal Ihc conductivity is better 
near the ecnier ot ihe bund since there rl is more probable ihat neigh¬ 
bouring /■$ have dose values. Remarkable is Lhc factor A M — X n in ihe 
rumj era lor which shows ihat sr changes sign on ihc top side of lhc 
band. Thus we get hole con duel ion m spite of the diffuse nature of the 

■ Tfits can ulso dinjellv be found with i22l 
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band. One might wonder whether one would not obtain (43 \ by it lut¬ 
ing from the Mloch functions as given by (2K ) if all are equal. How¬ 
ever the width of the Bloch band is ~ <i and. our condition (35) just 
tells us itlflt the width y due to the irregularity of the /.'s has to be 
much larger than 6. Nevertheless, as we have seen (he qualitative 
features of the band picture are still present. 
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The notion of morality appears to have been introduced into quantum 
theory' b> Winner, as reported by Gddbcfger and Watson [I ]- The 
question it! issue is the famous, ‘"‘reduction of the wave packet", There 
are, ultimately* no mechanical arguments for this process, and the 
arguments that arc actually used may well be called moral. This is a 
popular account of the subject. Very practical people not interested in 
logical qtteslions should not read it* 11 is a pleasure for us to dedicate 
the paper to Professor Wcisskopf, for whom intense interest in the 
latest developments of detail has not dulled concern with fundamentals. 
Suppose that some quantity F is meiisurcd on a quantum mechani¬ 
cal system and a result / obtained. Assume I hut immediate repetition 
of the measurement must, give she same nttiiit. Then, after the first 
measurement, the system must be in an eigenstate of F with eigenvalue 
f. In general, the measurement will be “incomplete”, i.e., there will 
be more than one eigenstate with the observed eigenvalue, so that the 
latter does mn suffice to specify completely the state resulting from 
the measure men t. Lei ihe relevant set of eigenstates be denoted by 
4*/ 9 - I he extra index $ may be regarded as the eigenvalue of a second 
observable G that commutes with F and so can be measured at the 
same time. Given that /is observed for F\ the relative probabilities 
Of observing various g in a simultaneous measurement of G arc given 
by the squares of the moduli of the inner products 

where y is the initial state of the system. Lei us now make the plausible 
assumption that these relative probabilities would be the same if G 
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were measured not simuliiiBeouily with /'but immediately afterwards. 
Then wc know something more about the stale resulting from the 
measurement of F. One state with the desired properties is clearly 

s' 

where A- js a normalization factor. Li h readily shown that this is lhe 
only state [2] far which the probability of obtaining a given value for 
my quantiiy commuting with F is the same whether The measurement 
is made at thtr same time or immediately after. Thus, we arrive at the 
general formulation for She "reduction of the wave packet 1 * following 
measurement [3 |: expand the initial suite in eigenstules of the observed 
quantity, strike out the contributions from eigenstates which do not 
have the observed eigenvalue, and renormalize the remainder. This 
preserves the original phase and intensity relations between the rele¬ 
vant eigenstates* It therefore does the minimum damage to the orig¬ 
inal stale consistent with [he requirement that an immediate repe¬ 
tition of the measurement gives the same result. All this is, very ethical, 
and we will refer to the particular reduction just defined as “the moral 
process". 

Now morality i.s not universally observed, and it is easy to think oF 
measuring processes for which ihc above account would be quite 
inappropriate. Suppose lor example the momentum of a neutron is 
measured by observing a recoil proton. The momentum of the neutron 
is altered in the process, and in a head on collision actually reduced to 
zero. The subsequent, stale of the neutron is by no means a combi¬ 
nation ft he Spin here provides the degeneracy) of slates with the 
observed momentum. How then is one tq know whether a given meas¬ 
urement is moral [4 j or marl Clearly, one must investigate the physics 
of the process, instead of tracing through a realistic example we will 
follow von Neumann [3] here in considering a simple model. 

Suppose [he system I lo he observed has co-ordinates R. Suppose 
that the measuring instrument, l! p has a single relevant co-ordinate 
Q -a pointer position. Suppose ihai the measurement is effected by 
switching on instantaneously an interaction between I and II 
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m 

where i is time. The simplification here, where the system of interest 
act 1 directly on a pointer reading without intervention of circuitry, is 
gross. If I is in the stale before the measurement, and the pointer 
reading is zero, the initial state of i + JI is 

mmi 

The staie of 1 + 11 ini mediately after i ~ 0 can be obtained by solving 
the Si-hrfldinger equation, in this only the interaction term in the 
Hamiltonian is significant, because of its impulsive character. The 
resulting state is [5] 

s>,/' m^m-n 

17m 

where/is an eigenvalue or F\ tf> 1§ a corresponding ei|enfunellon. and 
g any extra indc* needed to enumerate these cig^ unctions. Jr' now 
an observer reads 1 he pointer on the instrument and finds ,i particular 
value/, and if this measurement of the pointer reading h maraL then 
The state reduces to 

« 

The part referring to system 1 alone, 

f 

is precisely the result of applying the moral process to I directly, after 
tile measurement of the quantity F. Sn we have here a dynamical model 
nf u moral measure men t of F. This depends on the detailed nature of 
the interaction between the system find the measuring instrument. It 
would have been equally easy to choose an interaction for which n 
moral measurement of the pointer reading would imply an immoral 
measurement of F. 

Thus, if the morality of measurements of macroscopic pointer 
readings is granted, there is no real ambiguity in practice in applying 
quantum mechanics. Otic must simply understand well enough the 
structure of the systems involved, including the instruments, and work 
out the consequences. This situation is not peculiar to quantum mechan¬ 
ics. Moreover, we arc readily disposed to accept the moral character 
of observing macroscopic pointers, for we feel convinced from common 
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experience that they arc not much c hanged in Male by being looked 
ill, and the moral proce^ is in an obvious ^ense minimal. Thus, the 
basis of practical quantum mechanics seems secure. This is just as well, 
in view of its magnificent success, and of the fact that there is no real 
competitor in sight, However, it must not be supposed (hat the action 
on the wave function of even such a macroscopic observation is of 
a trivial nature, and least of all that jt is a mere subjective adjustment 
of ihe representative ensemble to allow for increased knowledge. To 
make this elementary point suppose that the measuring interaction in 
the above model is again witched on at limes r and 2*: 

ZU-xW*- — , fi(t-2x)F -—, 
i&Q i ?q 

During the period t suppose that each eigen slate 4/ (the possible 
extra index g not essential here) evolves into a combination 

4>f "• X - 

r 

For the instrument 11 suppose for simplicity that Q is a constant of 
the motion between interactions Then solution of the Schrbdinger 
equation for I -i-11 gives from the initial state (just before i * 0) 

mm 

the final stale 

I #r«/--./• mg-f-r-n 

/,r.r 

just after { = 2r, The probabilities of then observing various particular 
possible values Q for Lhc pointer position are given by 

]£ I Z *r. a-/ ■- r *o-/■-/"./( 1 M 1 - 
r s 

Now 1 this assumes than he intermediate evolabors of I + ll is governed 
entirely by the Schrtidmger equation, and therefore that the pointer 
posit km is not looked or until after the final interaction. If the pointer 
position is observed just after each interaction then the moral process 
comes into play just after i = 0 and r = r. If all possible results of 
these intermediate observations are averaged over the net result is 
simply to eliminate from the last expression interference between 
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different values of/and/': ii becomes 

Z L i *r\Q-f-r*Q-f-r\f($f* ^)l 3+ 

/■■ / 

Thus observation, even when all possible results are averaged over, 
is a dynamical interference with ihu system which may filler the 
siarislies of subsequent measurements 

Now although we would not wish Lq cast doubt on the pfaaicat 
adequacy of macroscopic morality, el is clear that if we leave it tin- 
analyzed the theory can at best be described lls a phenomenological 
makeshift. The fact already stressed that observation implies a dynam¬ 
ical interference, together with the belief that instruments after 
all arc no more than large assemblies of atoms, and that they interact 
with the rest of the world largely through the well-known electromag¬ 
netic interaction, seems to make i his. a distinctly uncom Fort able 
level at which In replace analysis by axioms. The only possibility of 
Further analysis offered by quantum mechanics is to incorporate still 
more of the world into the quantum mechanical system, 3 +11 + 111 + 
etc. Especially from the theorist’* point of view such a development 
is very pertinent. For hint the experiment may be said lo start with 
the primed proposal an d to end with the issue oF the report. For him 
the laboratory, the experimenter, she administration, and the editorial 
staff of the Physical Review, arc till just part oF the instrument at ion. 
The incorporation of (presumably) conscious experimenters and 
editors into the equipment raises a very intriguing queslion. For they 
know the results before the iheonsi reads ihe report, and ihc question 
is; whether their knowledge is incompatible with the sort of inter¬ 
ference phenomena discussed above, if the interference is destroyed, 
then the Sehrtkhngcr equation is Incorrect for systems containing 
consciousness. If the interference is not destroyed the quantum mech¬ 
anical description is revealed as not wrong but certainly incomplete 
[8]. We have something analogous to a Lwo-slit interference experiment 
where the “particle" in any particular instance has gone through only 
one of the slits tand knows it]) and yci there are interference terms 
depending on the ware having gone through both slits. Thus we have 
hath waves particle trajectories, as in the de Broglie-Bohm 

,+ pilat wave' 1 or “hidden parameter" interpretation^ of quantum me¬ 
chanics PI- Union Lina tely it seems hopelessly impossible to it; si this 
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question in practice: it k hat’d enough to realise interference phenom¬ 
ena involving simple things like electrons* photons, or % particles. 
Experimenters (arid even inanimate instruments) radiate heat T for 
example, and this coupling to their surroundings suppresses inter¬ 
ference just as effectively as the theorist reading the Physical Review. 
Nevertheless the question of principle is there. Now, even if we had 
settled the status of the experimenter, we are not at the end of the 
road. For the reading of the Physical Review is hardly a more ele¬ 
mentary act than the reading of pointers or computer output: this 
act also see ms to require analysis rather than axiomatic*, and so we 
want the Eheorist also in the Schrodinger equation, He also radiates 
heat, and so on* and we want finally the whole universe in the quan¬ 
tum mechanical system. At this point we are finally lost. It is easy to 
imagine a state vector for the whole universe, quietly pursuing its 
linear evolution through nil of time and containing somehow nil 
possible worlds. But the usual interpretive axioms of quantum me¬ 
chanic* come into play only when the system interacts with something 
dse T js “observed". For ihe universe there is nothing else, tmd quan¬ 
tum mechanics in its traditional form has simply nothing to 
say, !i gives no way of. indeed no meaning fn, picking out from the 
wave of possibility the single unique thread of history. 

These consideration^ hi our opinion, lead inescapably to She con¬ 
clusion that quantum mechanics is, at the best, incomplete [H-J. 
We look forward to a new theory which can refer meaningfully 10 
events in a given system without requiring “observation" by another 
system. The critical test cases requiring tliis conclusion are systems 
containing consciousness, and the universe as a whole. ActualEy t the 
writer* shaft with most physicists a degree of embarrassment at eon- 
sc bus ness being drugged into physics, and share the usual feeling that 
to consider the universe a* a whole is at least immodest, if not blas¬ 
phemous. However, these are only logical test cases, ll seems likely 
to u* that physics will have again adopted a more objective description 
of nature long before it begins to understand consciousness, and the 
universe as fi whole may well play no central role in this development. 
It remains a logical possibility that it i* the nci of cansrio unless which 
is ultimately responsible for the reduction of the wave packet [9], 
It is al&o possible that something like the quantum mechanical state 


Mmtl tizpatt 




function continue to play a role, supplemented by variables describing 
ihe actual us distinci from Lhc possible course of events ("hidden 
variables”) although this approach seems to face severe difficulties in 
describing separated systems in a sensible way [7], What is much more 
Likely h that the new way of seeing things will involve an imaginative 
leap that will astonish us. In any caic it £ecms that She quantum mechan¬ 
ical description will be superseded. In this il is tike all theories made 
by man. But to an unusual extent its ultimate fate is apparent in its 
internal structure* It carrier in itself the seeds of its own destruction. 
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I. The following simple paradox is well known in electrostatics: 
the energy of an electrical condenser is 

u = \cv J 

where C. the capatiuncc is given by 



AnD 

if one prefer? 

c = 4 -^. 


£> 

Therefore 

BU n, 

— <0 


f j£> 


and the plates should repet one another. 

The explanation is of course that a condenser at cons tan I voltage 
t< not a closed system: a condensor at constant charge is. We have 



is supplied by the battery 1 lint keeps V constant. 
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More generally for a system of conductors 

V-kZC„V w Y m 

and the charge on the n" 1 conductor is 

Q,~lC m r m . 

Then 

and 

Wh = 41 tC*KV 9 + I C„vjv m . 

But 

^.“I^C„K ( ,+2C M t5K p «0 

hence 

(&U)q = — (fiC/Jp, 

2. For a system of airrrntx in closud linear conductors ^ have 

p-tlwfc. 

In lhi$ case 

is the magnetic flux, through the /i lh ring. Wc have now 

(W) ( - -(,56%. 

l-or superconducting nogs we have nd*,, = 0, Therefore fjL% is the 
correct expression For a closed system anti should be used lo calculate 
forces. The difference (tJt/Jj—(£(/% is supplied by current sources 
that maintain a constant value of L 

3. Closely related and more liable to give rise to confusion is the prob¬ 
lem of magnetic work on a body in a magnetic Held. 

First, Id us assume that a field is produced by a superconducting 
coil and that this coil has a Jorge self inductance *o (hat Li Es large 
compared with whatever flux may originate from «be magnetic body 
considered. The magnetic field may be changed by moving the coil 
land in this arrangement that is the only way in which magnetic 
work can be done). Instead of moving the field source we may also 
move the body. IT the external field (j.e. the field that would be there 
in the absence of the body) does not vary appreciably over the region 
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ol‘ space in be occupied by this body, then (he work required to move 
a dipole m from a region with field W :| to a region with held H^+dH s 
is - m ,}//h and if we star! from a situation in which the body is 
entirely outside the field the change in energy when it is brought into 
the field // i-- given by 

JU = I/t-tfo - - I ' m dH fl + e 
Jo 

where Q is the heat supplied during magnetization. But we may also 
imagine that coil and body are stationary and that we slowly increase 
the current from 0 to a value /. This would require an energy J Li 1 for 
an empty coil, if a magnetic body is present more energy is required: 
the change of m induces an additional electric field against the rising 
current It is easily shown that for a change dm this extra energy is 
H„ nm and for the total energy difference we have 

AW = Wt-Wo = I H 0 Am-hQ. 

Jo 


Jil measures the energy difference between empty coil and coil 
plus magnetic body, compared at the same current: AU measures (his 
difference comparing empty coil and coil plus body at the same flux. 

To show ihat there is no contradiction between these expressions 
consider the case of constant Hus and assume that in the final state 
the dipole t» sends a flux 4> m through the coil. Then in order to main* 
tain the original flux Li the current Ims to be changed by an amount 
ii given by 

i5f = 

Now it is easily shown that 


therefore 


tfo ‘ ™ 

iLfii -H, * m. 


Uni —Li&i is exactly die energy difference that is required to bring 
the current in the coil to its original value. And ns a matter of fact 
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4. To calculate thermodynamic equilibrium in a constant field we 
have to use U Mtlu-r than W, Let us consider an example in which 
there is no heat involved. In a cylindrical coil with cross section of 
area A we place a superconducting rod of cross section a ■$: A. Then 
the energy per unit length of the empty coil is 


and the energy of coil plus rod at the same currcni 


Therefore 


But at const an I Flux 


— « a *(.4-c). 
8* 

JJ* = - 1 H* ■ lj 

8ff 


(/I+HHMA-a) = S1A 

and 

AU^dU+WiA-ay-l^ A }®*r ~ 1 H J ■ a. 

The relevant expression V increases when the superconducting rod 
is inserted. As far as magnetic energy is concerned the situation with 
MdszJH^fifect is disadvantageous as it should be. Errors based on 
confusion of A W and A U - thinly disguised, as variational principles - 
cun be found in several okJcr papers on superconductivity. 

5. The energy derived From the usual Hamiltonian for a system in 
an external magnetic field leads lo V and not to If. Therefore a first 
order calculation of magnetic interaction energies using zero order 
approximations for the currents gives a res all of correct absolute value 
but incorrect sign. 

Consider a System with energy 

T = bnx^^fX^yJiX 

where a may be a function of x and X. 

Then 

P ^ p K = mi 4 xX 
P = f x = V/^ + XA 


£ iwt £*« and kamliiQfiianx 


m 


and the HamatlGnian is 

.r =- l -I — r + --- P^apPjmM] . 

l—o^ diM Lint 2M J 

If * is small the Influence of the coupling terms on energy levels will 
be 

H£= -(xpP mM) tt - -(aiJtW 


We can also write 


-* =- — (p-af/M) 1 ! 

1 — ^htiM Llm J 



If M lends eo infinity and A r remainsfinlte ihcra PjM tends toward X. 
The analogy wilb the usual Hamiltonian tor particlesm a Held should 
be obvious, 

6 r Magnetic interaction enerey am be expressed in several ways. 
The basic expression is 


Write 

then 




fij dr. 


H 2 = curl A 2 


W m =■ — f If t r curl j^dr m — f j ! 2 1 curl H\ di = - fi, A} dr, 
4kJ 4kJ cJ 

Similarly 


Since 


W u - - I A , i 4 dr. 

f J 

J k-r'l 


we can also write 
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(n many cases it is useful to write 

l 2 = r eurl Af 3 . 

This defines a magnetic moment density *J 2 . Then we have 
curt (H 2 — 4jtM 3 ) = 0 


whence 


Similarly 


2 | //, /f } dr - | /I, ■ Af a dr. 
\V m - | Hj ' Af, dr. 


Transformation. to the expression 

_ f flr-Kl^ W 2 (rK3{M, -(r^r))<M, ■ (r-f)) .^, 

" JJ k^rf 

is only possible when the moment densities do not overt tip. 

7, Suppose that a current distribution is determined by a magnetic 
t ion .Vf_ that is constant inside a sphere of radius R and zero outside. 
A simple calculation, yields (&n, ; 3W- for the magnetic Held at the 
centre (of course this is the field that is usually called Ain macroscopic 
theory). Since the value of this Held does not depend on R it follows 
that a magnetization that is constant inside a spherical shell R t < r 
< A, hut zero outside produces no field at r ■= 0, Therefore if .\L is a 
function of r we have 

/J(0) = ^Af s (0). 


In the ground state of hydrogen we can write 

i = — £ curl — foS^li 
me 

where tp is the scalar Schrildinger wave function. Therefore 

m= - mf*- 

3 me 


4 
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For the interaction with a nuclear moment {nh'lMtAg^ ■ l It follows 


A U 


8 it L r h th 

3 rite 2Afe 


I 


which is Fermi's well known formula. 

8, The Hamiltonian for a system in a magnet ic lidtl is in reality a 
Hamiltonian for two coupled systems. As long as we arc dealing with 
this, complete system energies can be expressed in terms of magnetic 
fields. Introducing a vector potential is the price we have lo pay for 
being able to eliminate the system tliat produces the Held. We should 
bear in mind however, that the one panicle Hamiltonian I hat is ob¬ 
tained in this way, determines the total energy. This is aliio obvious 
from the simple example discussed in section 5. 

A special arrangement of two coupled systems is the basis of the 
so called Bohm paradox, where an electron is supposed to move oui- 
side a cylindrical core inside which there is a magnetic Held parallel 
to the axis, but which has no stray field. The interaction between 
core aud electron is a magnetic field energy, which can be expressed in 
the various ways described in section 6 B bin of which only the expression 


I 41 * ^ C onr dT 

leads to a one particle Hamiltonian. Incidentally, il is rather obvious 
that the energy of the core is influenced by the field of the elect] on. 

El i-; an essential feature of quantum mechanics that it is the energy 
of the complete system that determines, emission frequencies, inter¬ 
ference phenomena etc. For instance in hypcrfioe structure the fre¬ 
quencies of spectral lines are determined by the energy of nucleus 
plus electron. Most of the field energy, 

r I *4 ■ *—i* 

4itJ 

Stems from a region close to the nucleus whereas the periodically 
varying charge density that leads lo emission is much further out. 

ft is a merit of the Bohm paradox that it brings this Fundamental 
feature forcefully to our attention. 
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The statistical model plays an unclear role m present in high-energy 
scattering events [I]- The Low momenlum transfer. or small angle 
scattering, events thai comprise the bulk of Lhe observed high-energy 
inter actions find a natural and simple qualitative interpretation in 
terms of the peripheral mode! {2] r Both in bary on-baryonund meson- 
basryfin inelastic coll is tons the vast majority of the secondary particles 
produced at high energies emerge into narrow forward or backward 
oriented cones about the collision axis and die transverse momentum 
transfer in the collision is % 300 MeV ^ 2m I c. The shadow of these 
dominant inelastic events leads to a diffraction cross section for elastic 
scattering which is also strongly peaked for low momentum trans¬ 
fers, or large impact parameters h 2 m m c - 0,7x10“ 13 cm. In 
these glancing or peripheral collisions it is the component of the in¬ 
teract ion with the longest range that controls the behavior of (he 
participants in the collision. 

It is when we turn lo the central collisions that we anticipate the 
possibility that the concepts of the statistical mode! may fmd their 
natural application [3]. As in Lite tow-energy nuclear physic* domain 
(aside from the direct interaction processes) the colliding par tides 
may be envisioned as forming a compound system with many chan¬ 
nels leading to the various possible final state configurations, Aside 
from phase space and other kinematic factors, the various open reac¬ 
tion channels should be excited with equal probabilities and random 
relative phases in a statistical model. 
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This is the very basic general assumption underlying a stiUkdcaJ 
modjsL The statistical model has other characteristic predictions with 
regard to energy and angle variations of elastic cross seel ions and of 
multiplicities, in addition, for inelastic ones. These features, however, 
are ued 10 various models and “plausible" dynamical assumptions. 
Recently arguments have been put forward by Reihe and by Woo (I | 
pointing out the difficulty of reconciling the observed precipitous drop 
whh energy of the large angle component of the elastic cross sections 
with the statistical model. It is ai present not at all dear whether or 
not the experimental data should be interpreted os indicating the pres¬ 
ence of a statistical component in high-energy collision*. 

In this contribution that we are presenting to a leading pioneer in 
i.hc development of the slaLisikal model of nuclear reactions, wg wish 
to propose a feasible program lor testing the validity of the statistical 
model in high-energy collisions. The idea presented here is to check the 
very general premise of the statistical model that all open channels 
should contribute with equal probabilities and With random relative 
phases, independent of more detailed dynamical questions of specific 
energy or angle variaiicin of the cross sec Lions. 

We consider two-body reactions involving incident meson or photon 

beams 

meson4-bp ryon —► meson 4 baryon (I) 

photon+bary on -*■ meson + baryon. (2 ) 

These reactions can proceed through many channels with different 
quantum numbers, (! is the relative roles of channels of different angu¬ 
lar momenta that control the angular and energy behaviour of cross 
sections, and of channels wish different internal symmetry quantum 
numbers thus determine the branching ratios for the production of 
final baryuns and mesons with different charge or hypcrcJiarge quan- 
Lum numbers. LL is upon these branching ratios that we wish to focus 
attention. 

The identification and enumeration of these channels are based on the 
octet model of the SU 3 unitary symmetry group which has mei with 
considerable success |4, ?]. 3n two-body reactions of types (1) or (2). 
the symmetry breaking mass splittings between pariides belonging 
to the same SU 3 multiplciv may be expected to imply only small cor- 
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rations to the exact SU< predictions if we consider experiments 41 
high energies is = E£ M M 1 ) and large angles, at momentum trans¬ 
fers (t - - is Jil a 90' scattering angle in the eentcr-of-mass frame) 
aflly. For such central collisions the statistical mode] should apply if 
it is at all valid in the realm nf high-energy editions. After they are 
averaged over energy and momentum transfer intervals large com¬ 
pared with the mass splittings within the individual nmJtiplets (At\ 
At* > AM), the branching ralfos should be determined solely by the 
combination coefficients, U\, (he appropriate Clebsch-Gordan coef¬ 
ficients, to form the different SU 3 channels. Thai each SU , charnel 
contributes with equal amplitude and random phase i> the very basic 
and the sole feature of the statist tea I model on which we base our pre¬ 
dictions. 

Independent of shis model, there exist experimental tests of the ac¬ 
curacy of the role of SUj itself in hreh-cncrgy collisions, Levinson, 
Lipkln, and Meshkov [6] have derived the following equalities from 
SLij 

d(j(K^+P^7! + + r") «= d*(K"^P ^K°+£°) 
dff{w-+P^K 4 +£") - dtf<K"+N-* K.°+j") 
for reactions of type £1}. 

In general, simple equalities such as (3) do not emerge from 1 he uni¬ 
tary symmetry model alone since there arc a number of open channels 
through which (he reaction can proceed and Jheir relative phases Eind 
magnitudes require live input of dynamical assumptions. Formally, 
this is stated in the observation that both meson and baryon form oc¬ 
tet representations in SU 3 anti their product can form I. EL 3'. 10, TO* 
and 27 dimensional representations. The reaction can thus proceed 
through any of seven channels (including O' mixing) and their relative 
amplitudes and phase factor* at any energy determine the branching 
ratios. Therefore, analyses of these two-body reactions have hereto¬ 
fore contributed litde 10 our confidence in SUj which derives large¬ 
ly from its great success in classifying of multiples and in pn> 
dieting mass splittings within the individual multiple! s, Moreover, 
Lhe intensify of incident meson beams ai high energies bus been limited 
so that only a negligible number of events are observed in Ihc labo¬ 
ratory under the condition of large f as desired to avoid large distor- 
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Lions due w m;iss spLitt Lng^ and k Enema lie factors from the exact SL 1 ^ 
as a symmetry in high-energy scan erring processes. 

Assuming verification of relations <35 one may consider arbitrary 
reaction* of type i ! l ] and the statistical model to make definite and 
EinjqtiL' predictions of the branching ratios for ex per mental testing. 
Tarn nig to reaction (2> we call attention, lo the important practical 
fact that a very intense current of 20 GeV electrons is anticipated at 
Si. AC when operative- and the resulting photon llu* is of sufficiently 
high intensity to more than compensate for the appearance of a fine 
structure constant u = ! 137 in the ratio of the photon to meson 
cross sections, (2) to (Ik Therefore, if ihc Transformation properties 
of the electromagnetic current can be established in the unitary sym¬ 
metry scheme* processes (23 may play a significant practical role in 
the teeing of the statistical hypothesis for Large a and i collisions* 

In Lagrangtei models of the SUj symmetry scheme for elementary 
particles, it is most natural to introduce the electrnmagtimc current 
as a unitary octet |4 r 5]. It is on this basis that we shall proceed in dis¬ 
cussing the branching ratios in (2 5 with I he statistical model'. Eiowevcr. 
it is also possible for the electro magnetic current to have a unitary- 
singlei component and independent evidence on the transformation 
properties of Ihe current is desired. The fallowing relations between 
magnetic moments and, between transition amplitudes have been pro¬ 
posed [5,7] as tests of the assumption that the electro magnetic cur¬ 
rent is a pure octet and a tZ-spin scalar 

<P*m - yJ<p> 4 v>- 

In calculating matrix elements, this is equivalent to equating a photon 
to the neutral member of the isotopic triplet, /> fl , and to the isotopic 
singlet, tp. in the vector meson octet according to the relation, 

|y> = jb°>+ lv>|* ( 5 > 

Practical results of these considerations arc summarized in the 
following tables. The parameter a appears as a mixing parameter 
for the two independent channels of a mescm-nuclcon system that 
transform as an octet. Denoting the corresponding states by |S). 
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to which we assign the meson and nucleon octets, and |E% respectively, 
we form the linear combinations 

Sg> = cos a 18 ) — sin a|JT> 

$ 2 } = sin-i]8> i-cos ac|8 r ). 

The rotation angle a is defined by the condition of orthogonality 

<a 1 i« i > = o 

and 3* — 0 if the additional symmetry of R invariance [4, 8] is 

invoked. Whereas the eort set] lienees of R symmetry are tin welcome 
aS low energies \ l )\ it is possible that R may emerge a* an approximate 
symmetry operation at high energies. If the special relations between 
cross sections that are independent of at are verified by experiment and 
confirm the role of the statistical assumption in high energy central 
collisions* it will be possible to determine at from the general ratios. 

Table I gives the ratio of differential cross sections at the same values 
of j and / for an incident ti ' meson beam on a hydrogen target to 
form a meson 8 plus a baryori 8. 

Table U-gives the ratios for a ir" + proton to form a mu sou E + 
baryon & Various ratios independent of mixing angle x arc also con¬ 
structed. 

Tabic 111 gives the ratios for a n ' + proton to form a meson 8 + 
baryon 30, 

Table IV-gives the ratios fur a *" +proton to form a meson 8 + 
baryon 10. 

Tables V and Vi - gives the corresponding ratios for photons in- 
eident on proton. 


Table 1 

ft + P— n“P j- 
->K + r f | 
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TaHLI: n 

71" P -» fl ' P V Sin ^ lrt - + TT Sin 

-* ZE° N yxj + oVfr sin~25i 4- y-j-ff s in 4a 

-* K T X jit — ttb sin 1 2ot 

- K°£° sin 5 2a 

-- K. 1 '. 1" TsV+ToT sin * 2a — j v A sirt 4s 

- ifN ttV-tVs sin 2 2«-4t sin 4 * 

2[h~P -» n°N]—[it _ P*f“P] _ 1 

2 jyp-K^-r^p^irx-]" 

J>~P- <~P] + D«~P -^N]+[VP -+ K°Z°] = f 

[tt”P - u“N] + [i"P - KV] + [s-F-*K + r] " 
[tTP - K°4 P ] - [?t~ P - ijN] _ , 

[*“ P-nTPl - [ie“P - K *1"] ‘ 


Table III 

ii*P-* + N| 4 (H3®) & 

n*j* + + t 

’* n N * TJ 

-» K + Y t * + (i 3 B 5 ) A 

„M#+ + 1 I 

-*■ tt 


Taw. i IV 


[*1P- 
[* _ P - 


ffi‘P -» b* Nj" Am - 7 T sin 1 2 a + s s sin 42 

-*■ ff 0 N *" yyd :i — ITT 5,0 ~ 2* + i j sin 4s 

/A -rhsin^a+ As-s' 0 * 51 

*** K ’ Y* A“nTi — ttt sin * 2i+ At sin 42 

“* K°Y* n /A'* - tts s * n * +j’Asin4a 

- fNf # 

2[g~ F -» P - w~N;*] _ j_* 

[*■ p ■' 


g 4 N* ] ; This is an exact result of SU 3 independent 

K ~ \ T “ ] of the siaiislica] assumption [6 ], 
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6[ b~P -> K fl Y*°] — [n ~P - * + Nj _ ] ^ ,, 
3[s"P-* Ji'Nj f ]-[n~P-*3t + N* ] “** 

J[it~P-*«*w;~]~3[g~P - fr f1 Nj u j = 

Nj *] - [ji‘P -* K + Yf ~] 71 


Table V 


- !t + N 

+ .'j-j sin* 2st-2fy, tin 4a 

- n°P 

{3 ^ + 4 I <°') sirr 2s— yj-j tin 4i 

- K + £" 

J *b - i Vtf sin 5 2% + 2 jVj- 4itt 4a 

- K n T + 

tTs _ aVs sin' 2*+4//j sin 4a 

- K + A 

rViJ + rb sil1: -* ~ il sil ‘ 4 * 

^F)P 

TiV tV s ' n ' 2a 


2|jfP “* K*r°] -[j’P -» K.°r + ] 

2[yP - b°P] - [y P - i*N] 

3[yP -+ «°P] - [yP ^ K + 4]+3C?P - ifF] = y 
2['/P^ 7t°P] —[ T P -7I*N'] 

[yP - K° r + ]+[y P -> n fl P]+[yP - K+,4] _ 
[yP -* K + r°] + [yP -» Jt + N]+[yP -* ^P] 

fyP - »°P ] -[yP- K-Z 0 ] = { 
lyP- K —[yP-»jP] 


Table VI 


yP 

A’HlJ 5 ® n ’ ^ + j/y sin 4j 

-* jf°Nj + 

i j i i> "i" i hr ^ n " 2$ + 2 1 7 /f si n 4? 

- iTN; + + 

T blT 4" TT 4" tY fi * n 4a 

_* K # Y*° 

id- fir+ tty sin - 2a-I- bin 4a 

_► k"y? + 

fiitsi 4* j J i Bin* sin 4-a 

-1NJ + 

H 


2[yP -r h ^N* 1 *] - [yP -» = jJ( 

[yP -*• -* K + Yf D i J4 










StQfhtfail model 


JOI 

bp - ^NH+ [vP - nXM-fr r = ti 

[ 7 p-. 7 i d nj + ]-%p - * + Nn 

[yP -+ n“N^J ^ This is an exact result of Slfj independent of 

^.p j[ Y“°j ~ ~ T the statistical assumption. 
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VERTICES WITH PARTIAL SU(6 + 6) STRUCTURE 


A. PAIS 

Thr Rtickefclter ftttihkie, New i'arfe 
(Retired June 10 r 1965 1 


1. INTRODUCTION 

The role of (he dynamical group 51.(6) in the deicrmination of 
effective vertex (three-point) structure Jiai been much discussed lately, 
for strong, elect romngntiic and weak phenomena. As the vertices 
for pscudoscalur and vector mesons coupled to baryons vanish when 
all three-momenta are zero, one needs to go beyond the static group 
SU(6). For this purpose one must Lorentz transform (boost) super- 
mult iplets to finite momenta. This h m general not a unique procedure, 
the same super multiplcl can be boosted in different ways. A book keep¬ 
ing which enumerates the variety of such boosts for a given SU(6h 
representation can be made in terms of a non-compact group [ L 2, 3J, 
the most symbol minded name |4J Ibr which is SI ( 6 . 61 . 

One may attempt to compose effective a-point functions by means 
of the SU(6 F 6) algebra, for all n. This leads to complications, how¬ 
ever, First and foremost, there arises the now welt known umturiiy 
difficulty [51 which would be disaMrous, if SL'(6, 6) were to be a strict 
symmetry, and which h still most uncomfortable even if the evidently 
approximate role of this, as of other big groups, is taken fntoconskl* 
cration. Nor are i lie predictions for n > 3 particularly convincing, 
perhaps with the possible exception of ftN-annihilation at rest [b]. 
It is therefore indicated to return to the analysis irf the vertices, 
where the principal successes of SUtfi) were found in the first place, 
and to reexamine the conditions under which these encouraging re¬ 
sults were obtained. An uttempi in this direction is made in the present 
note. 

It is well to recall that most of ihc promising answers refer to non- 
relativistic, if net static quantities, Up to and including iht first order 
in ,i/, the momentum transfer, things,look pretty good [7], Bui even 
for the vertices, SU(6, 6) docs not fare so welt lo order if and higher 


Fttrthii SC{&, 6) structure 


MB 


In particular, the prediction that the Sachs charge form factor of Ihc 
proton. rises as q 1 compared to the Sadis magnetic Ibrm 

factor f is not a good one. Thus a reasonable point of depar- 

uire appears to be to be 10 ask the question to what extent the results 
to order ^ determine the results to order q 1 and up. in as far as vertices 
arc concerned. For this purpose it appears interesting to study the 
consequences of the following us&uitiptiom 

(1) In the sense of SUf6 h 6) ihe baryons appear in the vertex in the 
^^representation. that is, the totally symmetric structure of the 
$f\ istatic mm is maintained for non-zero momenta. 

[2) The bilinear baryon charge and current densities which enter 
in the vertices have the structure or 143 > in the sense of SU(6 + 6). 

(3.) Beyond this, only the usual requirements of Lontnz imwkim'e 
and SL 3 (3) ar€ made. 

Thus only a partial SU(6 t 6) structure is imposed, namely with re- 
gard to the barvon densities JS]. It is not asked that the mesons [as 
they enter in the BBM Venice*) arc in the 143 of SU(6„6J* much kss 
that the strong vertex is an 5U(6+ 6) scalar. It is required [hough that 
the vertex is a LorenU covariant SU(3) scalar, (Questions of break* 
down of SUB) lie beyond the scope of this note.) It is not asked that 
the electromagnetic baryori vertex behaves ns 143 with respect to SU 
ifi, Gk buL only as £ with respect lo SU(3): and similarly for semilep¬ 
ton ic vertices. 

I Jnder these conditions the good results to order q are maintained. 

tl must now further be asked if Lhjs partial SU(t K 6) structure has 
consequences to order q 1 and up. The following will be shown. 

(A) For pseudoscuTur and/or pscudovcctor couplings 

for all q\ (UJ 

¥ 

iRi Let F ch {g z ) be the charge form factor for any member of die 
baryon octet. = Q the charge of that baryon. Then 

0 - 2 } 

e(p) 

This applies also the {£°! ran sit i cm form factor (where Q - 0. of 
course). 
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(Cj Likewise, for any member of the baryon octet as well as. for 
the (I a [>l) transition case, 


M 

F mo (0 J ) = —— FLJq%fer ell $ J . 


(1.3) 


- -W, the magnetic moment» For the neutron, it is sufficient 
to obtain (1.2, .3) to require that the nucleon densities have 51/(4,41 
structure. Here SU{4.4) is related to the zero hypereharge subgroup 
(91 SO (4) of SU(6) just as SU(6 t 6} is related to SU(G). (On the other 
hand, 1/(n l.'M/Lp) = — i docs not follow from 5L'(4) unless additional 
assumptions arc made [10]/) The neutron relations were first written 
down by Barnes, Curruthcrs and von Hippel |l IJ under more re¬ 
strictive assumptions. These relations are in qualitative agreement 
with experiment over the known range of aj\ 

With the baryon* on the mass *iliell. no assumption* need to be 
made in the present cave about analytic continuation beyond lIic usual 
ones for a Lorcntz cova riant vertex. 

It will also be shown (Section 51 thill the relations I 1.2. 3) may be 
considered to hold without having imposed symmetry condition* which 
are violated by the kinetic energy. 

Tlic fun her general dh cushion is given in See. 5. In Sec. 2 a brief 
discus*icm is given of some properties of boost mtiE rices, in See, 3 
Lorcntz transformations of snpemmltiplets are reviewed, while in 
Sec. 4 a short derivation is given of she vertex structure. It is hoped 
that Secs. 2-4 which contain many known results may help to lighten 
somewhat the formal apparatus. 

2. BOOST MATRICES 

The metric will be p fl — Ip, The Dirac matrices p = I.,. + 
4 wilt be taken hermit Ian. We .shall use the representation m u = 
= p 3 P y = pi&; and y $ = p % . Let D*\p) denote the set of solutions of 
the free Dirac equation For mass m. a = I,., f 4 numbers the compo¬ 
nents. ZJJ = (i^, u \. ['j p (4), a* arc particle solutions for p. i'? - 
(y 5 u)f! arc solutions with —p. —p n i (/? p >0) We have [yp = 



( 2 . 1 ) 




Far f wt £U{Afi) straff arc 
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m) - V and D’{p) = Oj!(j»)/)f(Oj. 


(2.2) 


j D*\p) is ihe boost matrix, a linear transformation on the zero mo¬ 
mentum components which generates the solutions, for momentum p. 

!)■ is a matrix with one index in component space, one in state space. 
The boost matrix D* is the same matrix but with both indices in com¬ 
ponent spflee. Depending on the nature of the indices we have a dif¬ 
ferent meaning for tile adjoint. As usual B^ip) - ^i P 

We dclinc BJS by lakisig the adjoirl of Lq. (2.2) 


&af) = 


(2.3) 


so that 


^(p) = ( v+d (rfeX 

Observe that we may read eq>. (2,2 j and (2.4) as 


(2-4) 


Pip) = 5jf f ) ~ 


(2-5) 


for any State /. 

From now on the matrices A 5 will always be the boost matrices 
in component space. Note the following properties: 


Dy 4 5= -i(yp),'m 
i)y*[0)|j = -;4p) 


DD *= 1 

^ = y 5 


( 2 . 6 ) 

(2-7) 

( 2 . 8 ) 

(29) 


where 


s*(p) - (*(p), t6o(p)). 



( 2 . 10 ) 



so (hat 


MpJ = o. 


(2.H) 


From (2.&, 9, 11) 
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TC^OJZS - (T pt p (r e,(|f)/in, ^ 

= -'Dvv.]/ 2 - 

Finally let C be the durge conjugation matrix, C~ 1 y |( C = — yj, , 
C 1 = — C. t is transpose. Then 

CD 1 = DC’, D‘r 1 = C" 1 £>, (2,13) 

In the chosen represent at ion C may be taken as 

C = iyjffj* (2.14) 


J. EtOOSTED SUPERJrfULTIPLETS 


Let 


,1/ = -i/>-*«(())>' 


denote the meson matrix for the iJ-represetuaiion of SUf6). /* is the 
ps octet, V the vector nonet, a(0i the polarization vector. All SU(3) 
and spin state labels are suppressed. Note, however, that for p = 0, 
M acts otl spin stales '/* = $’, a. i ~ |, 1, Because of the symmetry 
in x anti i, we may look, upon a us a matrix in component space. Tr 
i.WM/} is the invariant bilinear form of SU(fi). 

One may multiply M by anything thill is 'pin and unitary spill inde¬ 
pendent and still have SU(6) structure (which always refers to 
p — Of, Define 

* ll *ar{0)-» S T*M. (3.1) 

“Lrf'fO) = yjM. (3,2) 

As y 5 and y s y A commuU" with <? we si lII have SLH^ 1 struct tire bin wc 
have? doubled the number of rows and columns. Define 

“>.*(#) = 0{* T vfUiWte. k); 1 = 1,2 (33) 

and use (2.6-12): 

(, U(t) = i/fil^i -iVi - 7) P, 

v-ifjP 

which are the two boosted meson matrices introduced earlier [12]. 
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Define 

•rf'fa) - U{q ‘\• -/.i.jV iy,''' p+ 

-«**)■ m 

it 

with tour independent weight functions > A > A * These functions 

arc constants on (but not off) the mass shell.. #(q) is the most general 
way (13 J the SLH.3) meson muhifileiscan enter a vertex. Note that 112| 

a) i3S) 

tifr=f A . h=U* Mfl 1 , 

and that 

f v = f A */ T = /jn, all q 1 , corresponds to SU(fi n 6) urueture of 

-*(<)- (3&) 

Likewise wc go Prom the well known SU<G) form of the baryon 

slates J14] 10 the enlarged form B tfi7m4tc i 0) at zero momentum, as 
follows, f.-l, B , C are SU(3J indices]. 

^^(O) = x™"tl ABC + p=[6 ,# u r (0)^ flf +/V(0)A ,flC4 

+6 J V(0).t Cjlfl ], <3,7| 

X AK = e"%. 

As in Lq. ( 2 . 5 ), ihe spiel slate labels are suppressed. Furl her ^ee ( 2 J 4 ), 



which is the old [14 J 6 JJ bordered by zeros. The spin $ wave functions 
are 

The summation is over all permutations of a, [L y. Then. 


[3,10) 




m 


A. Put* 


In particular 

s-V(0) -* 4 [| I — Vj C] H ^p), (3.11) 

see Ecp,. l2.7. H. 13). Eq. (3.8) describe a totally symmetric boost. 
Instead of operating with three JJ'sin (3.10) one could have taken some 
£>'s and some 5"s. This gives rise to the non symmetric at tentative 
boosts [|5]; they are not used litre. 

4 VERTEX STRUCTURE 

Consider the baryon octet part of the vertex 

SiP,). = B4,. A ^p l )Unttq)P’*' A * 0 (p 1 ) t (4.1) 

where q — p 2 —p l , ..fi is given by [lie general form (3,4), 8 by [3,10). 
SU[3) contractions reduce this to 

M,D+F)a-*u i\+ tfI j) -XD-F-2T)H{Z 1 Z i jr}u+ 

\ 4niV 

-i{2D-2T}5Z 2 JTZ x u, (4.2) 

Z L =l -'™ t Jt - 
m 

with I lie SU(3>-con™itions 

Dti, fin — uj(* + , 

Fu*fiu ™ u jjf^w-(4.3) 

Tu.fiu = 

In the second line of Eq. (4,2), {} denotes the Dirac trace. A bit of 
y -algebra yields (dividing through by 6 and dropping the i7 and u 
symbols) 

P-rcrtex 

W) = H (*>+ y)(i+ 7s [jUrHM? 1 )) . (4-4) 


V-vertex 


Portml SLi^ft) structure 

m 



(4.5) 

Fdr) - ( 

F+r+ i( D+ f-l)) wrt+ 



4,(‘-r> 

(4.6) 

2wF a fc J ) ■ 




+ 7^ + T-T) + £ (F+T, ) Wrt ' 

(4.7) 

Define i(il- corresponding Suchs type form fnclorii 



= +F 2 . 

1m 2 m 

(4.8) 

Tlicn 



F<h(? 3 ) = 


(4.9) 

fWr) = 


. (4.10) 

5. CONCLUSIONS 



n To ortkr q, till four form factors in (3,4) arc Lo be replaced by 
/!^ 2 i —^r 1 ). Eqs, (4.4, 9, 10) then contain all the usual non rei- 
asiviilk r^iilirr regarding strong, deetromagnetic and weak vertices. 
The ode exception is the re tat ion [9]g A - 5^f/ 3. In order to get iha* re¬ 
lation it h sufficient to have the relations (3.5) for q 2 = —q 2 only f [6], 
2) For arbitrary q 2 the form factors F D , F th and F m have the re¬ 
markable property (which evidently goes beyond SU(3)J that in 
each of them the SUP) dependence (that is* the dependence on A 
/% T)i$ the *ame for all q 2 - This is true for the most general vet of form 
fatter* in (3.4), 

Eq. (M) follows directly from Eq, {4.4). Eqs, (4, 9. 10) describe 
properties of vector meson vertices. With the assumption that the 
electro magnetic couplings are proportional to itic 
coupling, Eqs. (1.2, 3) follow. 
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A Puts 


3) The usual SLUG. (V) conclusions about d eel fie and magnetic 
form factors arc found by inserting (3.6) tn {4.9; 1!)). It nmy also he 
seen from (4.9. 10) that an alternative (171 SU{6, <>) with f v — 

— —fj = —f F is physically distinguishable from the SU(6, 6.1 de¬ 
fined by (3,6), 

4) Consider the {''-couplings 

X^V. Y&Y ( 5 . 1 ) 

where 

X M = ^- t ^ y tfft ( 5 . 2 ) 

2m 2ni j i 

with - />) + />*. These couplings arc actually comprised in (3.4 1, 
with 


x*~fv= 1. /r ™ ~ * 

2m 

(5.3) 

n ~fr = T~^ /t = u 

2 mu 

(5.4) 


and nre two linearly independent forms t Y f = 0). each with 
the properly 

I- 1*2- (5-5) 

that is. the couplings (5.1) commute with the baryon kinetic energy. 

This shows that |4,9, 10) may be considered to hold without violation 
by ihe kinetic energy by taking any linear combination of the couplings 
(5.1). 

5) It follows from (5.3) that the particular linear combination 

(J^+jg^K (5.6) 

yields the addiiional relation 

fdw-iuroiir o-D 

M 

lor all members of the baryon octet as well as for the (£°|.l) transition. 
Eq. (X6t is the coupling condition proposed by Barnes, [18] who 
lias emphasized lit)] the possible importance of the proton relation 
(5.7), 


Partiui SLh 6.fq structure 


IJE 

t>! The pre^eni formulation therefore appear* to be of some use for 
iw Oregon*. Farvt, the condition* stated in See, 1 make clear that many 
results can be maintained under weaker requirement') than was some* 
im. stak'd, Secondly, it is possible to judge the implications of more 
* pea tie dynamical models by simply asking whether and how (hey 
cun be e\ preyed jin terms of conditions on tile lour general form fac¬ 
tor* witkh appear in Eq. (3 r 4} P The unswer* can then be ead oft’ from 
equations like (4.4- 10 j. For example, a relation between i/(p)and the 
proton charge radius (2(1] can he expressed in terms of 4 more *pe- 
dikd structure [21 ] for/,, and f T - 

^3 II is Interesting ihcu al^o the results for NN-an nihil at ion at rest 
arc likewise cssciiiially dependent only [22] on the same assumptions 
Ilk (2J and (3) of Sec. I. 

Sj An important aspect (and maybe u major shortcoming) of our 
pre^ni ihinking about internal symmetries like iu^pin, SU13) is that 
we can imagine a fictitious world En which these symmetries are exact 
without apparent strain un cither any general postulates or the dy mi tit¬ 
le > of strong i nteract ions , Not so for SI.I(tri and its sequel^. While 
quantities like- rest mass, magnetic moment, coupling constants are 
all zero-tor low)-energy parameters* their effective values are code- 
termined by hfgh virtual frequency contributions*„. one is led lo 
^urmivc that, wherever an 5U|6) prediction works well, there is a 
slrong effective damping involved in these high-energy contributions. 
[23 J This prelude to deeper dynamics may perhaps indicate further 
here and how thiv damping should be manifest. It h also hoped that 
chi-* note may help explain to a good friend liow the whole thing viands, 
I gratefully acknowledge numerous discussions whit Drs. M. A. FL 
Big and N. Cabtbbn. 
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I. INTRODUCTION 

W L present here a brief review of various notions on the use of atomic 
nuclei as targets in high energy elementary particle physics. While 
most of these notions are well known, we hope that a uni lied presenta¬ 
tion will stimulate further thought on the subject. Our main concern 
is with coherent reactions, in which the target nucleus remains in¬ 
tact [I ] In this respect, we supplement the text of Hiatt and Weisi- 
fcopi, who speak of coherent scattering from nothing smaller than a 
molecule 12]. 


APPLICATIONS OF COHERENT REACTIONS 


For ease of conception, let us begin with a spinless nucleus, such as 
Gc 7 -. For a coherent reaction which does no I excite or break up the 


Or. 


X+Ge TJ -»Ge 71 +Y £1J 


we can immediately obtain some simple selection rules, it X is a rr or 
k meson [3], Since the only particle with spin (if any) is the product 
V, the reaction amplitude for production in the forward direction 
lakes the form 

■M — ’fiiij .fjPhPh ' * Pijfi s ‘ 0 W) 

* Miller In&tUulc E'cEluw. 

** Under rhe jiuEptaa af the U.5. Atomic Energy Commisslurt- 

3*3 
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where T itU rj U a symmetric traceless J-indcx leasor representing 
[he spin of Y. and p is the momentum, measured in the Y rest frame, 
of one of the other three pari ides in i he reaction. ! For forward pro¬ 
duction these momenta -ire cell inear.) Finally* i and ? arc the usual 
invariant energy and moment am transfer variables. The parity of the 
matrix demenr is impIy ( — \ ) J from the number of momentum fac¬ 
tors present. This means that a Y partscle produced in die forward 
direction must have a parity P v = { - I YP^ h if parity 

is conserved in the reaction. For production away from the forward 
direction* there is a matrix element of opposite parity, 

M> ■ T hh ... * /ajf. PhPh - * • PiJ'fa 0 (3) 

and the selection rule fail*. However* wc may expert the contribution 
of the Af 1 lerm to the reaction to he quite small: The radius of G^ : 
is about 4.5fm, and the coherent production cross section ■ Imidd fall 
rapidly as the squared momentum transfer \t\ exceeds l4.5Fm) -I B or 
0.002 (GeV) 1 . i, The argument for thi-> momentum transfer dependence 
is given in section 3. bdmvj, Since this is a scute of momentum 
transfer much smaller than the typical scale for production reactions 
on ft single nucleon [0.01 -0.02 fGcV f] t it is reasonable to expect that 
Af\ which is zero in the forward direction, will not become appre¬ 
ciable before the Whole amplitude is Cut all by the coherency require¬ 
ment. Tlterefore, coherent production of spin J mesons should obey the 
approximate selection rule 

Pv—MF- w 

The requirement of stmt 11 momeiiium transfer also gives a lower 
limit lo the m.intentum of the incident beam X required for produc¬ 
tion of a particle with mutts w Y # nr*. The desired relation fc easily 
derived: 

Pm 1 -s S (rn?- msH2e?) "(5a) 

Here tf is the (small F momentum transfer to the nucleus. Inserting the 
requirement q - R * lead', to an approximate threshold condition 
for coherent production, 

Fx imht ratioId) ^ 2.5 (m f — m 2 X 


(5b) 
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where momentum and muss arc measured in GeV, and R ts measured 
in fermis. 

In general lilt value of experiments with a spin zero target is 
So reduce she number of variables and thus, simplify analysis of ihc 
reaction. Another ca'se in which this might be useful is high energy 
clo&iic proion-pmlonscattering. Foley rid/, (4] obtained she real part 
ol~the forward scattering amplitude from the interference ol the Si ran g- 
intctaction umpEitude and the Coulomb amplitude at small angles. 
However, the analysis required the assumption of no spin dependence 
in ihc strong amplitude. Without this assumption* she possibility 
remained that the ratio of real Co imaginary forward amplitude was 
zero instead of 0.3. With Ge as a targes, slits ambiguity would disap¬ 
pear. although a: Ihc price of introducing n new problem, the relation 
of results for Gc to result - fur H targets. We shall return to ibis dif¬ 
ficulty Inter* 

The reason for using Ge in she above examples lie* in the pos¬ 
sibility of making u counter-target of lithium-drifted germanium. I he 
counter would be quite sensitive so the excitation or breakup of a Ge 
nucleus and thus could be used to select coherent events. The fast 
products of the reaction would be observed by appropriate detectors 
downs*ream from ihc target [5]. 

On the other hand, a useful tool for bubble chamber investigation* 
using coherent reactions would be a Ne If Ml. bubble chamber [6]* 
she ratio of Ne io H is increased, the ratio of production ul small 
angles of coherently ^forbidden" to '^allowed'* products should Jail 
steadily, giving a dramatic demonstration of the nuclear elicits. 

As we shall see in section 3, below, the rules derived for a spinier 
nucleus should also hold fur u nucleus with spin, to order A \ 
where A = /+,V h ihc mass number. Accepting this, a possible 
example of the selection ruk |4) has be-^n observed by Allard iV til. [7] 
lor 16 GeV r, in a freon (C ji F 3 C’ 1 l \ bubble chamber. In this experi¬ 
ment. a considerable number of > = A s (1090) events were observ¬ 
ed, but V = A a (1310) 2r r events were rarer by at least a factor of 4, 
and inseparable from background. The supposed quantum numbers 
of A, and A 1 arc J F = l ' and 2 ' . respectively. Thus, ihc A* would be 
suppressed by the selection rule. In con Era si to the freon results, ex¬ 
periments with hydrogen targets show a ratio fl 3r = A 2 :A l ranging 
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from 2 or 3 at J GcV in I nr 2 41 Jt Ch?V |8], Therefore, unless chang¬ 
es considerably from S ui Ifi GeV. we have here an example of co¬ 
herent production selcciion rules. Clearly* farther work is required 
io verify ihis imeipmutiou J9J. 

One may also consider coherent scattering from nuclei With /ere? 
isospin (;V = ZS, such as* D\ He* Ne J0 . Ca 4U r The interest in using 
<iueh targets is. again, ihni the number of variable* is reduced For 
example* clastic scattering of K", K" from such a substance could 
be used to obtain precisely the forward seat serine amplitudes for K L \ 
K**< which would be useful in K,-K . regeneration studies with the 
same substance as the regenerating medium [10]. 

3. DERIVATION UV t'OEl LRENT RLAflTUN AMmTL'DES, AND FUR- 

THF.R CONSCIENCES 

While a complete treatment of elementary particle rcaciions with 
nuclei in terms of reactions with nucleons, has not been achieved* a 
qualitative discussion is illuminating III]. Let u-- start with the un- 
realistic smgle-imerection approximation, in which the amplitude lor 
reaction with the nucleus is obtained by summing the amplitudes for 
ini cruel ion with cadi of the nucleons in the nucleus. The matrix 
element In spin and fedspin space fur the r R nucleon may be written 

Mt = u+b ■ <F j +c,T i i+d a 16) 

where a, is Lite Pault spin vector,. and r rJ the i component of the Pauli 
tsovector operator. The coefficients a depend tm ihc variables s 
and r for the reaction X + N* -* Y + Nj, and on the -pins, isospiu* 
and momentum directions of X and Y. In the sing!^interaction ap¬ 
proximation* the matrix dement for X+J -*■ \ ■. 1 . where . f 
re presents the nucleus* is 

<^11*1^ (7) 

i 

with q ihe momentum transfer, und R { the position ol the i ib nucleon. 
Now, for every nucleon with spin up in it given dn : Cl toil, except one 
(odd-even ntidtms) or two (odd-odd i there is unmher of ihc same 
charge with “‘-pin down. Thus, the h and d temvi in M t will make no 
contribution to for even-even nuclei, and ai most u contribution 
of order A~ l for other nuclei. A requirement for coherency is that 
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ihn: charge stiii u of the i nh midcon not change m Af t . Thus, ihc only 
contribution of c 9 ? Mi is from the diagonal dement r 3 r JH where t 3J 
is H-1 for proions and J lor neutrons. Using this, we may write 
.# io order as 

* 4fl<..ric" f ■ * 1 , r>+Zc^'-He"’ *'1- +0 + 

18 ) 

= AoJlq*)+ZCi /,<?’) - 

Hero. .Mr/"} is the I onner Lransform of the nucleon density clismbulkui 
i flO) = 1 u and 4 umi/ M are the same quantities for protons alone and 
neutrons LLloik-, respectively, Tire quiil itMivc nature of these form fac¬ 
tors may be seen in ihc idealt/ed case of a uniform nucleus with 
radius R. The form factor here is 

/(4 J ) = — 3 , tain- qR - qR cos ?R] (9) 

(flA) 

yield id £ a diffract ion pattern which does Tail rapid ll as qR exceeds 
unity, as mentioned earlier. 

Relation (8) would be it good approximation if the Forces were weak, 
bm they are n<*t. A total err^s section of more than 20 mb for the 
interaction of X or V with a nucleon implies n mean free path in 
nuclear matter of no more than 4 fm. It is plausible to ass time that 
tile effect of thi, high total interne’ion probability may be represented 
by a spin-and isospin-independent complex optical potential for the 
motion of X or Y through tltc nucleus (II]. Since the cross section for 
X — Y at lugh energies is much less titan the total (ifX Y), we may 
still assume that , M i- related to M t approximately as before, except 
that the optical absorption suppresses the contribution of a channel 
ill rough the middle of the nucleus. In the limit of high absorption, 
one may approximate Lite region for coherent production by a ring 
of r ltd ills R, containing a fraction e or the nuclear material- The ef¬ 
fective form factor becomes 

Jiq x ) = rJ 0 (q ± R) (lb) 

where q ± is the momentum transfer perpendicular to the incident di¬ 
rection. and J a is the Bessel function of order zero. Again, of course, 
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there is li diffraction pattern whh intensity falling rapidly as qR 
exceeds unity. 

If the distributions of neutron 5 *md protons had different radii, 
(he absorption would increase the effect of this difference by emphasiz¬ 
ing the nuclear surface. Such an effect might pcrmii a test of the iso¬ 
spin purity of nuclei such as Cu 415 . A comparison of the various cal¬ 
cium isotope* might even show (if it occur-,) the change from a pre¬ 
dominantly protonic to neutrtflic surface as A'— / increases. The 
method would be to observe an isospin changing reaction ^.lach us 
p + l — * 4 T N ■ (1238 V. In this case 1 1 he t urge! mEght be a srifi [ i 13 Ming 
CaFi crysiut, with the appropriate Ga isotope [12]. Estimates of 1 hp 
magnitude of the effect arc required to make this a real3:;tic proposal. 

In summary. it impossible to calculate high energy coherent nun-lear 
prod tic Li on amplitudes, at [east in a crude manner The nuclear radius 
R \, sufficient to determine a diffract ion pattern with characteristic 
width Aq - R~ i 1 but predictions of absolute magnitude depend on 
amplitudes for production on a single nucleon, and on Che complex 
refractive index of nuclear matter for the incoming and outgoing waves 
X and Y, as derived Iron] the clastic scattering amplitudes of X and 
Y on single nucleons. 

4. MISCELLANY A NO CONCLUSIONS 

There are ;u least two types of non-coherem reaction which have in¬ 
terest for high energy physics. One i^ the use of the momentum of the 
bound nucleons to provide a higher center of mass energy than at¬ 
tainable with a hydrogen target - a cheap "storage ring'" [13], 
A second type is die double reaction inside the nucleus, X-r N a 
-+ N, + Yfc ; Y| 4- Ni — NjH-Yi. This could conceivably permit the 
ssudy of unstable particle scattering (c.g_, pN scattering), but more 
plausibly eL might lead to observations of products Y* which arc not 
easily produced in collisions with nucleons of the standard projectiles* 
p, p # 7T, K, K, c, c. y. 

In summary, aside from the study of nuclear structure [1.4], ele¬ 
mentary particle collisions with nuclei may provide useful information 
on basic partick-parlidc interactions. The reader can doubtless add 
his own applications to those listed here, and we hope he will. 
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M incident energies above the classical barrier, the cleric scattering 
oo nuclei of nucleons, dcuterons, alpha particles and heavy ions is 
qualitatively classical diffraction scattering on a charged object Two 
entirely different phenomenological approaches are used for ils de¬ 
scription. 

Jm firsL and the commoneSL approach is that of a Complex Qj>- 
t LC-i'l model fNvtehtiaL The real anti imaginary parts of the pot ential have 
even t\-r h pitiless particles to be characterized each at least by strength, 
rad in* and surface thickness, U\, by a minimum of six parameters* 
which may be reduced to four b\ taking the radii and surface ilitcfc- 
neiscs to be equal for the two parts. The de scrip Lion is generally 
successful m its sin or more parameter forms. It suffers conceptually 
tf,-m :h.c foNowing points for strongly absorbed particles [I]: The 
rr-xs for large angle scattering seem to depend sen si lively on 
■he behaviour of the potential in the surface region at d is lances 
for winch the matter density is small* the interior properties 
of the polemicl arc essentially irrelevant. The present potential 
approaches do no I explicitly extract the critical properties of the po- 
■ crau j.!. nor do they systematically minimise the number of para¬ 
meters (2]. The massive computer calculations needed to obtain the 
taring amplitude make the connection between the potential 
and. the amplitude far from transparent and simple. 

The second approach tries directly to make an imeltigcnt appmxb 
nut]on to the partial wave amplitudes jjj as a function of I , and to 
-.ingle out those fcaturCH of 17 j on which the scattering amplitude de¬ 
pend? crus,]Lilly. Thu merit of this approach is the qualitative insight it 
gives into 5 he properties of the scattering amplitude. Further, it per¬ 
mits the use of a minimal number of parameters which may be in- 

Itl 
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creased a*. (he experiments require a more detailed dtacripiTom 
This approach enquires at most qualitatively into the actual me* 
chan ism of the scattering; it should rather he looked upon as a method 
to isolate the essential points which muss he correctly described by a 
dynamical modeL While this method basically is very simple, it should 
realistically include Coulomb effects which normally necessitate^ the 
use of a computer. The purpose of this article is to show that there 
exists a model for if, of a strongly absorbed particle for which the large 
angle scattering ampliiudecan be obtained in a very simple closed form 
with Coulomb effects included. Further, the model is only the simplest 
of a largt class of more general models for the j^ for all of which 
the large angle scattering Amplitude can be obtained to an excellent 
approximation and in a very simple form. 

Consider the partial wave expansion of the static ring amplitude 
/Iff) of a spin less panicle: 

m = (2*r 1 1 (u +1 xi f -1 wo» n (i) 

I 

It is well known that the classical black disc diffract ion approxi¬ 
mation wiihoui Coulomb forces gives an fxact dosed expression, 
lor the amplitude: 

f mo [S) = i^(L+ I) 5 ^ * UL{l+V)J t {U))!LO 

1 - COS t> 

i'h = 0 for t < L , 
th = J for / > L. ' 1 

Hero, the cut-olf angular momentum L h to be approximately adua- 
Lifted with centrifugal cut-off L ^ k& The corresponding approxi¬ 
mation for charged panicles is generally referred to as the Blair 
model [I], It differs from Eq. (21 hy giving all /> L their correct 
Coulomb plmse shifts, i.e_ T 


n<>i = { 2 wi = e {f+i}21 " 

rp+i-**) 

where ii ii the urdman Coulomb parameter; 
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The corresponding scattering amplitude is a very good first approx¬ 
imation co Lhe forward scattering. but it fails badly m large angles [2]. 

The jbrupt rise of rj r from zero at / - L is obviously an un physical 
feature of the bluel disc model. A more realistic model is a Hack disc 
wish a grey, partially irunsparciH edge. The approximation b thus to 
regard the n tie tear amplitude nt the absence of Coulomb effects 
to be purely ab sorptive Le. p p? r real, acid to interpolate between 0 and E 
by \nrious functions [3. 4f The par lull amplitudes are then given the 
Coulomb piut'-c corresponding to a point charge. This is a reasonable 
approximation also in the interior region / < L r provided this phase 
varies slowly with i in this region, since the larger uncertainty will be 
in the neglect of the nuclear phase, The condition of slow variation 
ihai she classical deflection angle by the Coulomb field for a grazing 
collision is small* i,e,, = (L+ i) _l 2jf < I. The detailed way in 

which the edge is rounded seems to be of minor importance. Experi¬ 
ments 9Je much better reproduced by the rounded edge distributions 
than b:- the sharp cut-off distributions. A particular form of these two- 
parameter descriptions is the Fermi shape 


exp {2iff r | 
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The additional panimck’-r a should be looked on as j hkin iliiekness. 
the black disc results as a special ease lor a ~ 0. la order to make a 
meaningful distinction between the black and the grey disc, we must 
have a y as olherw sse the rise from zero at L would occur in an inter¬ 
val At < I. 

It seems not to have been noticed that Fq. (4) givcb a simple dosed 
Id rm for the sea tie ring a mpli I ude at at igl t s na9-0 c > 1 ■ Tb us, si ra ngely 
enough, it seems caster to find a closed expression for the grey disc 
than for the black disc scattering amplitude. 

Consider the part tat amplitudes ff t to be an analytical function q(7) 
of i The Sommerfeld-Watson transformation can now be applied: 
the sum is tirsl converted into an integral 



<2f-H>[inQ-l]P r f-cos tf> df 
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where the pJih of integration C is shown in Ing- I. The contour C 
lor a well behaved iff/) is then changed into an integral from - 1 - i j. 
to - \ + ion plus contributions from (he poles j„ of jj|/i which are to 
the right of - 4 in the complex / plane. The residues of these poles 
are 0 m . Thus 

/ (0) = (2*)" 1 f + " +1 <Jy+ 

J-m COSh S>' 

+i„ ( 2t r 1 v (6) 

it sin m M 



p I 

f^E- I. Thf paths of mlcgrfttfcmt in the Complex plane of Eq* I f J and f>l and the 
portion* ef ike pokv i>f I,:I h m, given by Eq. (Ji 

To visualize the importance of the various poles at a scattering 
angle & we recall that 

P t (cos()) = I ‘ . J cos[(f + |)9-iir] 

V+4) ff sintf' 

for i/|/| < 0 < (7) 

to a very good approximation. 

The contribution of u typical pole of Eq. (6) for an angle ll will (hm> 
be characterized by 
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Pj-™0) ^.i 2 \ l K 

ij n ’■ (a n H- i }rr sin 0 f 


x **P{*[(<*»+M r-**)-i-J! +«p {-i[(g.+> X*— 

esp {in*„]-eicp 

2 v 1 | -c*p {i[(«.H- *>S—iw]V tor <m a. > 0| 

{■jr, * J )n sin 0/ Wp ! — i[fs„+ 4)0 —Jit]] for tm a, < (lJ 

arid for |lnj «J(jt-P} > t. (8) 


Tile amplitude of ;t pole contribution is thus dominated by 
cap | —lint i.e„ Ihe contribution* from poles far from the real 
axis rapidly vanish when ilie scattering angle is increased. It is easily 
seen that this is so also for scattering angtesclose to ISO for which the 
approximation 17) is invalid. We may therefore hope that the scatter¬ 
ing amplitude at larger angles is dominated only by Ihe one or two 
poles closest to the real axis and by the integral term in Lq. (6>, 

We now apply these results to the grey disc approximation (4). 
1'he Fermi distribution is an analytic function of I as required, with 
poles lying equidistant on a line through /, parallel to the imaginary 
axis [sec Fig. 1J*. The exact positions and residues orthese poles are 

*, = f,+tRd(2rl+l}; 

ft. = 0 «P (2tch>.)} t a exp j2iff(|3c a +i|-i)}e ‘ Jw " (9) 

Vi lie re ri lakes on all integral values from — x< la + J- and where 
arete; ;2adj(2/-i+ 11/(2/-+ I )}. We notice ihm all the residue are 
equal in the absence of Coulomb forces. The importance of ihe n' h 
p = . i-. according to Eqv [&) anti (9>. determined by 

exp | J?fl0(2n+!|| i exp [ - |2n +l|irn(d±6 c )) 

for < L, It is dear that Tor iMlti — 9 C ) > I only the iwo poles nearest 

■ In order to avoid confuakin, v-c rmphettFic llm Mic poles of Fq- i4i arc nai 
teesiw pole^. Equation S4 j as an ippionimiitipn La <Kc JimLe nunite of 191 which gavei 
important iHHLLrifcmliuns Eo ihe amplitude. The use of I he poles nf Ei). <4j tx rhiu u 
m^ihcmuticu l trick to gel ftp kimtaliL iMO the iU'iKiid^nce of the sniilcrinB amplitude 
on iho n^i'ftiricst'rs. There is no phy&kuE significance of Oie-sc poks: neithcF does une 
to-ivc ,1 ny nfihl 10 believe lhat a 4*1 nil description of the b^runng ampliluJe al 
mi?Ucrale -iriRlc* neees&JTiE} imptscs that the brgest angle* will toe dc^fitel hy 
yne or two poles only. 
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the real axis can be of importance. Further if in addition xa$ c > 3 
only one of these poles contributes. 

The integral Term in Ec|. (6) can easily he evaluated. For our present 
purposes it is sufficient to know that it is/ c (ti) exp-| /.-c/j for small 
and moderate angles [ f € {th is the point charge Coulomb amplitude); 
Tor large angles the integral contributes considerably less. Unless 
the pole contributions full in very small value, lhis term is in prac¬ 
tice negligible. 

The grey disc scattering amplitude from (4) is thus 


/od{ 0 > ft-H-Cita) l ) ± icuaAesp (21otI*Q + il- iH * 

x [if- ao,,, t2a 0 + + jj pa ' {_C(,S fJ> 
L sin ira Cl si] 


sin 71CL 0 J 


m 


For pedagogical reasons w r t will from now on use the approximate 
form (7) for the jP 4 (cos 0), Provided we avoid extreme backward 
angles larger than n — 1 we can write E.l| I jO) approximately in 

the very simple form 

/ob(0c+(*«O" 1 < ') ^ * 

y IT SlO tl 

x|2a n + 11 1 txp {2itr(|a u + i|-i)J sin [({• + \ ]<>+ Jip 0 - ift+liWc]. 

(H) 


The corririporiding JitTcfcniiitl crox^sccLian is 


( dff ) * 

\d (Urn 

^ 4.l>. tl l-“o + l| f s j n i j(£ + i)« + |^ 0 _^j| + s i n h :: (2^ i> )}c _J ' riK ’ 
sin 0 

for flc-M™)' 1 < 6 < it— (jra)” 1 , (12) 

The characteristic features of [he cross-section (12) are the following' 
aj Ihc skin thickness a gives rise to an exponential over-all decrease 
of the eross-seccion wish angle. 

b\ Superimposed on this decrease are undamped regular Oscillations 
persisting until the largest angles with an amplitude governed by the 
Coulomb parameter. Without Coulomb forces these oscillations art- 
very strong. Their amplitude decreases ui first rather slowly with in¬ 
creasing Coulomb parameter pf, and very rapidly once itaO c > I. 
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This reflects that a single pole in Eq. (10) becomes predominant. In 
ihc ^ry liirge angle region beyond rc — (ha)* 1 the oscillations recur a- 
gain Lind become strong, since the square of the only contributing 
complex Legendre function oscillates rapidly there. More specifically: 
in the one-pole case the dilfereniml cross-section has a maximum at 
I so : further, the angular disl rib Lit ion in lentis of Q f = it - is given by 

i^tcosfoi 1 * * iW'+wni 1 

dose to I SO , which is diffract ion-tike, 

c) In the special case wc discuss here the modification of the cross- 
section by the Coulomb forces is simply an additive term which de¬ 
creases exponentially with angle. This implies in particular that a Strong 
Coulomb potential will cause a very considerable enhancement! of the 
cross-sees ion ;t1 all large angles, even though these angles are much 
larger than the classical defied Ion angle. 

The grey disc model we have discussed so far accounts qualita¬ 
tively, and is from previous computer calculations known to account 
quantitatively* for many a&pecti of elastic scattering with Strong ab- 
snrptiini lit is manifestly unphysical in !io far thul it entirely neglects 
the non-absorptive contribution in the purely nuclear amplitude, 
which corresponds to a uniw-crn rtudeurphase shift. The nuclear phase 
shift is therefore included En realistic models for ft [3, 4j. From our 
point of “view there are two specific consequences of the neglect of 
The nuclear phase shift, namely that the two dominating poles are 
symmetrically placed with respect to the real axis and that l heir residues 
arc equal in the absence of Coulomb forces. The introduction of a 
nuclear phase could therefore: 

t) lead lo differing residues for lhc poles. This would show up as 
an anomalous Coulomb effect in the large angle region, but would: 
lead to no other qualitative changes, 

ii ^ shift (he position of the poles so thus one will be closer to the 
real axis than the other. This leads to a qualitatively new effect: the 
eonEribuLions of [he poles to the amplitude decrease exponentially 
at a different rale. A Her initial interference and oscillations at smaller 
angles, one of the poles begins lo dominate. The am pill ude of [he os¬ 
cillations decreases and the cross-sections decrease nearly exponiml [ally 
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at target angles. EventuulLy at the very largest angles oscillations reoc¬ 
cur similarly as in ease of u si rung Coulomb inlcruction. 

While it is simple to solve a more General polcap proximo lion to the 
scattering amplitude by the same methods, the advantage of using it 
is debatable, since even two poles require eight parameters (of which 
one is an irrelevant phase) tor their description, which is far ton much 
freedom. On the other hand, it is reasonable to try a pole description 
of the expected character of the tine I ear phase by fewer parameters. 
It js clear that the behaviour of the phase is relevant only in the surface 
region, since for smaller { there is no amplitude and for larger / the 
centrifugal barrier suppresses the nuclear phase. Iri the surface region 
we expect the nuclear phase lo vary rapidly, due to the peculiar effects 
associated with the impedance mismatch for a wave passing just above 
a barrier [5]. Il is clear that poles dose lo the real axil will give rise 
to rapidly varying phases, und that they thus should be suitable 10 
describe this phenomenon. In addition to the poles, we must require 
ihat the general behav iour of ihc ijtV) is unchanged and that umiarity 
is not violated. This can usuuliv be done in various ways, 

A simple way lo achieve a three-parameter description of the par¬ 
tial amplitude is simply to displace I he nuclear part of Eq- (4) with 
respect to real axis by introducing a complex uuiH.iff L' - L + iL 


40 = 


exp {2i#ff)} 

1 +cxp{(L+u- J)/cit 


with \A\ < 


m 


This form satislics umtarity and rises from 0 similarly as Eq. (4) 
with increasing /, The nuclear phase shift goes rapidly from 
— arctg{ A/tff to zero for a change of / of tile order of a for I i L, The 
two poles closest lo the axis are now atL+Kffff— i.) and jL —i(3r«H- A}. 
Consequently one of the poles will dominate for angles fJ > f|i|~ l T 
with a qualitative behaviour of the cross-sect Ion as described above. 
This scattering amplitude and the cross-section can be immediately 
obtained in a form analogous to Eqs. (tHt2L 
The three-parameter form (13)exhausts in a certain sense those fea¬ 
tures of the strong absorption ij, which intuitively are of great im¬ 
portance to the elastic scattering; the cul-off in the ^kira thickness and 
the rapid phase variation at the surface. 

The main feature of rjj that is not dcscribablc by the three-par a- 
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meter form is a rapid sign change of the nuclear phase. It is possible 
1l> describe this effect by slightly displacing the real part of the two 
poles with respect to each other. Il is Seen from Hq*. tft) and {9] lhal 
this would give rise to a non-regular oscillatory behaviour of the cross* 
-ecu-oi, which thus is a qualitatively new effect associated with the 
phase shift behaviour. 

The pole models seem to be capable of describing all the main 
i matures of the strong absorption cross-sections anti many of its details 
using very few parameters. Due to their solvable form at large angles, 
it i* immediately possible io see the consequences for the elastic scat¬ 
tering of a change in the behaviour of the complex phase shift- 

It is a pleasure to acknowledge profitable discussions with Dr. I. 
Hogauscn and Dr T. Hogaasen on the evaluation of the integral term. 

This amide is dedicated to Professor V. F, Weisskopf. who has 
contributed so significantly io the clarification of nuclear reaction 
theory and who has always succeeded in extractingth* es$*fliiai phys¬ 
ic- Out of complicated formalism. 
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Attention has been cllJIccS recently [1] on the possibility shat a re¬ 
consideration of Winner's Sl-'{4| theory of supermiiltiplets [2] might 
be a useful ton I for the study Of the properties of non-strange bnryons 
and mesons. However the claim that this theory gives new predict ions 
about the electromagnetic properties of these panicles has been 
questioned [3J. It may therefore be interesting to investigate in some 
detail to what extent the approach ba^ed on the enlargement to the 
spin space of the symmetry properties of internal degrees of freedom 
does indeed provide new information in comparison with the con¬ 
ventional dynamical theory. In other words one should ask whether 
both the assign me ml of different particles to the tame representation 
of the symmetry group and the relationship between different rut tr¬ 
act ion couplings and amplitudes which follow under such assumptions, 
might be justified in terms of sampler dynamical properties rut her 
than being postulated as primary and fundamental 

With the purpose of illustrating this point of view and mainly for 
pedagogical purposes we will present in the following some obser¬ 
vations on the relation between the conventional treatment of the old 
problem of pi on-nucleon scattering, and its modem version in terns 
of the StJ{4) spindsospiii sy mmetry group. The conelusiu n % although 
demed in a very limited context, might be of more general validity, 
and help to uhed some light also on ijic meaning of SU[6) [4J. 

2 

The main feature of pion-nucleon scattering at low energies is the 

saw 
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dominance of ihc 4 \ resonant state. Available theories reproduce 
correctly this feature in the sense that they give a resonant solution in 
the riurhi -.talc and provide ll relation between pion-nucleon coupling 
constant and widt h of ike resonance which turns out to be iti very good 
agreement with experiment. 

The position of the resonance, however cannot he determined, 
because it depends largely on the unknown behaviour of the ampli¬ 
tude at high energies and has to be regarded to ti large extent as an 
arbitrary parameter [5]. 

We briefly recall in wliul follows the main results of a crude but es¬ 
sentially valid treatment J6) of the problem. We start from the dis¬ 
persion relation for the partial wave !t i3 = e"'" sin 


it j,leu) = y/ 1 + 

iU 


r*t 

it J i k Ai 


lm )j lVI (w1 


to — u> 


_L_\ 

■ c^’ + tiij 


0) 


With good approximation Eq. i h. as is well known, has a resonant 
solution of the form 


to*-w — iyfc*(tt>*/tu) D „(tu) 


(2) 


where the resonance energy i»* is an undetermined parameter. The 
partial width y, oil the other hand, is related to the coupling constant / 

by 

y - if 1 (J) 


obtained by imposing that the numerator N i3 lu>*) at the resonance 
pole should he given essentially by the contribution of i he nucleon 
pole and the left hand cut as follows: 

y ~ y 3 +£y- < 4 > 

Equation (3) is slightly differem from the one generally used in tile 
Chew-Low effective range formula y - ^ / J obtained by neglecting 
in ( q, t4) the crossed contribution of the resonance. Equation £3) is 
more satisfactory because is self consistent, from the point ol view 
of the bootstrap method, with the relation obtained bv considering 
the nucleon as a bound stair held together by the exchange of a (3? i 
resonance between piem and nucleon [71. 
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The solution (2) can now be used to give explicitly the phaseshifu 
in all the sea Lie ring states, provided one neglects in the dispersion 
integrals Llic cofltnibutjDns of the non resonant states* and T since She 
contribution of the resonance is sufficiently peaked near the resonance 
energy m*, one makes the replacement 


r sin 3 3„(a)*) 4w f M \ f sm i fufrQ rf(f/ Vf 

J k ‘ 3 tit' + tit <.i* ! i i. A' 4 -i* - r-j 


<5> 


Furthermore, when tu is sufikicmly fur from w* one can also make the 
Sit ill cruder LlpproKimalicm 


‘sin* i? 3 j(qj j J ilia 1 


tu -<ii 


m ™tt> 


m 


Finally one obtains [S] 



Equation (7) cun be o brained directly by us mg a different language [9]. 
One could have started from the knowledge that a nucleon isobar 
J(123B + j 1 ) exists and could have tried to obtain a reasonable accu¬ 
rate scattering matrix al low energies by taking Born approximation 
corresponding to all the known particle and isobar poles with, the 
appropriate residues [10]. In this ease, !renting the isobar as a stable 
particle one would start with a fixed source effective interaction Ha¬ 
miltonian [I! ] an which the pion held is coupled not only eo the nu¬ 
cleon, but also to the isobar, and induces transitions from the former 
to the latter. Its form will be: 

ir = y [i'V v ' v (fr)+ v?un vf(k}+ i.'- 1 (k)> J (A)+h,c. (8) 

Na 


where, as usual 

*£**(*> ^\f-}=N , ^ k)r s N (5) 


while we define 
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V/ S (fc> = i C -i d + (E ■ (V. (10) 

,y .3 “y 2tN^ 

In i9i, A' 1, is the usual ti*ed nucleon creation operator will) two 
5 ,pm and two isospin components while J + is a four spin and four 
uospiit component isobar creation operator. The operators £<(>' = 
1. 2, U are rectangular matrices with four rows and two columns 
opera ling on the right on tile two component nucleon's spinor and on 
;hc Id I on the four component isobar's spinor. The matrices O, 
,J - ], 2, 3) have the same form and! act on the corresponding iso- 
spin components. We need not give explicitly the tern t'i A in (&) be- 
cause it corresponds to pi on emission or absorption by 1 he isobar 
and dots not contribute to pion-nudeon scattering. The elements of 
the matrices H fT Q„ are easily found with the use of standard t'lebsch- 
Gordatt coefficients a> follows 


<2 *1 


— yj 2^* 

-X(k x +ik y ) 

v' 2 

0 


- v ' 2t = 


in) 


Wc can Lite H to construct the J projection operator P 4 exactly as with 
pur construct the i projection operator : 


jtff.Oj - (f* L Jn- 


( 12 ) 


tPj) rj . and (Pj) rr are of course, as usual, two-by-two matrices in the 
nucleon's spin space. 

Crossing gives also 


\°i flj — — 

iTi + Tj - 


By means of the Hamilton inn (8) if one computes the F-malris cor¬ 
responding to the sum of the four diagrams: 
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one obi wins easily Eq. (7) for the pkin-nudeon partial amplitudes 
h ri wiih /*' =■ y. This is consist cm with the assumption that a crude, 
buL not unreasonable T matrix h given by Burn approximation, with 
isobars treated as stable part ides, provided a. definite relation exists 
between the pion-nucleon coupling centum / and ibe pioiMiuriDon- 
isobar coupling constant/*, namely 

f* 1 = l/ 1 - ( 14 ) 

3 

Let us new look ,il (tit same problem from the point ol"view oFSU^) 
symmetry. The only baryons rn our problem a re the nucleon and the 
isobar and we are therefore Eed uniquely to the 20-dimensional rep¬ 
resent at ion ;ti the only one m which all the mailable stales can be 
accommodated [ 12 ]. Sirtcetheirmassdififcreiiteiswfiir due to their inter¬ 
action with pions, being an arbitrary parameter, it means that inter¬ 
actions responsible for mass splittings arc not important in determining 
their interaction Strengths at low energies: it n this property which 
justifies in out opinion the assignment to a unique multiple! of the nu¬ 
cleon and the isobar, The basis of ihe 20-dimensional representation 
is the symmetric tensor of third rank (x, y = 1,2. 3, 4), 

Its mplicit dependence on the SU(2) (S SU(2> spin and isospin 
indices, with the notation a = (/.ft = (J. 8), y = (k, C) is wdl 
known [I ]; 

B* = [eVVi'+c^^ i'b* {\ 5) 
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where fr A urc the usual Pauli spin and ho£pin spinors whiie 
A, \ rhird rank symtnmic tensors) arc the isospin and spin 4 spinors 
respectively, Their re kit ion with the components of Lhe N m A operators 
previously introduced ls: 


fjc’fr 1 = at( l 1) t'b* = *( i. -{) 


l^b 1 - N{-i. f) 

- m-i h> 

ll| d m = Ml i) 


"V M = ' Adi) 

V3 


i) 

Z sll d“ J = d(i,-j) 

: 22 -d lu - 

etc. 


(16) 


(17) 


Let u- now L-omc to pion> Pions arc assigned in SL (4), together 
with pi. and m to the 15-dimension a L representation as follows 


M e = p$+a\ ifltSjj 


with 


_i „ -A „ 1 _o 

H l n l "Ti* 




it? = n' 


(1«) 

(19) 


und similar relations for pi |[i j, 

ro construct the effective baryon-meson vertex one cannot of course 
couple directly BJ,,., S'*" with M], because this would lead to ans-wave 
pi on ■nucleon coupling. One has to define instead [15] 


p; = 


with 


( 20 ) 

( 21 ) 


Q} = (° kf& 
and write the buryon-mesoti vertex as 

tf, =$(22) 

The effective Hamilton tact H t is ihe Sli(4) reduction of the SU(6) 
invariant tneson-buryon interaction chosen by Giirsey. Radicali and 
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Pais [4{. Tt has however already been remarked [14 j that iliis choice 
is not at all unique. One could equally weit construct another effective 
Hamiltonian 

W, _ 6f)B^ f B* y M f r Ql'. (23J 

Now + if the appropriate spinor reduction k made, both and // 3 
assume the Form (B) + apart from terms with p and to interactions. 
The main point is that pure/, coupling leads to a pion-baryon effec¬ 
tive Hamiltonian with 



(24.) 

namely 



(25) 

On the other hund pure/; coupling would lead tL> 


r - - 4/j 

(26) 

namely 


r 2 = r 1 * 

07) 


Comparison with (14) shows that pure /, coupling approximately 
satisfies [he relation previously found while pure J\ coupling grossly 
violates it. It is However, in our opinion, to be stressed I hat liq. 114), 
being closely related to the unitaritv condition for she remains, namely 
lo the statement that th.c \33} resonance practically saturates The dis¬ 
persion relation in pion-nuclcon scattering, rests on much firmer 
ground Shan Bq. (24), 

In OS her words we would rather interpret the 5 Ul4'i effective Hamil¬ 
tonian //, as an approximate form of the effective H a mi f Ionian (&}. 
which, in its turn derives from she approximate solution of the disper¬ 
sion relation [I This is essentially a similar point of view as in she 
bootstrap philosophy 1 except that n is much more simple minded and 
limited in scope. We rely, in fact, only on the conventional old-1 ashloil¬ 
ed dynamics to obtain, the relation among coupling constants required 
for the approximate validity of the symmetry principle. However, 
from our point of view, the use of the latter does not contain more 
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physic* than Lhe convent ion a] dynamical scheme; although it may well 
lead, in virtue of the powerfulness Of the group theoretical methods 
used, to predictions which would have heen difficult to find with the 
conventional methods. On the other hand, one should he very careful 
in trusting too much these results obtained by symmetry argument 
alone, if they really are a consequence of approximations introduced 
in the dynamical equations. 

To illustrate this point Wt go back td our problem. If We Consider 
Fq. i 14s us the correct relation between /and /then We have to use 
a combination of and H, in order to reproduce it correctly. One 
can show that 

/ - -/J /* - \ Gf< -A) (29J 

3 y 3 

and therefore if {141 is imposed one obtains [15J 

/, - (30) 

This shows that predictions obtained by neglecting H : altogether may 
be quite misleading. 

We conclude our discussion with a comment on the question of 
the nucleon* magnetic moments, which has received a great deal of 
attention recently. IF our point of view is valid k as dear than SU(4) 
lm> nothing more to say than the conventional theory, namely that t he 
ratio u r is completely undetermined, since the isovector part of the 
magneto: moments is connected to the pion n ad eon effective inter¬ 
action while the isoscular part cannot be related to this quantity. We 
agree therefore completely with conclusions reached in [3], 
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I 

At the beginning of 1961, it was gradually becoming evident lHat the 
peripheral model was not only a theoretical tool for extrapolating 
experimental results, but was also able Lo prediet the bulk of experi¬ 
mental information regarding high energy scattering. The fact that 
die model remained valid even for not loo small momentum transfers 
(by small! mean of the order of the pi on muss) was a puzzle to many 
physicists.. 

One day in that period, in a discussion around ilie coffee table, 
V'ilti Weisskopf expressed his belief that there must be a w»y of under¬ 
standing I he peripheral model in terms of a classical picture, which 
would provide a more intuitive idea pfits successes, as well as of its 
ambiguities and limit at ions, i le asked me il 1 would try to make up 
sulIi u classical picture, which would not make use of such terms as 
pole, Feynman diagram, etc. 

In the following weeks, ! made some arguments in that di reel ton 
even though for me the language of singularities and analytic con¬ 
tinuations was clearer than thai of probabilities and IliLtes, Unfortu¬ 
nately, 1 never had the opportunity of discussing them with Viki us 
he had in I hose days a serious automobile accident, which kept him 
away from us for several months. Alter that time there was no need 
for classical arguments because. as always happens in physics, a reason¬ 
ing becomes classical as one grows accustomed to it, and concepts 
that were once difficult to grasp become aliogetlicr natural by force of 
habit. 

However, when Leon Van Hove offered to me the possibility of 
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participating in these preludes* I thought it might coincide with ihe 
idea of ihe editors to reproduce that argumcni about the classical 
approach to peripherism as an homage to a discussion with Viki 
which 1 never had. 

Lcl me state from the very begi nning, however, as a heady mentioned 
earlier, tltal L not only believe this classical argument tone longer be 
realty useful* but it is as well probably known to many physicists *). 

2 

The semidassicftl argument is straightforward and is quite analogous 
to the WcizsaL-kcr^Will lams approach in electrodynamics. 1 et m lake 
nN scattering and Jci us fix to the tab. frame. At energies sufficiently 
high so that the pion ussodatod wave length is considerably smaller 
than I he proton radius the picul can investigate the proton 

si rue tn re, The nucleon cloud* escep! for the innermost part, will be 
constituted by pions so that - ifwc Icavu out the big momenium trans¬ 
fers w hich explore that ‘'core region* 1 - the sM process *lmuld he 
understandable iri terms of the collision of the incoming pion against 
the psons of ihe cloud, 

Let us call j>\k)d'k the number of pious in the nucleon cloud with 
momentum between k and fc+dJt. Ifihc momentum traits fur is small, 
the nucleon recoil will be irrelevant and wc shall use this fact in order 
to calculate p(k) with a fixed sourer approximation. 

Therefore, following our previous di^cussion^ we expect Lhat for 
small transfer momenta ihe cross-section oti a nudeon will be sub¬ 
stantially given by the cross-section of the beam particle on a pton of 
the cloud, times ihe probabiliiy of finding a pion with the required 
kincmalical eondilions, in the nucleon cloud. 

In purlieu Ear 

<K* - cTfKW'h. (i) 

Lei us now calculate L In the lixed source theory, the I hmtltoniau 
density is written as 

H = Hq + H x 

— T I'u Otj (2) 

Cl M 

* One or chc^t. 1 am sure, is V. Ciotbd who, b> (lie wuy, is the pionter of Ihe 
peripha i.il model- 


The peripheral rtuidcl 


Ml 


where otf is the creation operator of a me son of mojnculurn k and 
isospin index /, 


fi> 4 = V V 


m 


and I',, iv the source function given by 

f m a k 

V H = \' 4n ~ "7= T * 

ft 


(4) 


where P 01 is the unrenormaili^ed coupling constant» 

The probability of finding a meson with momentum k and charge i 
will be given by the expectation value of Lc r m ): 


( 2 *r 


^ \S represent ihc physical nucleon sIllu*. 

Know mg the explicit form ot" the Hamiltonian [I f, ii is a simple 
mailer 10 compute expectation vnines or creation and annihilation 
operators [I J and, in particular the one in hq , (5l One can easily 
arrive at 




= 1 y KN'Wm * 

(2k) 1 P cut 


Y&W 

. v l<iME>!! 

v k+EJ J 


(«) 


Use (ir .i icrm in the right-hand side of Eq. fh) comes from the single 
nueleen intermediate state (V v . indicates the sum over charge and spin 
of the nucleon v"j, In the second term |n) indicate any possible state 
besides the nucleon (i.c.. nucleon + pionsf). 

From the fact that = r_ k _, |<n;f' 4 }|^>| 1 is related to the 
total cross-section of a pion of momentum —k and charge 1 on a 
nucleon .V. so one can rewrite (ftI ill iho form 


*(*> = *l.r>l J + * r ZL-Jp^ L= (7) 

{2k) «i v (cD t + —p? 

where Ihe explicit form of J given in |4) has been used, together 


* The -IIttP comet from the number fifflidcs per unit nomulLziilion Volume. 
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with the definition of renormalized eotipling constant /, in order lo 
write ihe first term In ihe right-hand side of (7.K We have actually 
summed over the nucleon spins in order to obtain (7); j s and /*, are 
isospin spinors and js the total cross-section of a pion of 

energy co F on the nucleon M From (7)and (I) wccan write 



where the total cross-section of the incident pion over a 

target pion of charge f at total ran cm energy u/ given by 


a ./* - 2£ r w - 2p n t cos + 2ji.r 


( 9 ) 


where £ n and p n arc respectively the total energy and momentum of the 
iucidem pion in the lab, system. 

Let us now interpret the result (8). i he first term was coming from 
the nucleon in the sum over intermediate si sites., This means that the 
pion of the cloud scatters with the incident pi on and leaves, the source 
in its ground stoic |i,e.. leaves the nucleon us u nucleon). DLUgrumma- 
tically this would be represented by fig, 1- 




The second term, instead, represents the filiation in which the source 
is left in an excited state (nucleon - pious) and would represent the 
situation of fig. 2. 

The kincmatical variables in t7> can easily be related Lo the expert- 
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mental situation: k :md —cos(^ are simply the momentum and the 
cos of the angle in the lab. system of the recoil nucleon or fig, I, or of 
tile recoil system with total energy td" ^ in+tu fl iit jjjg, 2. There arc 
the usual limitations between k, «' and w’ J illicit, however, are not 
transparent ill Lq, (7) due to the fixed source approximation. 




Fie- 2 


Lei us try to compare the results of the sem classical approach 
with those of the peripheral model [2J. i.e. ( those obtained on the 
evaluation of the diagrams of figs, 1 and las Feynman diagrams and 
some assumptions on the independence of amplitudes on the enntinuu- 
unn of masses of scattering particles* 

Adding the expressions for the peripheral process of figs, I and 2, 
we obi a in 



where J is the four-momentum of the intermediate pion, p s is the 
one of tltc target nucleon and F{t j, q') the invariant function which is 
related to tlte flux fiq, q' j in a scattering of two particles with momen¬ 
tum q and q‘ by 
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In order U> compile with our result (3), it is dear thai we must rc- 
*1 tries to small values vfktm (in order for a fixed source to be meaning- 
fiilj; then A 2 - k 1 and - 0. By simple kmcmattcal transformations, 
we arrive at 

dtT -v “ - ~ I »T.d) I A 1 ^; I |&> . T(JE«)I* + 

* I?.! ' l ft 1 H 

+ 7T “I I" -*>' r d»"l (12J 

4jrm J J 

where, as before, w; = Jr-hji 2 . 

Irs order to actually compare Eq. (8) with Lq. (12), we must decide 
how we treat the dependence of the “mass'* of the pion m the cross 
sections and in the flux factors. Here we encounter a well-known 
ambiguity in the peripheral calculation which, in general. Is solved by 
replacing ibe k 1 by jU : in rr and leaving the actual kine mat teal value 
of 4 in the flux *. 

We shall not enter into details of ihe com pari son, but just slate (he 
situation. Let us discus* first the contribution to the process of fig. I. 
Apart from n constant factor 4. the factor F brings some angle and 
energy dependence on ihe peripheral formula which is different from 
ihe scmidussiciiL one. On the whole. Lite angular dependence is not 
crucial, while the energy dependence is roughly an extra A.cu (with 
respect to the semi classical one) if F i.s evaluated for a pion of mass 
— A 1 while it is of the order of 1 if F is evaluated for a pion of mass 
■M 3 * 

This result h reasonable if we think thai in the semi-da^ical pic¬ 
ture the source is emitting and reabsorbing pious with,mass fi and there- 
fore they bring along this, property isi she subsequent processes. A 
similar situatinn. even though less clear, due to she appearance of two 
factors FI happens for the contribution to she process of fig. 2, 

For what regards the factor 4 (on the peripheral side), we must 
note that together wiLh the sctmclassical picture we presented there is 
another one, i.e> B the one in which a pion of the cloud of the incident 

- When noi ipinlen rcsfiiunws i:i* rht- p Tor injuaneej arc produced the proce¬ 
dure indicated gives differ™ reaulif from the cViiuaUtm at Feynman diiigrinm 
in which ihe resonance ii treated ja i single particle. 
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Pion hiu the nucleon large!, h is easy la realize chat this process is 
subsUfiticitly similar to the preceding ime and involves no more para¬ 
meters, i.e.. everything h determined from the interactjon of the pion, 
field with the pion and nucleon, 

la other words, an intermediate pion can as well be assigned to 
the pion or to the mickon cloud This would give a factor of 2 if we 
.hid probabilities and a factor of 4 if wc sum probability amplitudes 
.]s we know we must do. 

4 

\\c have seen that even if \hc senudassical approach does not give 
csacily the same answer as. ihc peripheral one. the results look similar. 

This similarity can 3 How us lo discuw the validity of the approxi¬ 
mation, as well as other physical processes, nn an intuitive basis. Lei 
u> discuss first the validity problem. 

In order to use the fixed source approximation we supposed that 
k was rather smaller than m even if reasonably bigger than ji r Bus this 
is a purely kmematkal limitation. There is another one which has 
dynamical origin and fa ihc following’ if we would have multiple scat¬ 
tering of our incidenl particle in the pion cloud of the target our for¬ 
mulae would break down, So- our results arc bound to ihc limitation 
that the number of pious in ihc cloud is not much larger than one. 

If we Jintii our processes to inicrmediiite pions with k £ A‘ m „ T 
then the number of pions w r ith this property jv 

i 

t k in; ilit exploit form (7), one cun see [IJ that, with f 1 ~ 0.08. 
. i - ] for k na , ' ijfi. 

We see therefore that there is a dynamical reason which can justify 
the validity of the peripheral model even for momentum transfers 
quite larger than the pion mass. 

I he fact that the value off 1 must enter in the limitation of ihc peri¬ 
pheral mode! is also clear cm the basis or diagrams. "Hie advantage of 
the sefnidussicaL approach Is to provide a correlation between f 1 
anti the maximum momentum transfer for which the model can he 
expected to be valid, through a well-defined parameter.^''. 
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Let us discuss now other processes thin can be easily understood 
on the basis of the serm{classical picture. 

We have seen that both clouds can act as targets for the other par- 
lick. But they could also scatter one another; this would give rise to 
a mult {peripheral process [3]. This chain can be continued through 
I he pi on of l he cloud of the cloud pioiL and so on. 

Another process that can be dearly visualized is the diffractive 
behaviour of the quasi-elastic scattering [4'J. indeed, one possible con¬ 
tribution to the ilrsi term in (Hi is the elastic diffraction scattering of 
the incident pion on the pi on of the cloud, Due to the fuel that dif¬ 
fraction is substantially independent of the charge, the scattered {cloud ) 
pion will have (he same charge as before the scattering. So ihat H due 
to the fact that the cloud pion together with the source (the nucleon) 
were in a state T = l before the scattering, they will continue to be in 
such a state after. Is is therefore clear that only ihc T — i resonances 
can be excited in this process, a* ii indeed appears to be. 

We sec from the preceding discussion that even if nowadays the 
peripheral model does not need an intuitive introduction, the semi- 
cFa.ssical approach can allow to understand in a simple pictorial way 
some related phenomena. 
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WiHard Gibbs wrote;!Si 

"Let u< imagine a cylindrical mass of [continuous] liquid oJ which 
one sector of 90' is black and the rest white. Let it hive a motion of 
rotation about the axis of the cylinder m which the aitgulm velocity 
is 4 fusiesian of the distance from the axis. In the eour-.e oi time the 
black and ^hite parts would become drawn out into thin ribbon* .. . 
wound spsrally about the axis. The thickness of these ribbons would 
dmi] mi ih without limit, and the liquid would therefore tend toward a 
>T70e of perfect mixture of site black and white portions; That s^. in 
any given element of spue*;, she proportion of the black and white 
would approach 1 : 3 as a limit. Vet after any finite time* the total 
volume would be divided inSu two parts, one of which would consist 
of the w bite liquid exclusively, and the other of the black exclusively.' 1 

It i-, from this ansi'hautfeh argument of Gibbs that the notion of 
coarse-a mining in statistical mechanics can be held to Slow. L J or it is 
now clear, as be himself puts it, that the uniformity of equilibrium, 
which is the rtrsuli of the stirring in the liquid analogy. is conditional' 
civen am degree of stir ring, 1 can find full nunHtndormity it 1 look 
very closely. Out given ary met hod of defining density (say, in phase 
spacei with a finite cutoff to ihc mfoimuLkm sought, any ave.aging 
or "course-grainmg’ \ and the measurement of uniformity becomes 
certain While there is a large and sophisticated literature on this 
problem * [which it were folly to claim to know) it remain* probably 
the case that something cquivdkM to Gibb’s course-gruining process, 
whether SkfsssahtansnFz or tandom phase a ppros inflation [-]. is an 
essential feature of all studies of the approach to equilibrium, ol the 

* jS'ufr tidtlwiiflprpafi Very wjpilarideas have indeed been published by a nuoiber 
dfaiJlhcfflll c,g., J. M BUul, Pmgr. Theorel. Ph 21 (1959,1 745. 
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arrow of lime. There is a subjective element to ^his. procedure which 
is a little disquieting. Are the subtle correlations still present in 
cquiLibrium, speaking strictly classically ajid in ideal cases, or are they 
not? h [he arrow of £ime then only an illusion? It h the purpose of 
this role to answer stonily that the arrow is real, that is^ not subjective, 
that il is not essentially cosmological, that it arises from an inescapable 
feature of all physical theory. 

Let me begin with a concrete analogue [}]- Across she wall of my 
office there stretches five meters of computer output. A few hundred 
small rigid -spheres, packed pretty closely into a flat box. have been 
followed through a couple of thousand collisions. In begin they are 
arranged in a regular square lattice. Then each ball h given two 
random velocity components c Pj (0). though all move at the 

same speed, each starling to move from its lattice position. The 
collisions go on. and after what amounts to a few collisions per ball, 
[he lattice has been stirred into randomness, The computer prims out 
^snapshots 1 ' of the configuration at our will, At a certain time f R the 
motion is stopped, and the velocity components of each ball re fleeted, 
with -e, t/cJ for and - r t . ( U k r for I^u^l Now the motion 

retraces its wildly corn plicated path, and after the light number of 
collisions, plus a collision less interval to rets ace that precise Eimc 
f - il before the first collision, I he regular lattice has been msrvfr- 
lankly restored- But the rmrsiNlity is not cerimn, h is dependent 
upon a knowing programmer, for the inescapable round-oil'errors 
coming from solving fhe equations of motion with only finite digital 
accuracy, in the field of rationals r so to speak, will always oppose 
reversibility, and often leaves die array with she '.aroe ^ort of chaos it 
had when (he reversed motions began at ; h . Thus the computer has 
done the equivalent of what coarse-graining can do; it has introduced 
a subtle sort of noise, arising from fume knowledge, into the classical 
equations which assert infinite precision, but only in an unattainable 
analytical calculation. My main point is to add that every classical 
Nidiejnem of the laws of motion of any system iitcessuiiJy leaver out 
a small physical perturbation, some 5H S which cannot in principle be 
included lor finite systems, and which in fact is always amply large 
enough to prevent a. complete retracing. 

The argument is elementary, and at bottom not new. It is an mver- 
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-:l 11 of lhat of Poincare, who long ago pul ii lhai proliJibility itself 
could he regarded as an illusion* in that the roulette wheel could in 
principle he taken ns purely causal. It is only that the prediction of 
foage h extraordinarily unstable to error of initial data! By extension, 
that prediction is also unstable to external perturbations. Therefore,, 
j causal universe, classically without probability at ail. becomes a 
statistical one whenever we consider systems in partial isolation from 
ih-v-ii context* For then the neglected interactions disturb the predic¬ 
tions of mechanics, and prevent us, say. from unstirring Gibbs's 
miik .in,d ink. Whenever we choose to place the system boundaries, 
ifltHi'rfoitig remains outside which, in sufficient time and for suitably 
complex systems, will wreck the extraordinarily delicate correlations 
of position with velocity upon which reversibility, for example, 
depends. \ simple estimate of the degree of sensitivity to external 
perturbations is the end part of our story. Note that only one system, 
she w hole universe, could possibly exist without any external unknow n 
perturbations. Any theory of a system les* complete rcnisl allow their 
presence in some degree- if that degree is adequate, the system becomes 
irreversible, in \p*te of the reversibility of dynamics. The whole point 
i> ihm the intricacy of the ribbons of black threading the phase space 
rapidi> becomes so greal For any system of many particles that even 
dynamically negligible, unshiddable. gravitational pertuibaiions are 
competent to mix up the pattern. OF course time-reversing both 
system and perturbation would always work. But that means en¬ 
larging the system. For now the perturbation needs to be known, and 
must become part of the system. Still there remain> some other 
disturbance outside. Only the whole universe can then escape, as ii. 
ought to escape T the requirements of the Sio^zahhnsat^ 

Consider a system of many particles, say with / coordinates in 
phase space. It is localed in the neighborhood of some mean p and tj, 
with a range in each: Aq. which represents the edge of its containing 
volume in coordinate space, and Ap t a measure of the r.m.v mo¬ 
mentum spread as well. It is enough to consider what collisions do to 
the p coordinates of the representative point in the hyperspace, Al 
each effective collision, p coordinates move by an amount roughly 
equal to the typical measure of p spread, say Ap. After a time T = 
.Vr^ji t where ,V is the number of collisions per particle and t„ u a 


m 
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mean collision Lime, the representative point has made a wildly 
Complex path in the hyperspace. We may estimate (he projected 
distance between successive crossings or some typical value of one /> 
coordinate us Ap V m . where the power of S may correspond to 
some sort of random walk. (Whether n is. 1 or 1„ or any small 
number, makes no ditTcrence to our argument,) Now the volume of a 
typical little grain of momentum space which k missed b\ the trajec¬ 
tory is about {Ap\W m ) f . 11" during a time fa neglected external force 
shills the p value by an amount Sp, I he volume of momentum space 
held tangent bet ween new and old trajectory amounts ro about 
"h When the empty volume k aboui equal to she 
unforeseen volume change we may expect an errni in the trajectory 
which makes it entirely different from ibe prediction. at the scale 
required for prediction. Reversibility, for example, would he lost: 
only quiisi-craodic predictions would be secure. Rut this. means 
tip^ApiNj' k iy u number of order unity), and then 7^^* 

i t«,uWpi8py lf ' 

The true solution is so illigreed and braided that the slightest 
external effect soon shiftit by an amount characteristic of its own 
scale of detail* One may esiimate that a gravitational force exerted by 
a falling apple a kilometer away over an arc of ten cen si meters is 
ample to mix up ibe trajectory of a mole of normal gas, in a time of 
milliseconds. Admittedly this has been a wildly crude estimate, hut l 
do not believe it is in substantial error. For a less complex system, 
the perturbation becomes of dwindling efi'eclivened the solar system 
cannot be treated as reversible in ibe presence of galactic forces, hut 
the earth-moon system k easily managed to high accuracy. A few 
molecules would w-ork equally well simply held in a box.. 

Gibbs and many followers have emphasised the irn porta nee of a 
largd strongly-coupled thermostat system in defining the canonical 
distribution. It seems to me that the Lea '■4 degree of coupling to well- 
dehned dynamical systems is enough to justify statistical mechanics, 
not with respect to suuh gross matters as energy relaxation limes* 
but surely to such subtle tics as reversibility. finick arrow k then the 
necessary consequence of the fact that no physical theory except 
perhaps the tin a l one can describe the whole of l he universe* It 
seems also clear that the arrow of time in the ssnse here described 
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would remain ihc fi^r the man who dwells in a eon tract nip, rnihcr 
ihurt an expanding universe, provided he can pace ?sei up t perhaps in 
wmc supt:r air-raid shelter, physical systems of the sort we know, 
temporarily free from large energy inputs out of space. Behind his 
heaviest shields, gases will leak out of valves irreversibly (unless he 
pours in the free energy) as they arc moved to do by Liny mixing 
forces oui of the external woild. however it behaves m the large. 

Surely there are other and deeper answers to the problems here 
touched in ait elementary way, Bui it is worthwhile to try to talk even 
o.l these weighty matters in simply physical language, with order of 
magnitude estimates. There is pleasure and in strut Lion both in such a 
method. That is what I have learned, however imperfectly, watching 
with delight the master of the style, V. F, Wcisskopf. 
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